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Abstract 
Uncertainty quantification metrics are critical in the campaign of stochastic model updating, by provide an 

elaborate measurement of the uncertainty in both simulations and experiments. In this work, the 

Bhattacharyya distance is proposed as a comprehensive model updating metric for two samples considering 

their probabilistic properties. The updating process employs a two-steps Bayesian framework where the 

Bhattacharyya distance is well embedded and its performance is compared with the Euclidian distance. The 

Euclidian distance is utilized as metric in the first step where the geometry distance between the center 

points of the numerical and experimental samples are calculated. The posteriori distributions of the means 

are subsequently transferred to the second step where the Bhattacharyya distance is utilized as metric with 

the main effort to update the distributional coefficients of parameters. The feasibility of the overall two-step 

framework and the advantage of the Bhattacharyya distance metric are demonstrated in a simulated example. 

1 Introduction 

Uncertainty analysis has been generally acknowledged as a critical issue in computational mechanics 

engineering, where topics like stochastic model updating [1], verification and validation require more and 

more quantifiable uncertainty information in both simulations and experiments [2,3]. The development of a 

quantitative, comprehensive, and uniform metric for uncertainty information between two sets of 

simulated/measured data becomes one of the key aspects of uncertainty quantification (UQ).  

By providing an absolute geometry distance between two single points, the Euclidian distance is probably 

the most common metric especially in deterministic updating approaches. Alternatively, the Bhattacharyya 

distance is a stochastic metric between two samples considering their probabilistic distributions. The 

Bhattacharyya distance is clearly more comprehensive for uncertainty treatment, however, its application 

on model updating is quite limited, to our knowledge, in the current literatures. Consequently, this work 

focuses on generalizing the application of the Bhattacharyya distance as a universal metric for stochastic 

model updating, by developing a Bayesian updating framework, in which the Bhattacharyya distance is fully 

embedded and actively operated. 

The limitation of the Bhattacharyya distance’s application in stochastic model updating is not only caused 

by the huge calculation cost; more critically, it is caused by the stochastic properties when evaluating the 

distance between two random samples. Bi et al. [4] performed a comprehensive comparison among the 

Euclidian, Mahalanobis, and Bhattacharyya distances as updating metrics via a direct Monte Carlo approach. 

However, this approach is essentially based on a single and non-directional searching technique with low 

efficiency. In the case of complex problems with high-dimensional parameter space, this approach would 

fail to search the global solutions. 
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To solve this issue, in this paper, a stochastic Bayesian updating approach is proposed, employing the 

transitional Markov chain Monte Carlo (TMCMC) algorithm [5] as an efficient updating tool. Thanks to a 

customized likelihood function, the Bhattacharyya distance is well embedded in the updating framework as 

a UQ metric. The customized likelihood is of first importance, since it acts as a convenient connection 

between the Bayesian updating tool and the statistical distance metric. The overall updating framework 

proposes a two-step strategy to employ the Euclidian distance and the Bhattacharyya distance as updating 

metric, successively. This strategy is intended to compare the effect and performance of these two distances, 

and thus a general guideline for metric selection is concluded. A simulated example on a spring-mass system 

is proposed to demonstrate the feasibility of the overall Bayesian updating approach along with the proposed 

Bhattacharyya distance metric.  

2 Stochastic Bayesian updating and UQ metrics 

2.1 Mathematic description of the uncertain system and Bayes’ theorem 

In the stochastic model updating approach, the investigating system is represented by the three components: 

input parameters 𝑥, output features y, and the numerical model 𝑓(∙): 

 𝐲 = 𝑓(𝐱); 

𝐲 = [𝑦1, 𝑦2 , … , 𝑦𝑚]𝑇; 

 𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛]𝑇 (1) 

where x and y are respectively the input and output vectors; m and n are the number of output and input 

quantities, respectively. The numerical model 𝑓(∙) can be either a complicated code package (e.g. finite 

element model) or a simplified functional relationship (e.g. response surface model). 

In the deterministic updating scenario, it is not rare that only a single experiment is performed. The 

discrepancy between this single data and the model prediction is employed as the objective function, and 

the model parameters are updated through sensitivity-based methods [6] to minimize the discrepancy. 

However, because of the lack of knowledge and randomness of environment/human factors, both epistemic 

and aleatoric uncertainties are inevitable in parameterization and modelling, and the experiment processes. 

