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Abstract
The topic of structural intensity analysis has been mainly focused on assessing the energy taking place on
plate-like structures. This work presents a method which allows the same assessment on shells with arbitrary
shape. By invoking the Kirchhoff-Love postulates, the current method enables the assessment of power
transfer taking place on the shell’s mid-surface from data available at one of the sample’s outer surface.
The mentioned data are the displacement vector components represented by the standard unit vectors of the
Euclidian space and the spatial coordinates describing the studied shell. By including the assumption that
the sample can be represented as an assembly of plates, the experimental displacement data are projected on
a mesh, whose shape resemble the original analyzed shell. With this approach, the displacement fields could
be properly differentiated along a predefined local coordinate system, leading to the necessary inputs for the
structural intensity assessment.

1 Introduction

The Structural Intensity (SI) analysis is an useful approach that allows the assessment of energy transmission
on general structures. The computation of this term is widely documented in literature in the case of real
plate-like structures by invoking the Kirchhoff plate theory [1]. For such samples, if this assumption is taken
into account, the spatial derivatives of the out-of-plane displacements and a priori knowledge of its material
properties are sufficient inputs to compute the SI vector fields [2, 3]. However, if such an analysis is done on
real irregular shells, the displacement fields in all orthonormal directions and the data describing the sample’s
shape are required. Besides, it becomes less troublesome to process and differentiate the displacement fields
in a set of curvilinear coordinates of the analyzed shell [4, 5].

Due to these extra inputs, which were absent in the case of plates, a more elaborate data processing was
developed and is presented in this work. Here, not just the Kirchhoff-Love postulates are used to formulate
the terms present in the SI vector fields, but it is also assumed that the analyzed sample can be treated as a
Finite-Element-Method model and whose elements are planar.

The measuring technique that was used to record both the experimental shape and displacement data from a
shell was the Digital Image Correlation (DIC) [6] technique and the related results were exported as a dense
point cloud. The interpolation of the measured results were then projected on a customized mesh on the basis
of a global least-squares minimization via Finite-Element (FE) shape functions [7]. After this projection, the
data could be differentiated along a predefined set of local coordinates and the assessment of the SI was made
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possible.

The proposed method was able to compute a SI vector field that was consistent and expected from the ana-
lyzed shell, since the dominant energy transmission paths strongly converged to the region where a damper
was installed. These preliminary results suggested that, by invoking the Kirchhoff plate theory and by ap-
proximating the analyzed sample to an assembly of plates, the SI can be assessed for any irregular and thin
shell.

2 Theory

2.1 Structural intensity

The final objective of this work is to compute the energy transmission that takes place on irregular shells by
processing experimental data. To formulate the equations from which this quantity can be assessed, proper
assumptions and approximations that describe the behavior of the analyzed sample need to be invoked. By
assuming that the shell behaves in accordance with the Kirchhoff-Love postulates [1] and that the scalars
components of the time-averaged SI vector field are aligned with a set of curvilinear coordinates e1 and
e2 [4], it follows that

I = I1e1 + I2e2, (1)

where
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∗
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∗
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∗
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∗
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∗
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∗
1 +N22u

∗
2}. (3)

The subscripts “1” and “2” indicate that the related field is pointing at the direction e1 and e2, respectively;
the subscript “3” indicates that the field’s direction is normal to the shell’s surface; the scalars u represent
the displacements of the mid-surface; a, the rotations about the normals; Q1 and Q2 are the components of
the shear force, M11, M22 and M12 are the components of the bending moment; and N11, N22 and N12 are
the ones from the membrane force.

It must be noted that the SI is defined on the mid-surface from a analyzed shell. Moreover, the terms related
to the generalized forces (Qi, Mij , Nij) are estimated via the strains; which, in turn, can be represented as
functions of the terms u and a, if proper assumptions and approximations are used to represent the shell’s
behavior.

