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Abstract
The paper presents a novel method for sensor placement optimized towards effective identification of struc-
tural damages. The derivation of the method is based on the concept of virtual distortions together with
information provided by a set of strain gauges. Then, a gradient oriented optimization is applied to identify
sensor locations, which are the most sensitive to potential damage scenarios. Steepest descent method is uti-
lized to determine the optimal values of the objective function. Additionally, dependence of the method on
the applied excitation signal is discussed. Finally, effectiveness of the proposed methodology is demonstrated
on an example of optimal search for sensor placement on a 6-bay planar truss structure.

1 Introduction

A successful implementation of any Structural Health Monitoring system relies on efficient placement of
measurement sensors [5]. Optimal sensor placement is a topic of intensive research since eighties or even
seventies of the last century. Because the exact solution of the optimal sensor placement problem requires
large computational effort involving discrete optimization, a variety of different approximate methods have
been proposed since that time.

One of the first attempts to solve the optimal sensor placement (OSP) problem for structural parameters iden-
tification was the work by Shah and Udwadia [16]. In their paper they first introduced a matrix representing
sensitivity of measured output with respect to the parameters being identified. Then, using this matrix they
applied algorithm dedicated to minimization of a certain norm of the covariance matrix of the estimate error.
Motivated by the computational efficiency of their approach they proposed the trace of the covariance matrix
as this norm.

Another milestone in the OSP methodology was an article published by Kammer [10]. He introduced a
Fisher information matrix obtained from a set of selected mode shapes and suggested that minimization of
the determinant of this matrix provides a good approximation for the optimal sensor placement. One has
to mention that the iterative procedure described by Kammer was extremely efficient and the approximate
solution of the OSP problem using this method could be obtained within a limited number of iterations. As a
result, the method currently known as Effective Independence (EfI) became very popular among researchers
and structural engineers.

A further development of the OSP methodology and in particular an application of information theory into
this area was proposed by Papadimitriou [14]. He introduced the concept of information entropy and applied
a genetic algorithm to solve a complex OSP problem for structures with dozens of degrees of freedom
(DOFs).

At the end of this short literature review of the methods for OSP it is also worth to mention an interesting
overview paper by Barthorpe and Worden [2] and a book by Xu and He [24] in which simultaneous placement
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of different kind of sensors has been solved with aid of the Kalman filter technique. However it should be
also kept in mind, that EfI based family of methods assume that a number of first few modes is sufficient
in description of structure’s dynamics and identification of structural parameter modifications resulting from
damage. Such an approach might not be necessarily optimal for damage detection methods which do not
utilize identification of modal properties and are based on structural response itself.

As a result, new methods for optimal sensor placement, which are sensitive to potential damage localization,
are needed. In this study we propose the Virtual Distortion Method (VDM) as a tool to achieve this goal. The
VDM is a fast structural reanalysis technique allowing for analytical gradient computation. Therefore, it can
be efficiently applied for damage identification defined as an optimization problem, in which the objective
function utilizes responses of the structure obtained for both: an intact and a faulty state. We begin our
work by recalling the VDM basics. Then, we will mention its successful application to mass and stiffness
identification in skeletal structures, leakage localization in water distribution networks or defect identification
in electrical circuits.

The proposed approach in this study is focused on optimal arrangement of strain gauges. First, we determine
the sensitivity of the structural responses with respect to stiffness parameters. Next, based on the above
results we calculate the average sensitivity of a particular sensor location for all potential damages. Using
this average sensitivity the candidate sensor location is ranked and the most sensitive locations are selected
as the optimal ones. Finally, the theoretical considerations introduced in sections 2 and 3 are demonstrated
on an example of typical 6-bay truss structures subjected to windowed sine wave excitation.

2 Optimal sensor placement for damage identification

The proper identification of an existing damage within a structure depends on three different aspects, namely:
damage location, sensor placement, and applied forces. Mathematically, it can be expressed as a set of
equations. First of these equations expresses relation between the applied forces and the response of the
structure:

M(θ)q̈(θ, t) + C(θ)q̇(θ, t) + K(θ)q(θ, t) = f(t), (1)

where t denotes time, q̈, q̇,q are acceleration, velocity and displacement vectors, respectively, and M,C,K
are mass, damping and stiffness matrices, respectively. The right hand side f is the excitation vector.

