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Abstract 
A semi-analytical approach is presented which uses the known Green’s function for the displacements and 
stresses of an infinite, elastic, homogeneous and isotropic solid to reconstruct the response of a finite body 
of arbitrary shape.  To this end a closed “boundary surface” is defined within the infinite solid, identical to 
the external surface of the finite body. The response is obtained by superposing two complementary 
excitations which act simultaneously on the infinite solid: a primary and a secondary one. The primary 
excitation is identical to the one driving the finite body. The secondary excitation, located at the exterior 
of the boundary surface, has the role of re-creating across this surface the boundary conditions of the finite 
body. The physical side of approach is discussed first, the corresponding mathematical procedure is then 
outlined and an example is provided to demonstrate the validity of this approach. 

1 Introduction 

The prediction of vibration response of a mechanical object in a given point is usually done by a numerical 
approach, such as one of Galerkin methods, e.g. the Finite Element Method. Analytical solutions exist 
only for objects of extremely simple geometrical shapes and boundary conditions, such as a simply-
supported beam or shell. Yet an analytical solution is often useful, in particular when the physical insight 
into the nature of the vibration is needed. 

In this paper a particular approach, named the boundary forming, will be used to compute the response of 
a 3D solid body made of a homogeneous isotropic material. This approach, applied to beams, plates and 
shells, has been studied by the author almost two decades ago, [1], and has since been developed in more 
depth in plate applications, [2]. The boundary forming approach has close links with the technique called 
the Distributed Point Source Method (DPSM) which has been used for the modelling of ultrasonic and 
electromagnetic fields [3]. The basic idea is to employ the known Green’s function of a simple body, 
usually an infinite medium, and to reconstruct the targeted boundary conditions of one section of such a 
body using a (large) number of point sources external to this section. In such a case the section of the body 
inside of the boundary, artificially created by the point sources, will behave exactly as if this section was 
independent of the rest of the main body, Fig. 1. The elastic waves created by a given vibration source, the 
primary source, will superpose with the waves created by the external, secondary sources. In steady state 
motion the interference between the primary and secondary waves will create in a number of points 
particular field conditions, such as zero displacement or zero stress. Providing the positions of secondary 
sources are conveniently selected and their strengths correctly identified the interference between the 
primary and secondary waves will create the required boundary conditions exactly at points located across 
the contour of the targeted section. If these points, named control points, are sufficiently close to each 
other the boundary conditions in between control points will closely match the required conditions too. 
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Figure 1. Principle of the boundary forming approach. Left: original; right: model. 

Following the basic relationships the boundary forming approach will be demonstrated using an infinite 
elastic solid in order to predict the vibration response of a prismatic section within the solid. 

2 Basic relationships 

2.1 The field in an infinite solid 

The medium is an elastic, homogeneous, isotropic solid of mass densityρ, Young’s modulus E and 
Poisson’s factor ν. Harmonic motion at a frequencyω will be assumed; the common time factor exp(jωt) 
will be omitted. The displacement response vector u(t) = [u1(t), u2(t), u3(t)]

t at a point d = [d1, d2, d3]
t and 

the excitation force vector f(t)  = [f1(t), f2(t), f3(t)]]
t at a point e = [e1, e2, e3]

t will be fully represented by 
their complex amplitudes: U = [U1, U2, U3]

t and F = [F1, F2, F3]
t respectively: 

 ( , )=U G d e F  (1) 

Here G stands for the 3×3 Green’s function for the solid, [4]: 
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The symbols stand for: δ -Kronecker delta, cp - speed of dilatational waves, cs – speed of shear waves. 

Using the differential relationship between stress and displacement, [5], the stress tensor in the point d can 
be expressed in terms of displacement derivatives. By denoting strain components by umn = ∂um/∂xn and 
assuming summation over repeating indices the components of stress tensor read: 

 
1 1 2mn mn ii mn

E
u u

νσ δ
ν ν
 = + + − 

 (3) 

The boundary conditions will be expressed in terms of displacements and stresses at the contour surface of 
the body section considered. Eqs. 1-3 provide thus the mathematical background of the technique.  
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2.2 The model 

The contour of the segment to be subjected to the required boundary conditions is identical to the physical 
surface of the modelled body. The number and the positions of control points on the contour and of the 
secondary sources around it need to be selected. Unfortunately the positions of these points do not result 
from any explicit physical considerations and the choice of positions has to be done by intuition or by a 
convenient search procedure. 

Once the C control positions and S secondary positions have been selected the strengths of secondary 
sources can be obtained in a rather straightforward way. Assuming that the number of field variables 
which define the boundary conditions per point is B the following procedure may be applied: 

• Define the boundary conditions via either displacements, stresses or both at the control points. 
E.g. if the boundary variables are surface stresses, three stress components have to be taken into 
account per each control point: the out-of-plane normal stress and two in-plane shear stresses. If 
instead the variables are the displacements, there will be three displacement components per 
boundary point. Thus in both cases B = 3. 

