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Abstract
In this paper mid-frequency effects below the ring frequency of curved plates for a cylindrical region
smoothly connected to two flat plates using Donnell shell theory has been analysed. We perform ray tracing
based on Hamilton’s equations derived in the short wavelength regime for bending incident waves. Simple
ray tracing gives either total reflection or total transmission; the numerical solution of the full wave equations
shows in contrast a smooth transition and exhibits resonant states. In this paper a method that captures wave
effects in a ray-tracing treatment on curved plates is presented. We use graph models to account for resonant
tunnelling in such curved plates. We successfully find a theoretical expression for the scattering matrix for
such bending rays which accounts for tunnelling mediated by resonant states. Our model agrees well with
the full wave solution.

1 Introduction

Studying the vibration of mechanical systems and waves in solids especially for very large curved complex
structures in the mid-high frequency range is necessary for understanding mechanical waves in structures
and how they interact with and radiate into adjacent media. This plays an important role in noise control.
Furthermore standard modelling tools, such as finite and boundary element methods for predicting vibra-
tional properties are not scalable to higher frequencies due to the prohibitive increase in model size. One
approximation which is well suited for capturing such propagation is ray tracing.

To model the vibro-acoustic response of complex curved solid structures, we want to use the Dynamical
Energy Analysis (DEA) method to work on meshed shell structures [1]. DEA is based on local ray tracing
approximations with ray trajectories moving along straight lines in each mesh segment and can estimate the
flow of vibrational energy in complex structures [2]. DEA describes the ray dynamics well in homogeneous,
isotropic, flat plates or on curved shells at high frequencies in the geodesic ray limit. In the case that the
curvature of the shell being considered is of the same size of the wavelength, the situation will change as the
underlying equations of motion for the curved rays depend on the local radii of curvature. Equations of ray
dynamics for energy transport on arbitrarily curved and homogeneous smooth thin shells can be derived from
the equations of motion. One of the conventional approaches to describe ray theories for bending waves and
in-plane waves (longitudinal and shear) on thin shells has been done by Pierce [3], starting from the general
equations for thin shells of arbitrary curvature. Pierce has shown that one can find a local dispersion relation
for short wavelength disturbances that includes both bending and in-plane waves. Later, Norris and Rebinsky
[4] also derived separate dispersion relations for in-plane and bending waves on arbitrarily shaped shells,
which is a simpler form of Pierce’s equation. In this work we will use the dispersion relation presented in
Norris and Rebinsky [4] for short wavelength that includes both bending and in-plane waves.
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We consider wave propagation and the dispersion relation in isotropic complex curved structures. For the
sake of simplicity, we start with cylindrical shells. Søndergaard et al. [5, 6] studied the ray dynamics for a
particular example of two plates joined to a segment of a cylindrical shell below the ring frequeny. This is
an important parameter used to indicate the range in which curvature effects are important. They analyzed
mid-frequency effects on the dispersion curves in curved plates and their effect on the ray dynamics. Their
result depended on a threshold incident wave direction which separates waves that exhibit total reflection and
total transmission.

A classical ray incident on a bend can either reflect or pass over it, depending on the angle between the
incident ray and the position axis. Therefore, classical ray tracing gives total reflection or total transmission,
but the solution of the full wave equations has smooth transition. This smooth transition in one-dimension
can be treated using the Wentzel-Kramers-Brillouin (WKB) approximation. Thus to describe the WKB
approximation, rays must be extended to complex rays, analogous to tunnelling in quantum mechanics.
Complex rays can be found by assuming that time is complex t = −iτ and changing the position and
momentum to complex values: x = xr + ixi and k = kr + iki in the equations of motion. For systems with
many degrees of freedom, tunnelling is more complicated and this simple picture of tunnelling is no longer
valid (see Refs. [7, 8] for more discussions). This work is intended to improve a calculation described in [5]
by accounting for tunnelling. In addition to gaining insight into the underlying tunnelling phenomena, we
wish to implement these features of ray tracing on curved shell in a DEA treatment.

We will present a thin shell theory on two flat plates joined by a segment of a cylindrical shell below the ring
frequency with smooth Gaussian curvature profile in Section 2, an approach similar to [5, 6]. In section 3,
we will analyze the dispersion curves in curved plates and their effect on the ray dynamics for bending and
in-plane wave propagation. In Section 4, we will derive the ray dynamics for waves propagating on shell
from Hamilton’s equations of motion which we considered in the Section 3. We will analysis the dynamics in
phase space plane for bending rays. Next, we will interpret resonant states in the system in term of resonance
condition using a graph model. We will also present a theoretical expression for calculating the scattering
matrix for bending rays which accounts for tunnelling mediated by resonant states. We will find complex
trajectories for bending incident rays. In the last section, we compare our result with the solution for the full
wave equations.