2.2 Kirchhoff-Love plate model

2.2.1 General theory of thin shells

This section presents the simplifications that were used to derive the generalized forces, which are required
for the SI assessment. In the current work, not just the Kirchhoff-Love postulates are assumed to describe
the shell’s behavior, but that the studied shell can be approximated to a Kirchhoff-Love plate model [8], i.e.,
to an assembly of planar plates. By using this approach, the displacement and strain components acquire
relatively simpler forms and vary linearly as functions of the shell’s thickness. With these statements, it
holds that

uh/2 = u +
h

2
a, (4)

uh/2 = {uh/21 u
h/2
2 u

h/2
3 }T , u = {u1 u2 u3}T , a = {a1 a2 0}T , (5)
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where h is the thickness value of the shell and uh/2 is the displacement on the shell’s outer-surface. More-
over, the linearlized Green-Lagrange strain on the outer-surface εh/2 can be formulated as a function of 2
strain components and is recast as

εh/2 = γ +
h

2
χ, (6)

εh/2 = {εh/211 ε
h/2
22 ε

h/2
12 }T , γ = {γ11 γ22 γ12}T , χ = {χ11 χ22 χ12}T , (7)

where γ is the membrane strain and χ is the bending strain. In turn, the terms εh/2 and χ can be recast as
functions of the displacement’s and rotation’s spatial derivatives:

ε
h/2
ij =

1

2
(u

h/2
i,j + u

h/2
j,i ), χij =

1

2
(ai,j + aj,i), for i, j = {1, 2}, (8)

where the subscripts “, i” and “, j” indicate the spatial derivatives of the referred terms along the directions
“i” and “j”, respectively.

2.2.2 Generalized forces

By defining the bending and membrane strains and with a knowledge about the sample’s stiffness matrix D,
the bending moment M and membrane force N of the shell’s elements are defined as

M =
h3

12
Dχ, N = hDγ, (9)

M = {M11 M22 M12}T , N = {N11 N22 N12}T , (10)

Since the shell is represented as a Kirchhoff-Love plate model, the shear force Q is retrieved by deriving the
equilibrium conditions of a differential element [5]. Hence,

Q = {Q1 Q2}T = {M11,1 +M12,2 M22,2 +M12,1}T , (11)

being the subscript “,1” and “,2” an indication that the term Mij is differentiatied along the directions “1”
and “2”, respectively. The terms’ components of the shear force Q are made explicit by differentiating the
bending moment M in Eq. (9):

Mii,i =
h3

12

E

1− ν2 (χii,i + νχjj,i), Mij,i =
h3

12

E

1 + ν
χij,i, for i, j = {1, 2}. (12)

In turn, the derivatives of the bending strain scalar components shown in Eq. (12) are accessible by differen-
tiating χij in Eq. (8):

χij,i =
1

2
(ai,ij + aj,ii), for i, j = {1, 2}. (13)

From the Eqs. (8, 13), it can be noted that 1st order derivatives of the term uh/2 and 2nd order derivatives of
a are required to assess all components of the SI equations [Eqs. (1, 2, 3)]. As it will be clear in Section 2.4,
the chosen approach to differentiate these data (uh/2 and a) is accomplished by considering these vectors as
local degrees of freedom (DoF) of a mesh with planar elements.

However, the aim of this work is to assess the SI on the basis of experimental data, which is usually not
represented on the basis of a local coordinate system (e1, e2, e3) (as it is the case of uh/2 and a), but rather
to a predefined Cartesian one (ex, ey, ez). Moreover, the point cloud with which the experimental data is
initially represented may not be equal in number or position with respect to the nodes of a mesh that should
contain the local DoFs. The next Sections are used to explain the following necessary steps to solve these
issues: project the experimental data to the nodes of a mesh, transform the coordinate system with which the
data is represented and data differentiation.
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2.3 Projection of experimental displacements & assessment of rotations

If the assembly of planar plates is treated as a Finite-Element mesh, the data on its nodes can store the
generalized DoFs ψ̃ and shape functions N . Therefore,