The second equation represents observed quantities and depends on the type of transducers used:

y(θ, t) = Cqq(θ, t) + Cvq̇(θ, t) + Caq̈(θ, t) + w(t), (2)

where Cq,Cv,Ca denote displacement, velocity and acceleration output matrices, respectively, and w(t) is
measurement noise.

Finally, the third equation represents a measure for quality of identified damage. For that purpose we define
performance index:

J = min
S
‖(θ − θ̂)T (θ − θ̂)‖, (3)

where S is the vector of discrete variables that represent the location of the sensors, θ represents structural
parameters to be identified, θ̂ denotes the estimate of θ. Symbol ‖.‖ represents a norm of the covariance
matrix of the estimation error. To be able to detect damage at the earliest possible stage, we postulate that
this norm should be understood as the maximal element in the covariance matrix. In other words, the optimal
placement problem considered in this study can be stated as follows: we are looking for such a location of
the given number of sensors that the maximal element of the covariance of the estimation error is minimal.
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Figure 1: Three aspects associated with a successful damage identification

3 The Virtual Distortion Method and its Applications

3.1 Introduction to the VDM

The Virtual Distortion Method (VDM) was originally presented in [6] for statically loaded structures with
application to modelling structural modifications, physical properties (including non-linearities) and optimal
material redistribution. The idea of an extension of the VDM-approach for dynamic problems with applica-
tion to damage detection was firstly discussed in [8]. In this work authors presented a concept of damage
identification in truss structures utilising analysis of perturbation of an elastic wave, where the damage is de-
fined as Young modulus modification of the structural element. The identification problem was formulated
as a gradient-based optimization task. Other examples utilising this approach for element stiffness assess-
ment for dynamically loaded structures can be found in [12, 21] or for steady-state problems in [18, 19].
Optimal design of adaptive structures exposed to impact loads are considered in [22] and – including elasto-
plastic material behaviour – in [23]. Other developed applications of the VDM are related to modelling and
identification of elastic element connections in frame structures [17], progressive collapse analysis [20] and
detection of delamination in composite structures [13]. It is worth to notice, that the VDM-approach was
adapted to water networks [7] and electrical circuits [11] by utilising some analogies to truss-like structures.

3.2 Concept of the Virtual Distortion Method

In this section, the idea and the basics of the VDM will be briefly presented focusing on statically loaded
truss structures. The virtual distortion is an initial strain introduced in a structural element which causes pre-
stressed state of the statically indeterminate structure, whereas for determinate structures there is stress-free
state. The virtual distortion, depending on formulation (definition), can be used in different ways e.g. for
modelling of element stiffness or plastic deformations. The unit virtual distortion is the virtual distortion
that would cause a unit strain in this out-of-structure element (unconstrained element). The corresponding,
self-equilibrated load to the unit distortion is called the compensating load. Effect of imposing of the virtual
distortion for a structural element is analogous to a geometric imperfection or uniform heating in that ele-
ment. Imposing consecutively the unit distortions on all (or selected) structural elements the strain responses
are determined and formed into columns (vectors) of a square matrix, and finally, the influence matrix is
created. It is important to notice, the strain responses are stored for the elements which parameters are to be
modelled.

For a more detailed explanation of the influence matrix building process let us consider a simply supported 6-
bay truss structure shown in Figure 2(a) with square sections. The vertical and horizontal lengths are equal to
Lx = Ly = 1.52m. The cross-section areas and Young moduli are assumed to be identical in each element,
namely A = 2 · 10−5 m2 and E = 70 GPa, respectively. To generate the influence matrix for the selected set
of elements (1, 2, 16, 30) the unit distortions have to be independently imposed in those elements as indicated
in Figures 2(b)–2(e). For each of the distortion states, the strain responses for the selected elements have to
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be computed and grouped into the influence matrix:

D =




0.895312 −0.104688 −0.001027 1.3 · 10−6

−0.104688 0.895312 −0.001027 1.3 · 10−6

−0.001027 −0.001027 0.810466 −0.001027
1.3 · 10−6 1.3 · 10−6 −0.001027 0.895312


 . (4)

The largest values occur on the diagonal of the matrix D, however, the condition has to be fulfilled 0<Dii<1.
The introduced unit distortion has only a little influence for distant elements (see the last column of the in-
fluence matrix D).

