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Abstract 
Multi-stage cyclic symmetry is used since several years for the modal and dynamic response analyses of 

turbo-machineries where it allows the use of detailed models at limited cost. With this method, each stage 

of the machine is cyclically modelled and inter-stage coupling combines the different stages. The 

coupling is either mesh compatible or not. Though it is an approximate method, it provides high quality 

results in the low frequency range. For higher frequencies, approximations may occur and they are mainly 

detected at the inter-stage junctions. The use of harmonic decomposition allows to detect missing harmonics 

for some stages. The method has therefore been enriched in order to automatically add basic fundamental 

harmonics. The different cyclic fields are then coupled at the inter-stage junctions. 

1 Introduction 

The design of aerospace turbomachines is the result of multiple compromises between performance, mass 

and thermo-mechanical behavior. From the mechanical point of view, these evolutions result in refined 

designs with respect to previous experience, including a strong reduction in the number of mechanical 

connections between components. Some turbomachine bladed disks, the most mechanically loaded 

components, are increasingly made in a single piece (BLISK). Conventional bolted connections between 

bladed disks give way to continuous connections, obtained for example by inertial friction. These advances 

in manufacturing and machining processes lead to significant gains in on-board weight compared to 

conventional technologies and, to a lesser extent, the aerodynamic performance of the machine. On the other 

hand, the reduction in the number of these mechanical links generates a significant reduction in the structural 

damping of the rotor as well as the appearance of greater dynamic coupling between components. The 

evolution of these technologies therefore poses new vibration problems for turbine engine designers. In this 

context, it is more important than ever for engine manufacturers to have reliable prediction tools for the 

dynamic behavior of their machines, at the earliest of the design phase, in order to prevent vibration fatigue 

problems and costly induced re-designs. 

Design methods based on mono-stage dynamic analysis, exploiting the properties of cyclic symmetry, do 

not respond adequately to the technology evolution. Vibration phenomena, previously unobserved, coupling 

several bladed disks, whether adjacent or not, have been identified on some turbomachines. 

On the other hand, a direct approach based on the modeling of the 360 ° complete multi-stages assembly 

remains very expensive in terms of data setting, computation time and post-processing. As a result, the 

possibility to analyze multi-stage assemblies in a nearly similar manner as the one used for the mono-stage 

case is an asset.  

However, the multi-stage methodology is an approximated one. It gives good results in the lower frequency 

range but at higher frequencies, approximations may occur and they are mainly detected at the inter-stage 

junctions. A way to remove these approximations consists to simultaneously use several fundamental 

harmonics. 
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2 Theoretical Background 

2.1     Mono-Stage Cyclic Symmetry 

A cyclically periodical structure is a structure composed of a set of identical sectors which closes on itself 

to form the complete structure. If a finite element discretization of these structures is performed, the 

corresponding structural matrices are block circulant and a discrete Fourier transform produces block 

diagonal matrices. These diagonal matrices are expressed in cyclic coordinates and the number of diagonal 

blocks is equal to the number N of sectors. The eigenvalue problem to be solved to obtain the eigen-modes 

is replaced by a set of reduced eigenvalue problems each one function of the propagation wave number n. 

 𝑛 = 0,1,⋯ ,𝑁 2⁄               𝑁 𝑒𝑣𝑒𝑛    ;       𝑛 = 0,1,⋯ ,
(𝑁 − 1)

2⁄               𝑁 𝑜𝑑𝑑 (1) 

The number of different wave numbers or fundamental harmonics is bounded by the number of sectors. 

Usually, a complex formalism is used to describe the cyclic coordinates and the wave number is included 

in the mathematical constraint linking the right and left boundaries of the sector [1].  

 𝐪 =𝑙 𝑒
2𝑗𝜋𝑛

𝑁 𝐪𝑟 = 𝑒𝑗𝛽 𝐪𝑟  (2) 

 

The reduced eigenvalue problem has still the classical form for a rotating structure described in the rotating 

frame 

 [𝜆2𝐌 + λ(𝐁 + 𝛺𝐂) + (𝐊𝟎 + 𝐊𝝈 − 𝛺𝟐𝐍)]𝐪 = 𝟎 (3) 

 

Or 

 [𝜆2𝐌 + 𝜆𝐁 + 𝐊] 𝐪 = 0 (4) 

 

For a not rotating structure modelled in the inertial frame; where M is the mass matrix, B the viscous 

damping matrix, C the Coriolis matrix, K0 the elastic stiffness matrix, K the geometrical stiffness matrix 

and N the centrifugal stiffness matrix. 

2.2     Harmonic Decomposition 

The harmonic content related to one fundamental harmonic is described by the so-called Zigzag diagram. 