ψ̂(x) =

c∑

b=1

Nb(x) · ψ̃b, (14)

where c is the total number of nodes in an element, b is the node numbering, x represents the spatial coordi-
nates within that very element and ψ̂ is the generalized term within the element. The strategy used to project
experimental data on a mesh was through the global least-squares minimization via shape functions [7]. The
minimization problem can be formulated as

min
d∑

a=1

∣∣ψ̂(xa)−ψ(xa)
∣∣2, (15)

where ψ represents an experimental and general term and d is the total number of measurement points. By
substituting Eq.(14) into Eq.(15) and by considering the terms Ψ, Ψ̃ and Φ as assembled matrices of the
terms ψ, ψ̃ and φ, respectively; it follows that

Ψ̃ =
[[

ΦTΦ
]−1

ΦT
]
Ψ. (16)

In the current work, the experimental data that is extracted from a real sample is the displacement of an
outer-surface and which is defined here as U

h/2
exp . If the term Ψ in Eq.(16) is substituted by U

h/2
exp , one

acquires,
Ũ

h/2
=
[[

ΦTΦ
]−1

ΦT
]
Uh/2

exp, (17)

where Ũ
h/2

is a vector stored on the nodes of the mesh and which is represented in the Cartesian coordinate
system. The other 3 DoFs are the rotations related to Ã, which can be assessed by subtracting the normals
of the mesh under its deformed configuration (denoted here as ndef ) with the original normals of the mesh
in its reference configuration, i.e., e3. Therefore, the global DoFs related to the rotation Ã is assessed by

Ã = ndef − e3. (18)

2.4 Transformation of coordinate systems & spatial derivatives

After acquiring all DoFs for the nodes of the mesh, one can transform the terms Ũ
h/2

and Ã from the global
basis (ex, ey, ez) to the local one (e1, e2, e3), so the terms ũh/2 and ã are present. By deciding that triangular
elements would be the constituents of the mesh and by knowing that 2nd order derivatives are required for
the current application [Eq. (13)], at least 6-noded triangular elements with quadratic shape functions are
required. Therefore, by adding this information into Eq. (14) and by substituting ψ̃ for either ũh/2 or ã, it
follows that

ûh/2(x) =
6∑

b=1

Nb(x) · ũh/2
b , â(x) =

6∑

b=1

Nb(x) · ãb. (19)

It was also decided to analyze the local displacement, rotation and their spatial derivatives in the barycentric
coordinates of each element. By denoting that N̄ is a shape function at these specific coordinates within each
element, it holds that

uh/2 =

6∑

b=1

N̄b · ũh/2
b , a =

6∑

b=1

N̄b · ãb, (20)
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where uh/2 and a are the displacement and rotation terms at the elements’ barycenters. Since the shape
functions are quadratic, 1st and 2nd order derivatives of uh/2 and a can also be assessed by differentiating
the shape functions. Hence, the terms u

h/2
,i , a,i and a,ij can also be computed. At this point, the terms

uh/2, a, u
h/2
,i , a,i and a,ij should be available and one has all necessary terms to assess the strains [Eq. (8)],

generalized forces [Eq. (9, 11-13)] and the SI vector fields [Eqs. (1, 2, 3)] on the mesh.

3 Materials

It has been decided to perform the measurements on a circular membrane made out of silicon, whose thick-
ness and diameter were 1mm and 12cm, respectively (Figure 1). Its Young’s modulus was estimated to be
8MPa and the Poisson’s coefficient was assumed to be 0,3.

A loudspeaker was chosen to excite the membrane from one of its sides with single-sine pressure waves. To
ensure that most of the energy was being delivered to the sample, the space between the loudspeaker and
the membrane was isolated by a chamber. The device that would absorb the injected power was a long strip
of a viscous polymer. One extreme end of this damper was fixed to the center of the membrane, while the
other end was fixed near the loudspeaker. By choosing this configuration, it was possible to carefully pull
the polymer strip from inside the chamber up to the point where the membrane would show a curved-conical
shape. After manipulating the membrane’s shape with the viscous polymer and installing the loudspeaker,
a fine speckle pattern was drawn on the outer-surface of the shell, so a correlation between deformed and
undeformed configurations could be computed via the DIC technique.