Consequently, in stochastic updating scenario, a multi-analysis-multi-experiment strategy is necessary, 

which leads to multiple samples of model inputs and outputs. The uncertainty information, implied in these 

samples, can be represented in various forms, such as intervals, fuzzy sets, and probabilistic distributions.  

Suppose the size of the analytical samples is 𝑁𝑎, the model evaluation is executed 𝑁𝑎 times to generate the 

analytical feature sample 𝐘𝑎 ∈ ℝ𝑁𝑎×𝑚: 

 𝐘𝑎 = [

𝑦11 ⋯ 𝑦1𝑚

⋮ ⋱ ⋮

𝑦𝑁𝑎1 ⋯ 𝑦𝑁𝑎𝑚

] (2) 

In addition to the analytical features, the experimental feature sample is obtained after multiple test. Suppose 

the number of experiments is 𝑁𝑒, the experimental feature sample has the similar structure as Eq. (2), while 

only the number of rows is changed: 𝐘𝑒 ∈ ℝ𝑁𝑒×𝑚. Now the objective of stochastic model updating can be 

expressed as to minimize the discrepancy between 𝐘𝑒 and 𝐘𝑎, by calibrating the uncertain information of 

the sample of model inputs: 𝐗𝑎. Note that, not only the means of the model parameters are calibrated, but 

also other uncertainty properties, i.e. variance and distribution form, need to be updated in the stochastic 

model updating process.  

The stochastic nature of the Bhattacharyya distance (described in the following Sec. 3) makes it difficult to 

be employed in the classical deterministic approach [4]. Therefore, the well-known Bayesian updating 

framework is proposed in this work to employ the Bhattacharyya distance as a UQ metric. The foundation 

of Bayesian updating is  
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𝑃(𝐗|𝐘𝒆) =
𝑃𝐿(𝐘𝑒|𝐗)𝑃(𝐗)

𝑃(𝐘𝑒)
                                                                             (3) 

with the key elements in Bayes’ theorem: 

 𝑃(𝐗) is the prior distribution of the inputs, representing the initial knowledge of 𝐗; 

 𝑃(𝐗|𝐘𝑒) is the conditional distribution of the inputs, which is also known as the posterior distribution 

after Bayesian model updating based on the experimental data; 

 𝑃(𝐘𝑒)  is the so-called “normalization factor”, which guarantees the integral of the conditional 

distribution 𝑃(𝐗|𝐘𝑒) is normalized; 

 𝑃𝐿(𝐘𝑒|𝐗) is the likelihood function of the experimental features 𝐘𝑒, for an instance of the parameters 𝐗. 

Among the above elements, the likelihood 𝑃𝐿(𝐘𝑒|𝐗) is critical, since it represents the possibility of the 

experimental data under each investigating instance of the updating parameters 𝐗. And thus the principle of 

Bayesian updating is expressed as: To find the specific parameters 𝐗, which allows the exiting experimental 

observations to possess the largest probability, i.e. allows the likelihood function 𝑃𝐿(𝐘𝑒|𝐗) to reach the 

maximum. 

2.2 Customized likelihood function and TMCMC algorithm 

Considering the application of the Bhattacharyya distance as a UQ metric, it is natural to propose a 

customized likelihood function, involving the information of discrepancy between the experimental and 

analytical outputs. In this work, the likelihood function is defined as 

𝑃𝐿(𝐘𝑒|𝐗) =
1

𝜎√2𝜋
𝑒𝑥𝑝 {−

𝑑(𝐘𝑒 , 𝐘𝑎)2

2𝜀2 }                                                           (4) 

where 𝑑(𝐘𝑒 , 𝐘𝑎) is the distance metric representing the discrepancy between the experimental and analytical 

outputs; 𝜀 is the so-called width factor, which is a pre-defined coefficient controlling the centralization 

degree of the posterior distribution of the parameter 𝐗. Lots of tests on different applications suggest the 

interval of 𝜀 fall within [10−1, 10−3]. A smaller 𝜎 gains a more peaked posterior distribution which is more 

likely to concentrate to the true value, however, requires more calculation effort by nature. What’s more, an 

excessive small 𝜀  results in the consequence that the integration and sampling from the very peaked 

posterior distribution would be very difficult or even intractable. 

The above discussion reveals a difficulty of the Bayesian updating approach, which is relative to the 

normalization factor  𝑃(𝐘𝑒). Indeed, the direct integration of the posterior distribution over the whole 

parameter space is quite difficult in practical application [7]. To solve this iuuse, the Transitional Markov 

Chain Monte Carlo (TMCMC) [5] algorithm along with the Metropolis-Hasting algorithm [8] are employed 

in this work as an effective updating tool. About this well-known TMCMC algorithm, Refs. [5,9] are 

suggested for more details, and more applications of this algorithm can be found in fields from stochastic 

model updating [10,11] to structural health monitoring [12].  