• Specify the targeted values of boundary variables. The targeted values can be arranged into a 
vector T the size of which is thus BC. E.g. if the body has free boundaries, the three components 
of surface stresses will have to vanish across the contour surface. If instead the boundaries are 
clamped the three displacement components per boundary point have to vanish. In both cases the 
T vector will be zero. 

• Compute the values of the boundary variables at all the control points due to the primary source. 
A vector of primary boundary variables V0 can be thus formed, the length of which is the product 
between the number of control points and the number of boundary variables per point, i.e. BC. 

• Compute the transfer functions between the boundary variables and all of the secondary sources. 
Since there are S secondary sources and three force components per source a transfer matrix H is 
thus obtained of size BC×3S. 

• Compute the strengths of secondary sources set in a vector Q through the relationship: 

 0 + =V HQ T  (4) 

The vector Q is of size 3S. It contains the three orthogonal complex force amplitudes per each secondary 
point. Once the vector Q has been found, the response of the vibrating object either in its interior or at its 
surface can be simply obtained by superposing the fields created by primary and secondary excitations. 

The technique will be demonstrated via the next example. 

3 Example 

A simple example will demonstrate the principle of the method. The object considered is a beam of 
moderate thickness. The beam will be driven by a normal force. The choice of a beam as a demonstrator 
was made in view of its simplicity and the well-known dynamic behaviour. A classical Euler-Bernoulli 
solution will be used for comparing it with that obtained by the boundary forming approach. 

3.1 Input parameters 

The beam is made of steel: E = 2×1011 Pa,  ρ = 7800 kg/m3, ν = 0.3. The dimensions are: length 0.6m, 
width 12cm, thickness 2cm. 

In the present case the contour surface, identical to the surface of the beam, is a simple parallelepiped. The 
spacing between control points was selected at 5mm, which resulted in 6800 control points. The secondary 
sources were placed across two surfaces of shape similar to that of the contour surface but displaced from 
it outwards by 25mm and 100 mm with the spacing between source points of 20 and 50mm respectively. 
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The selected positions and spacing between the secondary sources produced the total number of 1274 
source points. The layout of different points is shown on Fig. 2. 

 
Figure 2. Secondary source points (top) and control points (bottom) of the beam model. 

The selected parameters of the model, i.e. C = 6800 and S = 1274, resulted in a system matrix H, Eq. (4), 
of size 3C×3S = 20400×3822. In order to obtain the source strengths Q, i.e. the complex amplitudes of 3 
force components at each point, the matrix H has to be inverted. In view of the problem being 
overdetermined, the inversion had to be replaced by pseudo-inversion. It has been already found in the 
resolution of similar problems, such as shown in [2], that the over-determination in the computation of 
source strengths gives much more accurate results than the application of strictly determined conditions, 
resulting is a square system matrix BC = 3S. 

3.2 Results 

Free-free boundary conditions were applied, known to be the most difficult ones to model using analytical 
techniques. In order to validate the results obtained by the boundary forming approach, the classical Euler-
Bernoulli model was employed to provide a comparative solution. Using this model the result for a free-
free beam driven by a normal point force was obtained in closed form. The classical model is based on 
simplifications which hold only if the beam thickness is much smaller than the wavelength. 

The excitation was provided by a point force located lengthwise at 10cm from the left beam edge and in 
the axis of lateral symmetry. In the boundary forming model the excitation was taken to act in the middle 
of beam height. The force amplitude and the material loss factor were taken 1kN and 1% respectively. 
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Figure 3 shows the maps of the instantaneous normal displacement of the upper beam surface obtained by 
two models at two frequencies: 500Hz and 1kHz. At 500 Hz the classical model produces a result almost 
identical to the boundary forming one. On the contrary, at 1 kHz the two results visibly diverge.  

 
Figure 3. Instantaneous beam displacement. Top: 500 Hz, bottom: 1 kHz. Upper map: boundary forming 

model; lower map: Euler-Bernoulli model. Circle: excitation force. 

Figure 4 shows the effect of the lateral offset of driving point on vibration distribution across the beam 
surface at 1kHz. The result was obtained by the boundary forming approach only since the classical model 
cannot provide analytical solution for this case. Not shown here are the displacements of beam sides 
which are distributed in a non-uniform manner, as expected.  

 
Figure 4. Instantaneous beam displacement by the boundary forming model. Lateral offset of driving point 

in width percentage: lower map 5%; upper map 25%. Frequency 1kHz. 
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4 Conclusions 

The boundary forming approach, applied to the vibration of an elastic body, has been validated via the 
example of a free-free beam. The approach uses the analytical solution to the point force excitation of an 
infinite elastic solid. The validation was done by comparing the results of forced vibration obtained in two 
ways: by a 3D boundary forming model of a slender parallelepipedic body and by the classical Euler-
Bernoulli model of the same body considered to be a beam vibrating in flexure. Good matching was 
obtained at a sufficiently low frequency at which the classical model provides satisfactory results. 
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