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Abstract 
If measurements are made of the free vibration decay of a structure, then, the usual approach is to use 

Fourier transforms to give a spectrum which separates out all the resonance peaks. Each resonance may 

then be analysed to determine natural frequencies and damping ratios. A novel alternative method is 

proposed here. This method involves narrow band filtering the vibration decay to extract a simple 

oscillating decay curve for each resonance. The advantage of this method is that nonlinear decay curves 

can be analysed. A particular feature of the method is that the data is reversed in time before the filtering 

is performed, thus, avoiding the excitation of filter resonances which would otherwise contaminate the 

data. This procedure is illustrated using nonlinear experimental data and theoretical data. It is shown that 

for a linear decay time history the filtering method does not alter the natural frequency and damping ratio 

of the data. For nonlinear decays, a method is given for removing minor distortions of the data.  

1 Introduction 

A measured time history of free vibration decay contains information about natural frequencies and 

damping ratios. The challenge is to extract this information. A novel method is presented here for 

analysing decaying time histories. A significant benefit is that it can be used on data that is nonlinear. 

A standard procedure in experimental modal analysis is to determine the natural frequencies and damping 

ratios of the resonances of a structure. Extensive techniques are available for this process with the 

restriction that the structure must behave in a linear manner. These methods are described in Ewins [1] and 

consist of two stages; i) an experimental stage where the structure is set into vibration and response data 

captured and ii) a data analysis stage where the measured data is processed to extract the natural 

frequencies and damping ratios. Many software packages are available to assist with these tasks.  

Stage ii) typically involves Fourier transforms to convert the measured data into frequency response 

functions. For linear structures, these frequency response functions can be modelled as rational 

polynomials with frequency as the independent variable. These models can then be fitted to the measured 

frequency response functions and in this process the natural frequencies and damping ratios of the 

structure determined. A review of these methods may be found in Formenti and Richardson [2].  

The analysis approach above is restricted to linear systems. When a structure is nonlinear, there is no 

standard method to determine how to proceed. The key difficulty is that parameters such as natural 

frequency and damping ratio may no longer exist with the vibration frequency and damping depending on 

the amplitude of the vibration.  

A key issue when analysing a decaying time history is that it is generally composed of the response of 

several modes of vibration with the responses of each mode being combined in the data. The use of 

spectra to separate the frequencies associated with each mode makes the spectral approach very attractive. 

However, when the response is nonlinear, the spectra are very difficult to interpret and for this reason a 

time domain approach has been developed. The challenge is to separate modes with different frequency 

content in the time domain. 
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An alternative to working in the frequency domain in stage ii) is to work in the time domain. Here for 

linear structures is the well-established Prony algorithm, and its variants, which dates back to 1795 [3]. 

These methods are also reviewed in Formenti and Richardson [2]. Methods involving the Hilbert 

transform are being developed by Feildman [4], Roettegen [5] and Sracic, Allen and Sumali [6]. The 

Hilbert transform is useful once a simple decaying time history is obtained which is part of the objectives 

of this work. Attempts to use the frequency domain to determine instantaneous methods for natural 

frequency and damping are also ongoing. The method by Kuether and Brake [7] involves taking short 

intervals of a decay time history and then transforming them into the frequency domain. A similar 

approach has been developed by Allen and Mayes [8] who take intervals of the decay curve starting at 

various times within the decay and then continuing to the end of the data. Both these methods enable the 

resonances to be sorted into individual frequency bands and allow the development of nonlinearities to be 

observed.  

The new method proposed here is based on conducting stage ii) in the time domain but not making the 

assumption of linear behaviour. As will be explained the method relies on using narrow band filters to 

determine details of the behaviour.  

2 The method of reverse filtering 

The measurement method proposed here starts, in the same way as a standard experimental modal 

analysis, by exciting the structure with an instrumented hammer (or any equivalent method). The response 

to this excitation is captured, sampled and stored as a digital signal. An example of a response time history 

is shown in Figure 1. This data is taken from a beam-like structure with bolted connections. Details are 

available in [9]. It can be seen that there are many frequencies superimposed. Figure 2 is the Fourier 

transform of this response time history. Unlike a normal modal analysis, this spectrum is not divided by 

the Fourier transform of the excitation time history. Two resonances of the structure are shown; many 

more were also present in the spectrum at higher frequencies. Care must be taken in calling the peaks 

resonances since there are clear nonlinear features. However for simplicity the term resonance peak will 

continue to be used. For the resonance at approximately 188 Hz, there are two peaks one rounded and one 

sharp which are difficult to interpret since they express nonlinear features. The peak at approximately 

270 Hz also has nonlinear characteristics. It is clear that due to the nonlinearity not much progress can be 

made by continuing in the frequency domain. 