3 A two-step strategy using Euclidian and Bhattacharyya distances 

The overall updating framework proposes a two-step strategy, where the Euclidian distance and the 

Bhattacharyya distance are respectively utilized as updating metrics, by constructing the customized 

likelihood function following Eq. (4). This strategy is specially designed to compare and reveal the merit 

and demerit of the Euclidian and Bhattacharyya distances, and thus a general selection guideline of these 

metrics is concluded. 
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The Euclidian distance is an absolute geometry distance between two points. Considering the experimental 

and analytical output samples, 𝐘𝑒 ∈ ℝ𝑁𝑒×𝑚 and 𝐘𝑎 ∈ ℝ𝑁𝑎×𝑚, the operable manner to evaluate the Euclidian 

distance between these two samples is focusing on their mean values: 

 𝑑𝐸(𝐘𝑒 , 𝐘𝑎) = [(𝐘𝑒
̅̅ ̅ − 𝐘𝑎

̅̅ ̅)(𝐘𝑒
̅̅ ̅ − 𝐘𝑎

̅̅ ̅)𝑇]1/2 (5) 

where 𝐘∎
̅̅̅̅  is a row vector of the means of the matrix. The Euclidian distance contains only means of the 

matrices, while more information of the sample such as variance, covariance, and distribution is ignored. 

Consequently, it is more generally used in the deterministic updating methodologies where a single-

simulation-single-observation procedure is utilized.  

In the presence of random samples, a more comprehensive metric considering not only the mean but also 

the probabilistic or distributional information is desired. The Bhattacharyya distance is consequently 

proposed herein as a stochastic metric quantifying the degree of overlap between the distributions of two 

variables. The Bhattacharyya distance has the theoretical expression as  

 𝑑𝐵(𝐘𝑒 , 𝐘𝑎) = − log {∫ [𝑃𝑒(𝑦)𝑃𝑎(𝑦)]1/2d𝑦
𝕐

} (6) 

where 𝑃∎(𝑦) is the probability density function (PDF) of the sample; ∫ ∎d𝑦
𝕐

 denotes the integration over 

the whole output space. Note that, for most applications, there are more than one output quantities, i.e. 𝑚 >
1, and thus the integration is performed on multi-dimension joint PDFs. It means, despite multi-output, the 

Bhattacharyya distance can always present as a uniform scalar taking the correlation among these multiple 

outputs into account, because of the multi-dimension joint PDF. This is one of the advantages of the 

Bhattacharyya distance. 

To calculate the Bhattacharyya distance, a necessary step is to estimate the PDF based on the observation 

sample of the output variables. Classical techniques such as kernel density estimation [13] can be used in 

this step. However, this technique requires a large number of samples to achieve a converged estimation of 

the PDF. However, this requirement is usually infeasible, since number of observations is always limited, 

especially for applications where experiments are difficult or expensive. Instead of estimating an 

approximate PDF, a more practical method, named as the binning algorithm [4], is proposed to evaluate the 

probability mass function (PMF) of a discrete distribution. This algorithm contains the following steps: 

1) Determine the public interval 𝐼𝑖 of both 𝐘𝑒 and 𝐘𝑎 according to the ith output y𝑖, ∀i = 1, … , 𝑚; 

2) Decide the number of bins 𝑛𝑏𝑖𝑛 in the output variable space; 

3) Count the joint probability mass for each bin.  

Subsequently, the Bhattacharyya distance between two discrete distributions is evaluated as 

 𝑑𝐵(𝐘𝑒 , 𝐘𝑎) = − log (∑ √𝑃𝑀𝑒
(𝑘)

𝑃𝑀𝑎
(𝑘)𝑁𝑏𝑖𝑛

𝑘=1 ) (7) 

where 𝑃𝑀∎
(𝑘)

 is the probability mass of the kth bin. An advantage of this binning algorithm is that it makes 

the evaluation process independent to the actual distribution form of the variables. This makes it especially 

appropriate for stochastic model updating where the feature distributions cannot be exactly determined.  

