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Abstract 
Identification of structural nonlinearities has been of great interest over recent decades. In addition, due to 

high cost and time requirements, it is not practical to have complete experimental measurements. This 

study is initially focused on the localisation of structural nonlinearities using an approach based on 

spatially incomplete experimental frequency domain data from a structural vibration test. A cantilever 

beam with a nonlinear restoring force is considered under stepped-sine base excitation. An updated linear 

finite element model and the Craig-Bampton reduction method is used to obtain the reduced nonlinear 

forces (RNFs) in the measured region, leading to the location decision for nonlinear elements. Then, the 

Equivalent Dynamic Stiffness Mapping technique is used for characterization and mathematical modelling 

of the unknown nonlinearities. This technique utilizes the ratio of internal forces and the displacement 

response of the unknown elements (F/X) in the frequency domain as the Equivalent Dynamic Stiffness. 
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1 Introduction 
 

Nonlinear behaviour is very likely to occur in most practical structures due to the effects of material 

properties, structural joints and boundary conditions. In many cases, the nonlinearity of the structure is not 

small enough to be approximated as a linear structure. Therefore, nonlinear modal analysis has to be 

applied in order to localize, identify, and characterize the nonlinearities of the structure. 

Nonlinear elements in practical engineering systems are often considered to be localized, and mostly the 

localization of such nonlinearities has to be performed before a parametric study in the nonlinear system 

identification process. There has been a wide range of studies in the literature focusing on location, 

identification and characterization of the nonlinear elements. One may find comprehensive reviews of 

system identification approaches in [1-4]. The following provides a brief literature review of localization 

and system identification methods for nonlinear dynamical structures. 

To identify the position of the localized nonlinearities, methods are usually categorized in two groups. The 

first includes the methods which need complete coordinate measurements [5,6] and the second group are 

applicable with incomplete spatial measurements [7]. 

The force-state mapping method was used by Al-Hadid and Wright [5] to identify the nonlinearity of 

single- and multi-degree-of-freedom nonlinear systems. They presented an extension of force-state 

mapping to the location of nonlinear elements in a lumped-parameter system. Lin and Ewins [6] 

developed an approach to detect the location of a localized stiffness nonlinearity using a correlated 
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analytical model with measured vibration test data. It requires the data at no more than one mode with no 

need for complete coordinates of measurement. Wang et al. [7] presented a method for localization of the 

localized nonlinear elements in structural dynamics using frequency response data measured at incomplete 

coordinates from the vibration test. 

The literature has an extensive range of identification approaches such as the force-state mapping 

technique, the restoring force surface method, the Hilbert transform, Bayesian system identification, 

Volterra series approximation, and the Equivalent Dynamic Stiffness Mapping technique [8-20]. Some 

methods assume the type of the nonlinearity is pre-known, and others don’t rely on this assumption. 

Kerschen et al. [12] investigated the performance of the restoring force surface method in identifying 

nonlinear structural elements. In this regard, they considered the vibrations of a clamped beam with two 

different types of nonlinearities. Their method requires the displacement, velocity, acceleration and force 

of all degrees of freedom to be measured in the time domain. Feldman [13] recommended a nonparametric 

technique for identification of nonlinear elastic force functions based on the Hilbert transform. The 

method presented by Feldman does not require a priori information about the system structure or its 

parameters. Worden and Hensman [15] surveyed the benefits and limitations of using the Bayesian 

approach for identification of nonlinear structural systems. This approach is not limited to any assumption 

regarding the type and parameters of the system nonlinearity. Using a combination of time and frequency 

domain techniques, Haroon et al. [19] presented a method to identify nonlinear systems in the absence of 

input measurements. The Equivalent Dynamic Stiffness Mapping technique was proposed by Wang and 

Zheng [20] for identification of nonlinear structural elements in dynamical systems using steady-state 

primary harmonic frequency response functions (FRF). There is no need for the type and parameters of the 

system nonlinearity to be pre-known in this method, however having knowledge of the type of nonlinear 

element leads to a better parameter estimation and identification of the system. 