A fourth order narrow band Butterworth filter was applied to the data in Figure 1 with a bandwidth of 

167 Hz to 208 Hz (the bandwidth is shown in Figure 2). This revealed the time history shown in 

Figure 3 (a). This time history clearly explains the data seen in the spectra of Figure 1. There are two parts 

to this time history. For times between 0 s and 0.13 s, the time history decays rapidly with a relatively low 

frequency. After 0.13 s the time history decays very slowly with a relatively high frequency. These two 

frequencies explain the two peaks see in Figure 1 at approximately 188Hz. Figures 3 (b) and 3 (c) will be 

discussed later. They relate to corrections to the filtered data and the error involved in the filtering process.  

 

 

 

 

 

 

 

 

 

Figure 1. A measured time history. 
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Figure 2. Spectrum of data in Figure 1 derived via a Fourier transform. The pink lines 

show the bandwidth of the filter.  

 

 

 

 

 

 

 

 

Figure 3 (a). Data in Figure 1 reverse filtered. 

 

 

 

 

 

 

 

Figure 3 (b). A corrected (deconvolved) version of Figure 3 (a) 
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Figure 3 (c). The error in the filtering process. 

 

 

 

 

 

 

 

 

Figure 4. Data in Figure 1 forward filtered.  

It is important to note that the narrow band filtering was not performed in a conventional manner. The data 

was reversed in time before passing it through the filter. This was done to avoid the filter resonance being 

excited. The difficulty with narrow band filters is that they have resonances which can ring and their 

characteristics can pollute the desired time history. By reversing the time history this effect is avoided.  

When reversed, the amplitude of the data starts at zero and grows slowly and finally comes to an abrupt 

finish. This avoids initiating transients in the filter. After the filtering is completed the filtered data is 

reversed again so that it is in its original order. If the time history is not reversed before filtering, then a 

filtered response such as that shown in Figure 4 is produced. 

It can be seen that filtering in a conventional manner, Figure 4, considerably distorts the time history 

particularity at the start. Note that in Figure 4 the effects of the filter last until about 0.1 s. This is a 

considerable loss of fidelity. The procedure of reversing the time history before filtering will be called 

reversed filtering while the conventional filtering process will be called forward filtering.  

The nonlinear effects shown in Figure 3 are due to friction in the bolted joint. At large amplitudes, the 

joint has a slipping contact patch that causes damping and a low frequency, while at small amplitudes the 

contact path locks-up resulting in small damping and a relatively high frequency. More details in [9].  

Instantaneous values for damping and natural frequency can easily be extracted from time histories such 

as those shown in Figure 3(a). The advantages of reverse filtering are clear in this example and provide a 

much better approach for understanding the dynamics of this structure, than working in the frequency 

domain. For this reason, this method of reverse filtering is being developed. 

From the signal processing viewpoint, the key question is how the time history is affected by the reverse 

filtering process. To what extent is the time history shown in Figure 3(a) contaminated by the filter? Do 

corrections have to be made to get the true information? These important questions are investigated in the 

rest of this paper.  

3 The effect of reverse filtering a linear system decay time history 

As a starting point, the effect of reverse filtering the decay time history from a linear, single-degree-of-

freedom (SDOF), system is examined. This process can be analysed by using Laplace transforms. Since 

reverse time histories are being considered it is necessary to use a double sided Laplace transform so that 

negative times can be considered. Details of Laplace transforms may be found in Bracewell [10]. The 

Laplace transform and its inverse are given by 

 

 𝑋(𝑠) = ∫ 𝑥(𝑡)ⅇ−𝑠𝑡 ⅆ𝑡
∞

−∞
  and 𝑥(𝑡) =

1

2𝜋ⅈ
∫ 𝑋(𝑠)ⅇ𝑠𝑡 ⅆ𝑠
∞

−∞
 (1) 

 

where 𝑥(𝑡) is the time history and 𝑋(𝑠) its Laplace transform. Here t is time and s is the Laplace variable. 
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Figure 5. The poles in the complex plane; the poles of the SDOF are shown as circles. 

The poles of the filter as crosses. Contours of integration are shown as Γ+ and Γ−. 