However, the Bhattacharyya distance’s comprehensiveness makes its quantification on the means is not as 

direct as the Euclidian distance. For the extreme situation where the two investigating samples are too far 

to have any overlap, the Bhattacharyya distance value becomes infinite. This is the drawback of the 

Bhattacharyya distance, which is also the motivation to design this two-step strategy such that the geometry 

distance between the samples can be firstly reduced by the Euclidian distance metric, and thus the 

Bhattacharyya distance can be safely operated in the second step. The effect of this strategy is demonstrated 

in the follow example section.  
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4 Demonstration on a spring-mass system 

4.1 Problem description 

As shown in Fig. 1, a four degree-of-freedom (dof) spring-mass system is proposed in this section to 

demonstrate feasibility of the overall two-step Bayesian updating framework, where the Euclidian distance 

and the Bhattacharyya distance are utilized as UQ metrics in the first and second step, respectively. This 

numerical system contains four masses and eight springs, implying totally 12 parameters. In this example, 

the first four stiffness coefficients k1-k4 are regarded as uncertain parameters to be investigated. the 

remaining parameters (i.e. the four masses m1-m4 and the last four stiffness coefficients k5-k8) are treated as 

constant without uncertainty. The prescribed values of these constants are: m1=0.7kg, m2=0.5kg, m3=0.3kg, 

m4=0.5kg, and k5-8=5.0N/m. 

 

Fig. 1: The proposed 4 dof spring-mass system 

The uncertainty properties of k1-k4 are detailed in Table 1, where both epistemic and aleatoric uncertainties 

are represented. k1-k4 are assumed as independent variables, obeying Gaussian or uniform distribution, 

which represents the aleatoric uncertainty. what’s more, the distributions are not fully determined, since 

their probabilistic coefficients (e.g. the mean, variance, or boundary) are not fully known constant but lying 

within the given intervals, as shown in Table 1, representing the epistemic uncertainty due to the lack of 

knowledge. Instead of simple intervals of the parameters in the deterministic updating framework, the above 

assumption results in uncertainty spaces of the parameters under the probabilistic sense. Consequently, the 

stochastic updating problem in this example is more challenge than the classical deterministic updating 

procedure, since the task herein is no longer to calibrate the parameter itself, but to reduce the uncertainty 

space of the parameter by calibrating its distributional coefficients. By reducing and calibrating the 

uncertainty space of the parameters, the uncertainty space of system outputs is finally reduced and tuned 

close to the experimental data.  

The four natural frequencies of the system f1-f4 are selected as the investigating outputs, whose uncertainty 

spaces are driven by the uncertainty spaces of k1-k4. A set of target values of distributional coefficients is 

given in Table 1, which can be used to generate the “simulated” experimental data. Assume the size of the 

experimental sample is 100, the parameters are randomly sampled 100 times based on the distributions along 

with the target coefficients. Subsequently, 100 samples of outputs are available which will be served as 

target in the updating procedure.  

The last column of Table 1 presents the initial values of the distributional coefficients, which are set to be 

different from the target values. Considering the output samples, Fig. 2 presents the positional relationship 

between the initial and target data scatters, in the plane of f1 and f4. The Gaussian mixture modelling 

technique (with two Gaussian components) is utilized to estimate the joint PDFs of these two output 

variables. A set of contours of this estimated PDF is illustrated on each corresponding scatter as shown in 
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Fig. 2. Because the input parameters in Table 1 have different distribution forms, the evaluated system 

outputs present a distribution which is neither Gaussian nor uniform. Fig. 2 clearly shows the objective of 

this problem is not only to shift the initial sample toward the target sample, but also, more important, to 

reshape the initial sample such that the updated sample has the similar distribution as the target. To achieve 

this objective, both the Euclidian and Bhattacharyya distances are employed as metrics in the Bayesian 

updating procedure. 

Parameter Uncertainty characteristic Target value Initial value 

k1 Gaussian, 𝜇1 ∈ [3.0, 7.0], 𝜎1 ∈ [0.0, 0.5] 𝜇1 = 4.0, 𝜎1 = 0.1 𝜇1 = 7.0, 𝜎1 = 0.25 

k2 Uniform, 𝑎2 ∈ [1.0, 4.0], 𝑏2 ∈ [6.0, 9.0] 𝑎2 = 3.0, 𝑏2 = 6.5 𝑎2 = 4.0, 𝑏2 = 9.0 

k3 Gaussian. 𝜇3 ∈ [3.0, 7.0], 𝜎3 ∈ [0.0, 0.5] 𝜇3 = 3.5, 𝜎3 = 0.5 𝜇3 = 7.0, 𝜎3 = 0.25 

k4 Uniform. 𝑎4 ∈ [1.0, 4.0], 𝑏4 ∈ [6.0, 9.0] 𝑎4 = 2.0, 𝑏4 = 8.0 𝑎4 = 4.0, 𝑏4 = 9.0 

Table 1: Uncertainty properties of the input parameters 

 

Fig. 2: Initial simulated and target experimental scatters  

4.2 Step I: Updating with the Euclidian Distance Metric 

There are eight distributional coefficients relative to the four parameters k1-k4 in this problem, and all prior 

distributions of these eight values are set to be uniform within the prescribed intervals as shown in Table 1. 