The recording of the images were done by 2 high-speed cameras, which were installed in front of the mem-
brane and the DIC correlation was carried out by the Istra4D software. After preparing the set-up, the
membrane was excited with an harmonic pressure of 70 Hz by the loudspeaker and the captured images
were correlated and exported. At the end of this process, a point cloud consisting of the displacement at the
outer-surface (Uh/2

exp) and its spatial coordinates (x) were available.

Figure 1: Set-up
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4 Methods

4.1 Projection and computation of the mesh’s global degrees of freedom

After preparing the set-up described in Section 3, a densely populated point cloud containing both the dis-
placement U

h/2
exp and its corresponding spatial coordinates x are correlated from the sample’s outer-surface.

Since the information regarding the sample’s shape can be acquired from that point cloud, a quadratic mesh
that resembles the membrane’s outer-surface can be customized. As pointed out in Section 2.4, 6-noded
triangular elements were chosen to be the constituents of this mesh.

Afterwards, Eq.(17) is used to project the displacement U
h/2
exp at the nodes of the mesh, so the term Ũh/2

is made available and from which the global rotation Ã is retrieved on the basis of Eq.(18). At the end of
this process, every node of the mesh should contain 6 DoFs (3 scalar components of the global displacement
Ũh/2 and 3 of the global rotation Ã).

4.2 Transformation of coordinate systems

The components of the SI vector fields shown in Eq.(1, 2, 3) are defined on the basis a local triad of unit
vectors (e1, e2, e3). Therefore, the terms Ũh/2 and Ã, which are defined in a predefined Cartesian coordinate
system, need to be reoriented to a local basis. It has been decided that the tangent directions e1 and e2 would
point at the same direction as the principal curvatures of the mesh. These tangent directions were computed
via a multi-scale curvature estimation method [9] and e3 was defined to be the always perpendicular to the
elements’ surfaces.

After defining the local basis of unit vectors, the scalar components of the global DoFs (Ũh/2 and Ã) can be
represented by the triad (e1, e2, e3). After changing the coordinate system, the local representation from the
global DoFs are at hand, i.e., the terms ũh/2 and ã.

4.3 Data differentiation & strain estimation

Since the terms ũh/2 and ã are available, Eq.(20) can be used to compute the values related to the dis-
placements and rotations at the barycentric coordinates of the elements, i.e., the terms uh/2 and a. By
differentiating the quadratic shape functions of these very equations, the spatial derivatives from both terms
are also accessible. As shown in Eq.(8), 1st order derivatives of u and a are necessary to compute the strains
εh/2 and χ.

Moreover, it was evident from the shear force formulation in Eqs.(11, 12, 13) that 2st order derivatives of a
are also necessary. Since it was established that quadratic shape functions would be used to build the mesh,
all these terms can be assessed and the following terms should be available: uh/2, u

h/2
,i , a, a,i and a,ij . The

fields obtained by differentiating the shape functions are all present in the right-hand side of Eqs.(8, 13) and
the terms εh/2, χ and χ,i can all be assessed.

4.4 Mid-surface data, generalized forces & structural intensity assessment

The last step consists in assessing the displacement and strain of the sample’s mid-surface, i.e, the terms u
and γ. By analyzing Eqs.(4, 6), one can see that the mentioned terms are the only unknowns and that the
other terms are available at the barycentric coordinate of the mesh’s elements. Hence, by substituting the
terms uh/2, a, εh/2 and χ in Eqs.(4, 6) and by having a priori knowledge of the sample’s thickness h, the
terms u and γ can be recovered.

At this point, all necessary terms that are required to compute the generalized forces Q, M and N are at
hand, which are accessible by using Eqs.(9, 11, 12, 13). After acquiring the latter terms, one can finally
compute the SI vector fields via the Eqs.(1, 2, 3).
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5 Results

The shape and displacement measurements have been performed on the circular membrane under an exci-
tation frequency of 70 Hz. After correlating the images’ that were captured by the high-speed cameras’, a
point cloud containing both data of interest were exported from the Istra4D software. Approximately 25.000
points have been correlated during this procedure and the terms U

h/2
exp and x were exported.