 

In the theory of Laplace transforms the output of the filter, 𝑌(𝑠), is given by  

 

 𝑌(𝑠) = 𝐻(𝑠)𝑋(𝑠) (2) 

 

where 𝐻(𝑠) is the Laplace transform of the filter transfer function and 𝑋(𝑠) the Laplace transform of the 

time history that is input to the filter (i.e. the measured time history).  

To determine the time history of the filter output, the inverse Laplace transform of 𝑌(𝑠)must be 

calculated. This is best done by considering the poles of both 𝑋(𝑠) and 𝐻(𝑠). 

Figure 5 shows the Laplace plane for a SDOF system filtered by a fourth-order Butterworth filter. The 

configuration for forward filtering is shown in Figure 5 (a) while for reverse filtering the configuration is 

shown in Figure 5 (b). The SDOF system has two complex conjugate poles marked by circles. For the 

forward filtering case, these are shown on the left half plane while for the reverse case these are shown on 

the right half plane. Their position on the right half plane follows naturally if it is recognised that the 

reversed time history looks like an unstable system.  

The poles of the Butterworth filter are shown on the left half plane and are marked by crosses. The poles 

of the filter occur in complex conjugate pairs and are clustered in half-circles centred on the mid 

frequency of the pass band.  

In order to calculate the time history of the filtered signal, the inversion integral is used. This integral must 

be applied carefully so that convergence is achieved. For times less than zero, the integral is completed 

using a contour on the right half plane (𝛤− in Figure 5 (b)). For times greater than zero the integral must 

use the contour on the left half plane (𝛤+ in Figure 5 a and b). Use of the Cauchy integration theorem may 

be made where the integral is equal to 2𝜋ⅈ times the sum of the residues. The problem with forward 

filtering is thus clear; use of the contour on the left hand plane will result in the response of the SDOF 

time history and the response of the filter as well. Thus for the fourth order filter illustrated, there will be 

four oscillating decaying responses from the filter as well as the oscillating decaying response from the 

SDOF system. These responses interact to produce a composite oscillating decaying output. This is 

unsatisfactory because it is a mixture of the characteristics of the structure as well as the filter. The 

mixture is clearly seen in the start of Figure 4. For the reverse filtering case there are two parts. For times 
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less than zero, the output of the filter is that of the SDOF system only. For times greater than zero, the 

output is from the filter only. For reverse filtering and times greater than zero, the filter output can be 

ignored.  

How does the reverse filtering effect the measured time history? This important question can be 

completely answered for a SDFS. Let the time history of the filter input, 𝑥(𝑡), be  

 

 𝑥(𝑡) = ⅇ−𝛽𝑡(𝐴cos(𝛼𝑡) + 𝐵sin(𝛼𝑡)) (3) 

 

where the poles of the SDOF system are −𝛽 ± ⅈ𝛼 and A and B are coefficients which can be used to select 

the initial conditions. In more standard terminology  

 

 𝛼 = √1 + 𝜁2𝜔0and 𝛽 = 𝜁𝜔0 (4) 

 

where 𝜔0 is the undamped natural frequency in radians per second and 𝜁 is the damping ratio.  

Calculation of the filter output for the reverse filtering case gives  

 

 𝑦(𝑡) = ⅇ−𝛽𝑡|𝐻|(𝐴cos(𝛼𝑡 + 𝜙) + 𝐵sin(𝛼𝑡 + 𝜙)) (5) 

where  

 |𝐻| = √𝐻𝑟
2 + 𝐻ⅈ

2 and tan(𝜙) = −𝐻ⅈ/𝐻𝑟 with 𝐻𝑟 + ⅈ𝐻ⅈ = 𝐻(𝛽 + ⅈ𝛼) (6) 

 

Here the filter transfer function, H, has entered the solution during the evaluation of the residue at the 

poles of the SDOF system. Note that just the magnitude and phase of the filter at one pole is used. 

Examination of Equation 5 shows that the output of the filter is just the same as the input with a factor, 

|𝐻|, scaling the amplitude and with a phase shift of 𝜙. Thus the filter has made a negligible change to the 

input time history.  

In contrast for the forward filtering case the time history of the response is much more complicated and is 

given by  

 

𝑦(𝑡) = ⅇ−𝛽𝑡|𝐻|(𝐴cos(𝛼𝑡 + 𝜙) + 𝐵sin(𝛼𝑡 + 𝜙))

+∑ⅇ−𝛽𝑛𝑡(𝑅𝑛cos(𝛼𝑛𝑡) + 𝑆𝑛sin(𝛼𝑛𝑡))

𝑁

𝑛=1

 
(7) 

 

where the summation covers the response from the poles of the filter. For a forth order filter N = 4 and 

there are filter poles at −𝛽𝑛 ± ⅈ𝛼𝑛. The coefficients 𝑅𝑛 and 𝑆𝑛 are values that determine the initial 

conditions for the filter. They also contain contributions from the residues of the SDOF. 