In this study, a numerical simulation is used to examine the performance of the localization procedure 

introduced by Wang et al. [7]. However, because base excitation is used in this study instead of force, we 

introduce a method to evaluate the equivalent force. For this purpose, the assumed mode method and the 

complex averaging technique are used to obtain the response of the system under base excitation and the 

finite element method is used to estimate the equivalent force due to base excitation. After detecting the 

location of the nonlinear elements, the next step is to identify the nonlinearity of the system using the 

EDSM technique recommended by Wang and Zheng [17]. Finally, the results of the simulation are 

discussed and the conclusions of the study are made. 

 

2 Localization and Identification 
 

The equation of motion of an Euler-Bernoulli beam, subject to base excitation, is considered as 

 

 𝐌�̈� + 𝐂�̇� + 𝐊𝐳 + 𝒇𝑖𝑛
∗ (𝐳, �̇�) = 0, (1) 

   

where 𝐌, 𝐊, 𝐂 denote the mass, stiffness, and damping matrices, respectively. 𝐳(𝑡) is the vector of 

displacement, and �̇�, �̈� are its first and second time-derivatives, respectively. 𝒇𝑖𝑛
∗ (𝐳, �̇�) denotes the internal 

nonlinear force of the system excited by the base excitation. Replacing 𝐳(𝑡) by relative displacement 𝐰 =
𝐳 − 𝑧0, where 𝑧0 denotes the base movement, the equation of motion of the system can be rewritten as  

 𝐌�̈� + 𝐂�̇� + 𝐊𝐰 + 𝒇𝑖𝑛(𝐰, �̇�) = 𝒇𝑏(𝑡), (2) 

where 𝒇𝑏(𝑡) is the equivalent force vector due to base excitation.  

The problem here is to detect the exact location of the localized nonlinear elements of the system, and then 

identify the nonlinearity. In the following paragraphs, the localization process and the Equivalent 

Dynamic Stiffness Mapping Technique for identification of the nonlinear elements are briefly explained.  

In this study, the localization procedure introduced by Wang et al. [7] is developed for vibration tests with 

base excitation. To use this method, experimental data from two vibration tests is needed. One is a low-
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amplitude excitation test to measure the response of the underlying linear system, and for the second test 

the excitation amplitude should be considered high enough to ensure that the system responds with 

nonlinear behaviour. The localisation method described in [7] does not require measurement at all 

coordinates. 

For this purpose, displacement (or acceleration) and forces of the system need to be measured for two tests 

with low and high amplitude excitation, respectively, providing the response of the underlying linear and 

nonlinear systems. However, this measurement doesn’t need to be spatially complete. Therefore, the 

system is separated into measured and unmeasured regions: 

 𝐰 = {
𝐰𝑚

𝐰𝑢
}, (3) 

where the indices 𝑚, 𝑢 represent the measured and unmeasured DOFs, respectively. 

Base excitation is the excitation method used in this study. The external force applied to the system is not 

directly measured in base excitation tests. Hence, the external force vector calculation step precedes the 

localization and identification processes in this study. Consequently, the whole identification process used 

in this study is described in three steps as below: 

I. Updating the linear finite element model: 

Experimental data obtained from the low-amplitude test is used to update the linear finite element 

model of the system using well-developed updating methods [21-22]. The updated linear FE 

model is used for both localization and identification of nonlinear elements, described later in this 

section. 

 

II. Finding the equivalent external force vector resulting from the base excitation: 
There have been approaches proposed to find the equivalent force of the base excitation. In this 

paper, the equivalent force vector of base excitation may be calculated as [23]:  

 𝒇𝑏(𝑡) = −�̈�0[𝐌]{𝐠}, (4) 

where �̈�0 is the base acceleration and 𝑔𝑖 = 1 if 𝑧𝑖 and 𝑧0 are in the same direction. 