Afterwards, a quadratic mesh containing 3.964 nodes and 1.906 triangular elements was developed. Its
shape overlapped with the spatial coordinates x and the experimental displacement data U

h/2
exp was projected

on that mesh by using Eq.(17). After this step, the global DoFs related to Ã was computed by using Eq.(18).
Figure 2 presents the 6 DoFs that were projected and computed on the quadratic mesh at t=0s.

Figure 2: Representation of the global 6 DoFs on the customized mesh: 3 scalar displacements components
at the sample’s outer-surface (Ũh/2) (1st row) and 3 global rotations (Ã) (2nd row) at t=0s. The scalar
components are defined in the directions ex [(a), (d)], ey [(b), (e)] and ez [(c), (f)].

Since the data has been successfully projected, one needs to define the tangent directions in which the spatial
derivatives will be carried out. As explained in the Section 4.2, the principal curvature directions of the mesh
were used for this purpose. Figure 3 presents these directions, which correspond to the local coordinates e1
[Figure 3 (a)] and e2 [Figure 3 (b)]. To complete the triad of unit orthonormal vectors, the normal coordinate
e3 was also computed and defined to be alligned with the normal direction of the shell.

Figure 3: Direction of the tangent local coordinates e1 and e2
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After defining the triad (e1, e2, e3), it was possible to transform the global DoFs Ũh/2 and Ã to their
representation in the newly defined basis and the terms ũh/2 and ã were assessed. With these latter terms
at hand, one can compute these very fields and the necessary spatial derivatives in both tangent coordinates
e1 and e2 in the elements’ barycenter [Eq.(20)]. By performing the calculations, the terms uh/2; a; u

h/2
,i ;

a,i and a,ij are made available. Since the necessary differentiations have been carried out, the strains and
related derivatives εh/2, χ and χ,i could be also computed with Eqs.(8, 13).

The remaining step consists in assessing the displacement u and membrane strain γ from the shell’s mid-
surface. As explained in Section 4.4, these terms can be estimated, since they are the only unknowns in
Eqs.(4, 6) at this point. At the end of this process, all terms that are necessary for the assessment of the SI
are available, i.e., u, a, γ, χ and χ,i. Figure 4 presents some of these terms at the direction e1 to show the
quality of the processed data [terms of Eqs.(4, 6)].

Figure 4: The first row presents the terms uh/21 (a), h
2a1 (b) and u1 (c) [terms of Eq.(4)], while the second

one, the strains εh/211 (d), h
2χ11 (e) and γ11 (f) [terms of Eq.(6)].

The last step consists on estimating the generalized forces Q, M and N by using the terms related to the
strains (γ, χ and χ,i) in combination with the sample’s material properties through Eqs.(9, 11, 12, 13). By
acquiring these remaining terms, Eqs.(1, 2, 3) are used to visualize the SI on the analyzed sample. The
processed energy transmission paths can be seen in Figure 5.

Figure 5: Estimated structural intensity of the circular membrane at 70 Hz
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6 Discussion

The approach to project experimental data on a customized FE mesh showed to be useful when differenti-
ations along the local coordinates need to be computed. This is confirmed by analyzing the quality of the
spatial derivatives shown in the second row of Figure 4. Moreover, by comparing the displacement and strain
at the outer-surface [Figures 4 (a,d)] with the ones related to the mid-surface [Figures 4 (c,f)], it can be noted
that the bending strain play a big role in the sample’s dynamic behavior.

Lastly and most importantly, the proposed method could estimated an energy transmission, which was ex-
pected from the built set-up. It can be seen in Figure 5 that the SI vector fields strongly converge to the
region where the viscous damper was installed, i.e., at the center of the circular membrane. Due to these
preliminary results, it is suggested that the method described in Section 4 is suitable to assess the SI on thin
and irregular shells.
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