The important point to note is that the frequency and damping of the SDOF are unaltered by reverse 

filtering. In contrast, for forward filtering, the SDOF decay time history is contaminated by the decay of 

the filter, and it is difficult to pick out the SDOF from the characteristics of the filter. This is illustrated in 

Figure 6 (a), (b) and (c) 
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Figure 6 (a). Time history of a SDOF system 

 

 

 

 

 

 

 

 

Figure 6 (b). Data in Figure 6 (a) forward filtered. 

 

 

 

 

 

 

 

 

Figure 6 (c). Data in Figure 6 (a) reverse filtered. 

 

It can be seen that forward filtering, Figure 6 (b), considerably distorts the data while reverse filtering, 

Figure 6 (a) leaves it uncontaminated except for a decrease in amplitude and a change in phase.  

A further stage in signal processing would be to use a curve fitting method to determine the value of the 

natural frequency and damping precisely. The data in Figure 6 (c) would be fitted to the model in 

Equation 3. A method for doing this is described in Goyder and Lancereau [11]. This method is valid for  

fitting linear or nonlinear decay time histories. If the phase angle and scaling factor |𝐻| need to be 

removed from the output, this can be done easily since they can be deduced from Equation 6 once the 

frequency and damping are determined. Reverse filtering a nonlinear system decay time history 
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A nonlinear example is examined in this section. The objective is to see how a nonlinear decay is affected 

by reverse filtering. The synthetic decaying time history investigated here has two intervals each with 

different natural frequencies and damping ratios. The details are given in Table 1.  

 

 Time ranges (s) 

Natural 

frequency Hz Damping ratio A B 

Interval 1 0 ≤ 𝑡 ≤ 0.15 123.4 0.015 1 0.5 

Interval 2 0.15 < 𝑡 135.74 0.005 0.3190 -0.1753 

Table 1. Parameters for a decaying time history composed of two intervals. 

The amplitude values for the second interval are chosen so that the function and its derivative are 

continuous at the junction of the two intervals. This corresponds to displacement and velocity being 

continuous; while the acceleration is discontinuous. This system is similar to the measured example shown 

in Figure 1.  

The nonlinear time history and the reverse filtered version are shown in Figure 7 and Figure 8. It can be 

seen that the reverse filtering has reduced the amplitude of the time history but that the time histories are 

substantially similar. Unlike the case of the linear system, there is no easy way of determining how to 

correct the decrease in amplitude that is due to the filter.  

The general problem of correcting a time history for the effects of a filter is known as deconvolution. 

There is an extensive literature on deconvolution which is a problem that is known to be ill poised and 

sensitive to noise [12]. Much of the literature considers continuous time histories, rather than the transient 

ones of interest here. The standard method for deconvolving a continuous time history is Weiner 

deconvolution [13]. It should be noted that the simple expedient of dividing 𝑌(𝑠) by 𝐻(𝑠) in Equation 2 to 

calculate 𝑋(𝑠) is not appropriate since this will just bring back the original time history with all the 

resonances superimposed.  

 

 

 

 

 

 

 

Figure 7. A nonlinear time history composed of two intervals with different properties 

 

 

 

 

 

 

 

Figure 8. The data in Figure 7 reverse filtered.  

 

An interesting point to note is that if a candidate for a deconvolved time history is available, then it may 

be checked to see if it correct by applying the reverse filtering procedure and comparing this output to the 

output obtained from the original reverse filtered time history. They should be identical. If they are not 
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then an error time history can be generated by subtracting one from the other. This idea forms part of an 

iterative method developed by Van Cittert [14] and Bracewell and Roberts [15]. The problem, however, is 

to determine the candidate for the deconvolved time history.  

A novel approach has been developed for deconvolving the time history for the type of transient being 

investigated here. It can be noted that forward filtering approximately compensates the effects of reverse 

filtering. Thus if the reverse filtered data is forward filtered the decrease in amplitude is compensated by 

an increase in amplitude. However, as has been seen, forward filtering results in the contamination of the 

time history by filter components. The approach used here to avoid this contamination is to extrapolate the 

reverse filtered time history backwards to times less than zero. If this extrapolation is carried back far 

enough then when forward filtering the filter components will have decayed before time zero is reached.  