In the following context, the eight distributional coefficients are also termed as parameters. The Euclidian 

distance between the target sample and the simulated outputs sample is utilized to construct the likelihood 

function following Eq. (4). The width factor 𝜀 is  set as 0.005, and 8 iteration steps are performed in the 

TMCMC algorithm before the convergence.  

The posterior distributions of the eight parameters are illustrated in Fig. 3. After this updating step, most 

parameters (e.g. 𝜎1, 𝜎3, a4, and b4) have posterior distributions which are still nearly uniform, implying the 

updating step for these parameters is ineffective. Exceptionally, the posterior distributions of 𝜇1 and 𝜇3 are 

obviously different for their prior uniform distribution. The updated values of 𝜇1 and 𝜇3 are consequently 

available by calculating the means of the final sample of the updated inputs. The updated values of 𝜇1, a2, 

b2, and 𝜇3 are listed in Table 2, while the values of other parameters are omitted because their posterior 

distributions are still nearly uniform. 
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Fig. 3: The posterior distributions of the eight inputs after updating with Euclidian distance 

A more intuitionistic representation of the effect of the first updating step is revealed by Fig. 4, where the 

positional relationship between the updated sample (named as Sample-ED in the figure) and the target 

experimental sample is illustrated. The centre points of the updated sample and the experimental sample are 

conincident with each other. However, the contour of the updated sample is remain the same as the one of 

the initial sample in Fig. 2, and thus obviouly different from the contour of the experimental sample. This 

phenomenon represents the effect of the first updating step is only to shift the initial sample toward the 

experimental sample, whithout any change on the shape of the sample. This result is cinsistent with the 

principle that the Euclidian distance only measures the geometry distance between the centre points of 

samples, while the disperion and distribution information of the samples is omitted. Consequently, a more 

comprehensive metric is required in the second updating step to further reduced the discrepancy between 

Sample-ED and the target experimental sample. 

 

Fig. 4: Updated samples with the Euclidian distance mertic 
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Input Target value 
Updated value 

with Euclidian metric with Bhattacharyya metric 

𝜇1 4.0 3.5427 (-11.4%) 3.8647 (-3.38%) 

𝜎1 0.1 --  0.1226 (22.6%) 

𝑎2 3.0 2.5906 (-13.6%) 2.2296 (-25.7%) 

𝑏2 6.5 7.5797 (16.6%) 7.3763 (13.5%) 

𝜇3 3.5 3.3560 (-4.12%) 3.4104 (-2.56%) 

𝜎3 0.5 -- 0.4731 (-5.38%) 

𝑎4 2.0 -- 1.9791 (-1.04%) 

𝑏4 8.0 -- 8.3170 (3.96%) 

Absolute Mean Error 11.45% 9.763% 

Table 2: Updated inputs using different distance metrics (percent errors in the parentheses) 

4.3 Step II: Updating with the Bhattacharyya Distance Metric 

In the second updating step, the Bhattacharyya distance is utilized as UQ metric to measure the discrepancy 

between the samples. Note that, this updating step is not performed on the initial output sample in Fig. 2, 

but performed on the updated sample after the first step (i.e. Sample-ED in Fig. 4). Therefore, the posterior 

distributions of the parameters are taken as prior distributions in this step. The width factor 𝜀 is  set as 0.1, 

and the final convergence is reached after 12 iteration steps in the TMCMC algorithm. Fig. 5 illustrates the 

further updated posterior distributions of the eight input parameters, which are clearly different from the 

ones in Fig. 3. As shown in Fig. 5, all posterior distributions of the parameters are updated to concentrate to 

a single pole, implying the second updating step is effective for all parameters. Means of these posterior 

distributions are listed in the last column of Table 2. It is shown that the updated values are quite close to 

the target. The comparison between these updated PDFs and values in the first and second steps is further 

discussed in the next subsection (Sec. 4.4). 