Here, in this study, by applying the Galerkin approach to a cantilever Euler-Bernoulli beam, the 

equivalent force for a single element of the beam is obtained as 

 𝒇𝑏
𝑒 = −𝜌𝐴�̈�0 ∫ 𝜑𝑖(𝑥)𝑑𝑥

𝑙𝑒

0

− �̈�0 ∑ 𝑚𝑎𝜑𝑖(𝑥𝑎)

𝑁𝑎

0

, (5) 

where 𝜌𝐴 is the mass per length of the beam, 𝑙𝑒  is the length of a beam element, and 𝜑𝑖(𝑥) 

denotes for the shape function in Galerkin method. Here it is assumed that 𝑁𝑎 point masses with 

the mass of 𝑚𝑎 are located at 𝑥𝑎 along the beam. 

 
III. Detecting the location of the localized nonlinearities [7]: 

a) A criterion is defined to evaluate the difference between the underlying linear and nonlinear 

responses of the system. Accordingly, data selection is carried out to select the measured data 

for frequencies at which the criterion is satisfied. 
b) As the measurement is not spatially complete, the updated linear model is separated into 

measured and unmeasured regions. Then, the Craig-Bampton reduction method is used to 

project the unmeasured DOFs onto the measured region. As a result, the reduced nonlinear 

force (RNF) is calculated as a summation of measured nonlinear forces and the projection of 

unmeasured nonlinear forces onto the measured region.  

 𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑 = 𝐅𝑒𝑞𝐻
− (�̅�𝑚𝑚 − �̅�𝑚𝑘�̅�𝑘𝑘

−1�̅�𝑘𝑚)𝐖𝑚, (6) 

where �̅�𝑚𝑚, �̅�𝑚𝑘, �̅�𝑘𝑘, �̅�𝑘𝑚 are dynamic stiffness sub-matrices [7]. The index of the reduced 

nonlinear force is calculated as a summation of the RNFs at the measured DOFs over a range 

of measured frequencies, 
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 𝐈𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑
∗ = ∑ |𝐅𝑟𝑒𝑑𝑢𝑐𝑒𝑑

∗ (𝜔𝑖)|

𝜔𝑖

, (7) 

The suspect region for the location of the nonlinearity is determined using the resulting RNFs, 

the index of RNFs, and the phase of RNFs. Consequently, the preliminary decision for the 

location of nonlinear elements is made. 
c) Finally, the result of the location is verified by comparing the nonlinear forces for the 

suspected region with the reduced nonlinear forces for the measured region. 
 

IV. Identifying the nonlinear element using the Equivalent Dynamic Stiffness Mapping technique 

[17]: 
The nonlinear dynamical system described by Eq. (1) is considered. Using the Fourier 

transform, the nonlinear internal force is obtained in the frequency domain as 

 𝐅𝑁 = 𝐅𝑒𝑥 − (𝐊 + 𝑗𝜔𝐂 − 𝜔2𝐌)𝐖, (8) 

a) The nonlinear internal force 𝐅𝑁 may be composed of both nonlinear damping and stiffness 

 𝐅𝑁 = (𝐊𝑒𝑞 + 𝑗𝜔𝐂𝑒𝑞)𝐖, (9) 

where 𝐊𝑒𝑞 and 𝐂𝑒𝑞 are, respectively, the equivalent stiffness and damping elements of the 

system.  
b) Define the Equivalent Dynamic Stiffness as the ratio of the nonlinear internal force to the 

displacement response of the system in the frequency domain, 

 𝐃𝑠𝑡𝑖𝑓𝑓(𝜔, 𝐖) =
𝐅𝑁

𝐖
, (10) 

The equivalent dynamic stiffness and damping is obtained as, 

 𝐾𝑒𝑞 = ℜ(𝐷𝑠𝑡𝑖𝑓𝑓), 𝐶𝑒𝑞 =
ℑ(𝐷𝑠𝑡𝑖𝑓𝑓)

𝜔
. (11) 

In the following section, an example of a cantilever beam is simulated numerically in MATLAB. The 

results of the numerical simulation are provided in Section 3.  