For the wave number n, its contents is 

 𝑚 = 𝑛,𝑁 − 𝑛,𝑁 + 𝑛,⋯ , 𝑘𝑁 − 𝑛, 𝑘𝑁 + 𝑛,⋯ ,∞ (5) 

In some industrial cases, a sector of a bladed disk may be made of several blades. This is for 

example due to assembly methodology where the blades are grouped by packet and where the 

cyclic periodical property is lost for a sector made of one blade.  An analysis performed for a given 

wave number yields modes with a mixed harmonic content. If the number of blades of the sector 

is equal to M, the sector is considered to be made of M subsectors. Each node of the finite element 

model of the first subsector is related to (M-1) nodes of the other subsectors. If the meshes of the 

subsectors are not identical, the displacements of these nodes are obtained by interpolation. The 

displacements are expressed in cylindrical coordinates in order to perform the harmonic 

decomposition.  
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Where         

 

𝛽 =
2𝜋𝑛

𝑁

𝛽1 =
2𝜋𝑛

𝑀𝑁

𝛽2 =
2𝜋(𝑁−𝑛)

𝑀𝑁

𝛽3 =
2𝜋(𝑁+𝑛)

𝑀𝑁

⋮

 (7) 

 

This decomposition is performed for each node of the subsector. By weighting the obtained decomposed 

displacements with respect to the maximum displacement of the mode and by summing the weighted 

decompositions, it is possible to assign at each harmonic a percentage of its contribution to the mode. The 

process may be done for the radial, axial and azimuthal displacements. It is therefore possible to classify the 

modes as mainly radial, axial, azimuthal or mixed. 
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Figure 1: Zigzag Diagram (even or odd number of sectors) 

2.3     Multi-Stage Cyclic Symmetry 

The direct multi-stage cyclic symmetry has been proposed by Laxalde [2] and is, for example, implemented 

in the SAMCEF code [3]. The method is direct with respect to other approaches where each stage model is 

separately condensed and a reduced assembled multi stage model is analysed. With the direct method, the 

idea is to describe each stage i by its basic sector with the classical wave propagation condition applied on 

its left and right boundaries 

 - 𝐪(𝒊) =𝑙 𝑒
2𝑗𝜋𝑛

𝑁𝑖 𝐪(𝒊) =𝑟 𝑒𝑗𝛽𝑖 𝐪(𝒊)𝑟  (8) 

Where l and r indexes correspond to the left and right boundaries of stage i made of Ni sectors. The q vectors 

are complex. The fundamental wave number (number of nodal diameters, engine order) n is the same for 

each stage. The fundamental wave number is bounded by the number of sectors Nmin of the stage with the 

lower number of sectors. For the other stages, based on their number of sectors and on the fundamental 

wave number, additional wave numbers may be taken into account. These additional wave numbers are 

obtained from the zigzag diagram and are bounded by the number of sectors of the considered stage: 

 𝑚 = 𝑛,𝑁𝑚𝑖𝑛 − 𝑛,𝑁𝑚𝑖𝑛 + 𝑛,⋯ , 𝑘𝑁𝑚𝑖𝑛 − 𝑛, 𝑘𝑁𝑚𝑖𝑛 + 𝑛,⋯ ,≤  
𝑁𝑖

2⁄  (9) 

It is then necessary to express the continuity of the displacement field at the inter-stage junction.  Based on 

the number of sectors of each stage, the condition is either expressed on 360 degrees or on a sector. In order 

to manage industrial applications, the finite element meshes may not be congruent at the inter-stage 

junctions. In this case, the condition linking one node of stage 1 to a facet of stage 2 is written as follows  

 
ms kj qBqC 1 ))1(())1(( 211    (10) 

 

Where s and m indexes respectively correspond to the slave node and the master nodes of the facet. The C 

matrix rotates the slave node (j-1) times at a physical location where it is projected on a facet. The B matrix 

includes the (k-1) times rotation and the projection. Based on the numbers of sectors in stage 1 and 2, the 

same slave node will appear in N continuity constraints corresponding to different physical locations. On 

compact form, these constraints may be written 
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Ms

AqDq   (11) 

Where M index corresponds to all the master nodes necessary to define the N different facets used by the 

constraints.  

 

In order to include these constraints in the cyclic symmetrical formalism, it is necessary to come back to the 

cyclic coordinates. As the D matrix is made of a set of rotation matrices, we have  

 
MTs

N
AqDq

1
  (12) 

In practice, the mathematical constraint is applied using N gluing elements sharing the same Lagrangian 

multipliers. In the cyclic coordinates, the continuity at the inter-stage junction is only expressed in a weak 

form. 