The VDM-approach can be applied for linear structures and extensively exploits the superposition principle.
Firstly, let us assume an indeterminate structure (so-called initial or original structure) without any loading,
but with an imposed distortion field ε0 in structural elements. Thus, the vector of the residual strains εR and
stresses σR in the prestressed structure can be expressed by the following formulas:

εR = D ε0, σR = E(D− I) ε0, (5)

where D is the influence matrix, E is the diagonal matrix of element Young moduli and I is the identity
matrix. Considering the initial structure only under the external loading we get the elastic strains εL and
stresses σL. Now, we can superpose those two above mentioned states:

ε = εL + εR, σ = σL + σR = E
(
ε− ε0

)
. (6)

In this way, we obtain the structure modelled by the virtual distortions with the strains and stresses described
by Equations (6). Independently, let us introduce a modification of the Young modulus in an element i from
the value Ei to Êi. This leads to the so-called modified structure with strains ε̂ and stresses σ̂. Now, we
postulate, that the structure modelled by the virtual distortions and the modified one are equal in the sense
of their generalized strains and stresses. Based on this postulate and using Equation (6), we can write

ε = ε̂, N = AE
(
ε− ε0

)
= AÊ ε = N̂. (7)

where N and N̂ are the axial forces of the modelled structure and the modified one, A is the diagonal matrix
of element cross section areas (assumed in this example to remain intact). Equation (7 b) can be rewritten:

ε− ε0 = µε, (8)

where µ is the diagonal matrix with i-th element on the diagonal defined as the modification parameter:

µi =
Êi
Ei
. (9)

Substituting Equation (5 a) and (6 a) to Equation (8), we get a set of equations for determination of the virtual
distortion ε0: [

I−
(
I− µ

)
D
]
ε0 = (I− µ) εL. (10)

Let us notice, in Equation (10), the virtual distortion ε0 depends on the external loading.

For dynamic loaded structures the virtual distortions ε0(t) and influence matrix D(t) are time-dependent.
Therefore, firstly the influence matrix D(t) has to be determined for each time-step using the Newmark
integration method. This can be done by imposing the unit virtual distortions on structural elements at the
first time step. Knowing the distortion functions ε0(t) corresponding to the structural modifications, the
updated strain and stress field, analogously to Equations (6), can be rewritten:

ε(t) = εL(t) +

t∑

τ=1

D(t− τ)ε0(τ), σ(t) = E
(
ε(t)− ε0(t)

)
. (11)
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Figure 2: Tested 6-bay truss structure: (a) Scheme of the structure; Deformations caused by the unit virtual
distortion introduced in: (b) element no. 1, (c) element no. 2, (d) element no. 16, (e) element no. 30.
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By demanding the equality of strains ε(t) and generalized stresses N(t) for the modelled and modified
(determined by the modification parameters µi) structures at each time step, similarly to Equation (10), we
get the system of equations which has to be iteratively solved for each time step:

B ε0(t) =





(
I− µ) εL(0) for t = 0 ,

(
I− µ

) [
εL(t) +

t−1∑
τ=0

D(t− τ) ε0(τ)
]

for t > 0 ,
(12)

where the left-hand side matrix B does not depend on time:

B = I−
(
I− µ

)
D(0) . (13)

3.3 The VDM-based structural parameter identification

The identification of the structural stiffness parameter µi can be defined as a gradient-based optimization
problem. To this end, the mean-square distance d between the strain responses εM(t) collected for the
modified structure and the modelled responses ε(ε0, t) (or equivalently ε(µi, t)) has to be minimized:

F (µi) = dT · d (14)

where

d =
∑

t

(
ε(µi, t)− εM(t)

)
. (15)

The objective function expressed by Equation (14) can be differentiated using the chain rule with respect to
the design parameter µi:

∇F =
∂F

∂ε

∂ε

∂ε0
∂ε0

∂µi
(16)

The first term of Equation (16) can be calculated using Equations (14) and (15), the next one from Equation
(12 a). The last component can be obtained by differentiating Equation (12).