 

3 Theoretical Simulation 
 

The stainless-steel cantilever beam shown in Fig. 1 has a length of 0.30 m, a width of 30 mm, and a 

thickness of 1.5 mm and is considered for numerical simulation. The modulus of elasticity and the density 

of the beam are taken as 𝐸 = 205 GPa and 𝜌 = 7800 kg/m3, respectively. The beam is assumed to have 

a damping coefficient per length of the beam as follows 

 γ = 0.2
kg

m. s
. (12) 

In order to consider the effect of the accelerometers’ masses on the dynamics of the beam, point masses 

𝑝𝑚 = {6, 6, 6, 8} g are located at positions 𝑥𝑚 = {
𝑙

6
,

3𝑙

6
,

5𝑙

6
, 𝑙}, respectively, where l is the beam length. The 

beam is attached to a grounded (to the base plate) nonlinear spring creating the nonlinear restoring force 

 𝐹𝑁 = 𝑘𝑙𝑤 (
2𝑙

3
, 𝑡) + 𝑘𝑁𝑤 (

2𝑙

3
, 𝑡)

3

, (13) 

where  

 𝑘𝑙 = 20
N

m
, 𝑘𝑁 = 1 × 105

N

m3. (14) 

and 𝑤 (
2𝑙

3
, 𝑡) denotes the deflection of the beam at the distance of 

2𝑙

3
 from the clamped end.  
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Figure 1: Base excitation of a cantilever beam attached to a grounded nonlinear spring at the distance of 
2𝑙

3
 

from the clamped end. 

 

 

Applying the assumed-mode method [24] and the semi-analytical complex-averaging technique [25] to the 

Euler-Bernoulli equation of the beam, the dynamics of the above-described cantilever beam has been 

studied under base excitation with constant acceleration. The amplitude of base acceleration is set to 

constant values of 0.025 and 2.5 m/s2 for low and high-amplitude tests respectively.  For this purpose, 

three modes have been considered in the assumed-mode method in order to discretize the equation of 

motion of the beam. Then, complex-averaging and Arc-length continuation are applied to the discretized 

equations in order to obtain the steady state response of the system for the primary harmonic (dynamics of 

the system is dominated by the primary harmonic). The responses at DOFs 1, 5, and 9 (having distances of 

5, 15, and 25 cm from the clamped end of the beam) are measured. 

 

3.1 Results and Discussion 
 

Figure 2 illustrates the measured frequency domain steady state responses of the beam at the three 

measured points, respectively. In fact, applying low amplitude base excitation led to the underlying linear 

system to be excited, as shown in Fig. 2 by blue dash-dot line. The high amplitude stepped-sine excitation 

resulted in the nonlinear behaviour of the system, shown by green triangles (stable solution) and red 

crosses (unstable solution) in Fig. 2. 

The localisation process was applied to the simulated data and resulted in the reduced nonlinear forces of 

the three measured DOFs, shown in Fig. 3(a). Based on the difference between the linear and nonlinear 

responses of the beam, data within the frequency range of [11.5-14.75] (Hz) has been selected for further 

analysis. 

Figure 4 shows the index of the RNFs of the measured DOFs. The magnitude of the indices of the three 

measured DOFs indicates that the nonlinearity of the system may be closer to DOF 5 and 9. However, 

there is a possibility that more than one nonlinearity exists.  
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Figure 2: Response amplitude in terms of excitation frequency at DOFs 1, 5, and 9; blue dash-dot line: 

linear response (low amplitude excitation), green triangle: stable nonlinear response (high-amplitude 

excitation), red cross: unstable nonlinear response. 

 

 

 

Figure 3: (a) Magnitude and (b) phase of the reduced nonlinear forces at the measured DOFs of the 

cantilever beam. 
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Looking at the phase diagram of the RNFs, one can see the same phase at DOFs 5 and 9, and π rad of 

phase difference at DOF 1 with respect to DOFs 5 and 9. Hence, it can be concluded that all these RNFs at 

DOFs 1, 5, and 9 arise because of a nonlinearity at an unmeasured DOF. Therefore, DOFs 1, 5, and 9 are 

discarded from the suspected regions. The RNFs are calculated at DOFs 3, 7, and 11, as suspected regions, 

using the linear constraint modes of the Craig-Bampton reduction method [7]. The indices of the 

calculated RNFs, shown in Fig. 6, indicates the existence of a nonlinear element at DOF-7. 