This approach has been developed and Figure 9 shows the deconvolved time history. Most importantly an 

error signal, Figure 10, is also constructed between the original reverse filtered time history and the 

reverse filtered time history of the deconvolved signal. As can be seen this error signal is small suggesting 

a successful deconvolution. 

This deconvolution process was also applied to the data in Figure 3 (a). The results of the deconvolution 

and the error in the process are shown in Figures 3 (b) and 3 (c) respectively.  

 

 

 

 

 

 

 

 

Figure 9. The deconvolved time history of Figure 8. 

 

 

 

Figure 9. A deconvolved version of Figure 8. 

 

 

 

 

Figure 10. The error in the deconvolution process of Figure 8. 

4 Discussion 

The examples show that the reverse filtering technique can extract one resonance from a decaying time 

history and reject other resonances. This is the key starting point of the method. Further, the contamination 

of the data by the filter is small. In particular, the reversing of the data prevents filter oscillations from 

combining with the desired output. This is clearly a useful tool, particularly for nonlinear time histories.  

The example with a linear system shows that the natural frequency and damping ratio are not influenced 

by the filtering process. This is another strong argument in favour of this method.  
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For the nonlinear system there is an issue with deconvolution. The challenge is to correct for the minor 

modifications to the data due to the filter. This modification is mostly a change in amplitude and a small 

shift in phase. A method has been presented that requires the data to be extrapolated backwards and then 

forward filtered. Other methods are probably possible and some are being considered. However, the 

corrections required for deconvolution are small, so this is a secondary problem.  

A good feature of the reverse filtering method is the ability to check the quality of the data by calculating 

an error signal. One approach is to model the data obtained from reverse filtering. This model can be 

useful in providing instantaneous values of natural frequency and damping ratio. Further, the model can be 

used to generate a set of model data and this data can be reverse filtered and compared to the measured 

reverse filtered data. This approach, as well as providing a basis for an error time history, can add 

confidence to the whole data analysis process.  

The deconvolution method described can also produce an error time history, and in this case, there is no 

need to generate a model (except for the backward extrapolation).  

A question that has not been investigated here is how narrow a filter band can be used. Narrow filter bands 

are useful in separating close natural frequencies. The limitation will be the need for the decay time of the 

filter to be much shorter than the decay time of the resonance being investigated. This requirement can be 

formulated in the frequency domain for a linear system where the resonance has a bandwidth that depends 

on the damping ratio. The resonance bandwidth is given by 2𝜁𝑓0 where 𝜁 is the damping ratio and 𝑓0 the 

natural frequency (in Hz). The filter similarly has a bandwidth and the requirement would be that this 

bandwidth be larger than the resonance bandwidth. This condition should be straightforward to satisfy.  

In the title of this paper, it is suggested that the reverse filtering technique, operating in the time domain, is 

better than working in the frequency domain. For the nonlinear example with the spectrum shown in 

Figure 2, it would be difficult to see how working in the frequency domain could proceed. The clarity of 

the reverse filtered data in Figure 3 (a) explains the entire nonlinear phenomenon. For data with only a 

small nonlinearity, it is often difficult to spot that nonlinearity is present from examination of the 

spectrum. However, with the reverse filtering technique even small nonlinearities are clear in the time 

domain. The disadvantage of the reverse filtering technique is that some deconvolution may be necessary. 

For a linear system the deconvolution is trivial. For a nonlinear system a method has been proposed, i.e. 

extrapolating and then forward filtering, which has been found to be adequate.  

The reverse filtering method has been successfully used for investigating nonlinear behaviour [9] and it is 

recommended as a good approach.  

5 Conclusions 

The following conclusions may be drawn. 

1. Using a narrow band filter allows individual decaying oscillations from a resonance to be selected. 

This selection works even when there are other oscillations from other decaying resonances 

present.  

2. Reversing the time history prior to filtering prevents the filter ringing and avoids contamination of 

the data by the filter. 

3. It has been shown that for a linear system, the reverse filtering method results in a time history 

that preserves the natural frequency and damping ratio exactly.  

4. Some second order modifications are made to the output time history by the filtering process. For 

a linear system these are just a change in scale and a phase shift. A process of deconvolution has 

been demonstrated that enables almost all these modifications to be corrected.  

5. Either by deconvolution or by developing a model using curve fitting it is possible to determine an 

error time history. This gives confidence to the reverse filtering method.  
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