Knowing the gradient of the objective function expressed by the Equation (16) e.g. steepest descent method
can be applied. At each iteration k, the new design variable µk+1

i is computed according the formula:

µk+1
i = µki − αF k

∇F
(∇F k)T ∇F k , (17)

The optimization step size α can be defined as constant from the interval of (0.1, 0.3) or it can be preferably
determined at each iteration (line search method). In Equation (17) F k and ∇F k denote the value of the
objective function and its gradient in the k-th iteration. The optimization process is terminated if the objective
function reaches either the pre-determined level or the number of iterations.

4 Numerical example

The numerical test was preformed using the two-dimensional truss structure shown in Figure 3(a). Element
numbering is analogous to the example presented in Figure 2(a). However, the currently analysed steel

elements with length of Lx=Ly=51 cm have the cross sections areas A=1 · 10−4 m2, density %=7850
kg
m3

and Young’s modulus E=200 GPa. The test loading applied at node 10 is shown in Figure 3(b).

At the first step, in order to pre-select the strain sensor locations, strain responses for all element of the
original structure caused by the external load were computed. The dynamic analysis was performed using
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Figure 3: (a) Tested truss structure with the location of the excitation; (b) Test loading function.

the Newmark integration method with the number of n = 501 time steps (∆t = 2 · 10−4 s). Then, for
independently introduced in each element i the testing stiffness modification parameter µti = 0.9 objective
functions Fi according to formula (14) were computed. By ascending sorting the obtained values Fi, a
ranking for contributions of introduced modifications for the objective function is created. The ordered set
of elements R corresponding to the ordered values Fi has the following form:

R = {16, 26, 19, 21, 11, 14, 18, 13, 9, 1, 27, 2, 31, 24, 8, 4, 3, 30, 29, 23, 28, 25, 5, 20, 7, 22, 17, 10, 12, 15} (18)

The five high-ranked elements (the last ones) from set (18) were chosen for the sensor locations, i.e. ele-
ments: 22, 17, 10, 12, 15, and let us denote it as case 1. For comparison purposes, the other scenarios of
sensor locations were considered:

• case 2 – elements: 13, 14, 16, 18, 19;

• case 3 – elements: 8 ,9, 21, 23, 24;

• case 4 – elements: 3, 9, 24, 28, 13.

In the modified structure, the following stiffness modification parameters to be identified were randomly
assumed: µ8 = 0.75, µ10 = 0.8, µ11 = 0.9. The optimization procedure (steepest descent method with line
search) was applied using the responses collected for the original and modified structure from the sensors for
each case of sensor locations. The optimization procedures were terminated as the total number of iterations
has reached 300.

Results of the stiffness modification parameter identification with comparison to the real values are presented
in Figure 4(a). The modifications for elements 8 and 10 were correctly determined for all scenarios of sensor
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locations. Some discrepancies are present for element 11, due to the slight influence of its modification on the
sensor responses. Evolutions of the objective functions during iteration processes are shown in Figure 4(b).
One can notice, that the applied excitation does not induce any significant strain level in element no. 11 in
comparison to high-loaded members, e.g. element 15 ( max|ε11(t)|

max|ε15(t)| ≈
1
20 ).

(a)

(b)

Figure 4: (a) Real and identified stiffness modification parameters; (b) Values of the objective functions
during the iteration process.

For cases that require identification of stiffness of low-loaded elements, either additional sensors have to be
used or another test loading has to proposed to avoid low-level responses.

5 Conclusions

In this paper, a method for identification of stiffness modification parameters, defined as Young modulus
reduction, was presented. This problem is formulated as a gradient-based optimization task utilizing the
Virtual Distortion Method for computation of updated structural responses.

A vital part of a successful parameter identification is an appropriate selection of either sensor locations or
test loadings. We have shown, that the structural responses can be insensitive for member modification of the
structure using some test loadings. Therefore, such loadings can be insufficient for the identification problem
and some additional sensors or test excitations have to be used.
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An idea of preselection of sensor locations taking into account the current test loading was discussed. It
was shown that for the applied loading structural parameters in the vertical members (columns) are poorly
identifiable. To avoid such problems in engineering practice one needs to optimize not only sensor location,
but also properly select the excitation signal.

The research is ongoing to extend the presented approach to the case of modular structures [1], [25] and local
substructural analysis [4], [3], [9], as well as to investigate the possibilities of its application in the problem
of optimum placement of actuators for semi-actively controlled structures [15].
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