 

 

 

Figure 4: Indices of the reduced nonlinear forces at measured DOFs 1, 5, and 9. 

 

 

 

Figure 5: Indices of the RNFs in the suspect regions. 

 

 

Figure 6 illustrates the indices of the RNFs at DOFs 1, 5, 7, and 9 with direct measurement at DOF7. This 

plot shows that the nonlinear element is truly located at DOF7, which is in accordance with the result of 

the preliminary location decision.  
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Figure 6: Indices of reduced nonlinear force including direct measurement at DOF7. 

 

 

Subsequent to defining the exact location of nonlinearity, identification of the nonlinear element is carried 

out using the equivalent dynamic stiffness mapping method. To this end, direct measured data at the 

location/s of the nonlinear element is needed. However, in many practical engineering cases, direct 

measurement at some points such as joints is not possible or results in damaging the structure. Therefore, 

in this study, the aim is to find an identification approach with no need for direct measurement at the 

location of the nonlinearity. For this purpose, System Equivalent Reduction Expansion Process (SEREP)  

is used to expand the measured data to all required DOFs [21]. After expansion of the data, nonlinear 

identification of the system is carried out according to the identification process described in Section 2. 

Fig. 7(a) shows the 3D plot of the real part of the equivalent dynamic stiffness in terms of the excitation 

frequency and the amplitude of vibration at the location of the nonlinearity. In Fig. 7(b), the real part of 

the equivalent dynamic stiffness is shown in terms of the amplitude of the system. 

 

 

 

Figure 7- Mapping of the real part of the EDS in terms of excitation frequency and response amplitude at 

the location of the nonlinearity; (b) the equivalent stiffness is estimated by curve-fitting the real part of the 

EDS as a function of response amplitude. 

 

 

In the results of the identification, in case of the nonlinear stiffness, 
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 𝑓𝑁 = 𝑘𝑙𝑊 + 𝑘𝑛𝑊3, (15) 

the real part of the equivalent dynamic stiffness gives the nonlinear stiffness as [20], 

 𝑟𝑒𝑎𝑙(𝐷𝑠𝑡𝑖𝑓𝑓) = 𝐾𝑒𝑞 = 𝑘𝑙 +
3

4
𝑘𝑛𝑊2. (16) 

Figure 7 illustrates both linear and cubic nonlinear part of the spring attached to the beam. 

 

4 Conclusion and future work 
 

The location detection and identification of localised nonlinear structural elements of a base-excited 

dynamical system was carried out using an approach based on spatially incomplete experimental 

frequency domain data. Base-excited vibration of a cantilever beam attached to a grounded nonlinear 

spring near the tip has been numerically simulated and the results of the simulation were used to locate the 

nonlinear elements of the system using the frequency domain data. The results illustrate the acceptable 

performance of the localisation method used in this study. The identification method used in this study 

shows that the method is capable of identifying type of nonlinearity, i.e. cubic nonlinearity. However, 

there are errors in identified parameters of the model and further investigation is required to investigate 

this. 

Also, an experimental set-up, shown in Fig. 8, is considered for experimental study. In this set-up, a 

stainless-steel cantilever beam is selected for the vibration tests. The beam is mounted on a shaker bed, 

and divided into six equal longitudinal elements. Figure 9 illustrates the finite element model of the 

experimental set-up. The acceleration of the base and the beam is measured using four accelerometers, one 

on the base and three on the beam, as shown in Figs. 8 and 9. Two permanent magnets, attached to the tip 

of the beam, along with two electromagnets placed on two sides of the permanent magnets, create and 

apply the nonlinear restoring force to the beam. Figure 10 shows the linear and nonlinear frequency 

response of the beam resulted from low and high amplitude tests, respectively. The results of the analysis 

of the experimental data will be presented at the conference. 

 

 

 

Figure 8: Experimental set-up for the base excitation vibration test of a cantilever beam. 
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Figure 9: Finite element model of the experimental set-up. 

 

 

 

Figure 10- Linear and nonlinear frequency response of the beam resulted from low and high-amplitude 

test. 
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