 

Fig. 5: Posterior distributions of the six inputs after updating with Bhattacharyya distance 
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A vivid representation of the updating process of the sample distributions is illustrated in Fig. 6. The final 

output sample updated using the Bhattacharyya distance metric is named as Sample-BD in the figure. The 

contour of Sample-BD is clearly calibrated from the contour of Sample-ED (referring to Fig. 4), and the 

finally updated contour of the sample is similar as the one of the experimental sample. After the iterative 

updating process, the final sample appears to coincide with the target sample, no matter on the position or 

on the shape, implying the Bhattacharyya distance metric is capable of updating of the uncertainty space of 

the outputs, and thus the input parameters. 

 

Fig. 6: Updated samples with the Bhattacharyya distance metric 

4.4 Comparison between the results of the two steps 

A detailed comparison between the posterior PDFs of the input parameters in these two updating steps is 

presented in Fig. 7. As mentioned above, the updated values of the parameters are estimated by calculating 

the mean of the updated samples, and these values are listed in Table 2, with the relative error compared 

with the target values in the parentheses. In order to obtain a comprehensive comparison of the results, a 

combined investigation on Fig. 7 and Table 2 is performed in the following discussion.  

As shown in Fig. 7, the first updating step with the Euclidian distance is effective on only 𝜇1  and 𝜇3 . 

Furthermore, only 𝜇3 has the similar posterior PDFs in these two steps. Refer to Table 2, the errors of 𝜇3 in 

both steps (-4.12% and -2.56%) are quite small, imply a good updating effect for this parameter. For 𝜇1, a 

clearly centralized PDF is obtained after the first step, however, this PDF is different from the one after the 

second step. The second step has a better updating effect for 𝜇1, since Table 2 shows that the error of the 

updated 𝜇1 with Bhattacharyya metric is much smaller than the one with the Euclidian metric. For the other 

parameters except 𝜇1 and 𝜇3, Fig. 7 clearly shows the posterior PDFs after the first step are still nearly 

uniform, while the posterior PDFs after the second step are obviously centralized to a single pole. The 

updated parameter values with the Bhattacharyya distance metric in Table 2 have an absolute mean error no 

more than 10%, which is even smaller the mean error of the only four available values with the Euclidian 

metric. This demonstrates that the Bhattacharyya distance utilized in the second updating step has a 

comprehensive advantage on distributional coefficient updating. 
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Fig. 7: Comparison of the posterior PDFs using different distance metrics 

However, despite the comprehensive advantage, it is important to state that the Bhattacharyya distance is 

not suitable to be utilized as the exclusive metric without the assistant of the Euclidian distance metric. As 

discussed in Sec. 3, a significant drawback of the Bhattacharyya distance is the infiniteness when the 

investigating data samples are too far from each other. As an example, Fig. 2 illustrates this extreme 

situation, where the initial sample are completely apart from the experimental sample; that is to say, when 

the distributions of these two samples have no superposition. In this situation, the value of Bhattacharyya 

distance is always infinite regardless the varying discrepancies between these two samples. Consequently, 

the two-step strategy is specially designed to overcome this drawback of the Bhattacharyya distance by 

employing the Euclidian distance in the first step to shift the initial sample toward the observation sample, 

and then to reshape the sample in the second step. 

5 Conclusions and perspectives 

In this work, a stochastic Bayesian model updating approach employing the TMCMC algorithm and a 

customized likelihood function is proposed. This approach contains a two-step strategy where the Euclidian 

distance and the Bhattacharyya distance are utilized as the UQ metric, successively. These two steps have 

the uniform framework and the only difference between them is the customized likelihood function in 

Bayes’ theorem is constructed using the Euclidian or Bhattacharyya distance.  

During the updating procedure, the Euclidian distance is utilized as an absolute geometry distance 

considering only the means of samples. Comparatively, the Bhattacharyya distance is demonstrated to be 

more comprehensive because of the capability to calibrate not only the mean but also distributional 

coefficients of the samples. Consequently, it is a potential UQ metric which is more desirable for uncertainty 

treatment. 

However, the spring-mass system example provides a special case where a direct and exclusive application 

of the Bhattacharyya distance is defective, since the infiniteness evaluation of the distance between the 

initial sample and the target sample. This demonstrates that the deterministic updating should be the 

precondition of any stochastic updating. In other words, the classical Euclidian distance metric using 

nominal parameters together with data means should be kept as the backbone in any stochastic updating 

procedure.  
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