 

 
 

Figure 2 Two stages case with 7 and 13 sectors 

 

If the finite element meshes are compatible at the inter-stage junction, equation (12) only expresses that the 

displacements of the slave node in cylindrical coordinates are the mean values of the displacements of a set 

of master nodes.  This weak character of the constraint is related to the approximation of the method. The 

exact solution requires the use of several harmonics in order to express the continuity of the displacement 

field at the inter-stage junction. 

 
For example, for a structure made of stages having different prime numbers of sectors as shown in figure 2, 

the final assembly is no longer isotropic with respect to the structure axis. Normal modes with nodal 

diameters don’t anymore exist in orthogonal pairs. Assuming that each normal mode of the whole structure 

is only described by the contribution of one fundamental wave family per stage removes the asymmetry of 

the system. This assumption has to be kept in mind when using this method. Recombined results show that 

the continuity at the inter-stage junction is not respected when strong asymmetrical cases are considered.  

 

If a Fourier harmonic decomposition of the obtained solution is performed, the application of (5) to the 

different stages where the numbers Ni of sectors are different gives different lists of harmonics. If some of 

these harmonics have an important contribution to the solution of one stage in the junction area and are 

missing in the coupled stage, the continuity of the solution may strongly be not respected at the inter-stage 

junction. 

 

The harmonic decomposition described in section 2.2 may also be applied in multi-stage cyclic symmetry. 

In this case, an additional weighting is performed based on the contribution of each stage to the kinetic 

energy of the modes. For each stage, the harmonic content corresponds to  

 𝑚𝑖 = 𝑛,𝑁𝑖 − 𝑛,𝑁𝑖  + 𝑛,⋯ , 𝑘𝑁𝑖 − 𝑛, 𝑘𝑁𝑖 + 𝑛,⋯ (13) 
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Where the number of harmonics is based on the number of subsectors of the stage. 

2.4     Improved Multi-Stage Cyclic Symmetry 

According to relation (13), the harmonic content usually differs from one stage to the other except 

for the fundamental harmonic. The improvement of the method consists to use several fundamental 

harmonics in the same analysis. For example, if the first additional harmonic of stage i has to be 

included, the additional fundamental harmonic is obtained as follows based on the zigzag diagram 

of the stage with the lower number of sectors. 

 𝑛𝑎𝑑𝑑 ± 𝑘𝑁𝑚𝑖𝑛 = 𝑚𝑖 = 𝑁𝑖 − 𝑛    (14) 

This procedure is repeated for each stage. In practice, adding a cyclic field for one sector 

corresponds to automatically duplicate the finite element model of the sector and to update the 

cyclic constraints on its boundaries by using the corresponding additional fundamental harmonic. 

The coupling between the harmonics is done by the inter-stage junctions.  

 ∑ 𝐂𝑖
𝑛𝑠
𝑖=1 ((𝑗 − 1)𝛽𝑖)𝐪𝑖

𝑠 = ∑ 𝐁𝑖
𝑚𝑠
𝑖=1 ((𝑗 − 1)𝛽𝑖)𝐪𝑖

𝑠 (15) 

Where ns is the number of fundamental harmonics of the slave stage and ms the number of 

fundamental harmonics of the master stage. 

3 Applications 

Let us consider an academic structure made of two stages with respectively 50 and 60 blades. It is the 

idealization of a bladed drum where the deformation of the drum induces coupling between both stages. 

 

 
 

 

 

The structure may either be modelled by one sector including 5 blades of stage 1 and 6 of stage 2 or be 

modelled by two sectors including one blade.  

 

The mono-stage cyclic symmetry approach yields exact results used as reference. The standard multi-stage 

approach yields correct results for low frequencies and for modes where the main harmonic corresponds to 

the fundamental one (figure 4). 

 
 

Figure 3 Two stages with 50 and 60 blades  
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For higher frequencies and for some modes, the standard multi-stage approach produces approximated 

frequencies and discontinuity at the inter-stage junction (figure 5). 

 

 
 

 

 

 

By adding one fundamental harmonic, it is possible to reach the exact solution and to improve the continuity 

at the inter-stage junction (figure 6). 

 

 

 

 

 

Figure 4 Low frequency correct mode 

Figure 5 Harmonic 25 – 6925 Hz Approximation 
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Conclusions 

The extension of the multi-stage cyclic symmetry methodology has been presented. Its application to a 

simple two stages structure shows the efficiency and the interest of such method. When applied to rotors of 

turbo-machines like compressor rotors of aero-engine, this method allows the taking into account of 3D 

models at affordable computing costs. 

 

The method has been integrated in the finite element system SAMCEF [3]. 
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