2 Thin Shell Theory

The shell equations employed here are discussed in more detail by Pierce [3], and Norris and Rebinsky [4].
Both [3, 4], use Donnell shell theory, one of the most widely adopted shell theories. Here, the transverse
forces and moments are expressed by the displacement w of the middle surface as known from the theory of
laterally loaded plates. For a special case of a shell being curved only along the x direction as shown in Fig.
1, the theory is discussed in more detail by Søndergaard et al. [5, 6]. Following Søndergaard et al. [5, 6], we
start from an isotropic cylindrical shell with radius of curvature R, density ρ, thickness h, Youngs modulus
E and Poisson ratio ν. It is assumed that the shell is thin, i.e. h � R. The coordinate system representing
the position on the shell with respect to the direction perpendicular to and tangential to the ridge, shown
in Fig. 1, is denoted by X = (X,Y ). The corresponding curvilinear coordinates on the shell are (x, y),
where X = X(x, y). We consider a Gaussian curvature profile defining smoothly varying curvature along x
to interpolates the curvature between zero (flat) and constant (cylinder):

κ(x) = κmax exp

(
−1

2

(
x

σx

)2
)
, (1)

where σx is the width of the transition region, and κmax is a constant corresponding to the maximum curvature
in the cylindrical region. The PDE system in [5] can be reduced here to a set of ordinary differential equations
(ODEs). We will use this to extract scattering properties that are independent of the position along the ridge
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Figure 1: A model of a wind turbine gearbox from Romax Technology; A quarter cylindrical ridge connected
to flat plates on either side.

Figure 2: The curvature profile for the problem setting: a cylindrical ridge with the maximum curvature κmax
connected to flat plates on either side.The subdivision of the cylindrical ridge geometry into interior Ω− and
exterior Ω+ regions for the scattering problem. The interfaces between Ω+ and Ω− lie with the flat regions
where κ(x) = 0. The curvature increases smoothly to κ(0) = κmax for x ∈ Ω−.
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by exploiting the translational symmetry and assuming that the ridge is of infinite extent in the y- direction.
Under these assumptions we may write

u(x, y, t) = û(x)eikyy−iωt, (2)

where û = [û v̂ ŵ]T are the coefficients of (2) in the in-plane directions x and y, and the normal direction,
respectively; furthermore ky is the component of the wavenumber in the y-direction and ω is frequency.
Substituting the ansatz (2) into the PDE system yields the following fourth-order ODE system in the variable
x:

c2p
d2û

d2x
+
(
ω2 − c2sk2y

)
û+ iky

(
c2p − c2s

) dv̂
dx

+ c2p
d

dx
(κŵ) = 0, (3a)

c2s
d2v̂

d2x
+
(
ω2 − c2pk2y

)
v̂ + iky

((
c2p − c2s

) dû
dx

+ νc2pκŵ

)
= 0, (3b)

B

ρh

(
d4ŵ

dx4
− 2k2y

d2ŵ

dx2
+ k4yŵ

)
+
(
c2pκ

2 − ω2
)
ŵ + c2pκ

(
dû

dx
+ iνkyv̂

)
= 0, (3c)

B =
Eh3

12(1− ν2) , C =
Eh

1− ν2 ,

are the bending and extensional stiffnesses; and the system has been simplified by writing the constants in
terms of pressure and shear wave velocities,

cp =

√
E

ρ(1− υ2) and cs =

√
E

2ρ(1 + υ)
,

respectively. We used the following relations

c2p =
C

ρh
,
c2s
c2p

=
(1− υ)

2
and c2p − c2s =

(1 + υ)c2p
2

.

The numerical solution of the full wave equations (3) using finite difference methods is discussed in detail
in Ref. [6]. The solution typically exhibit a smooth transition between reflective and transmissive behaviour
and show anti-resonances (see Fig. 3), which we interpret using a graph model later on.

3 Dispersion Relation in Short Wavelength Asymptotics

Furthermore, we can obtain a dispersion relation which relates the wavelength or wavenumber of a wave to
its frequency by assuming:

u(x) = a(x)eikS(x), v(x) = b(x)eikS(x) and ŵ(x) = c(x)eikS(x), (4)

where S(x) is a phase function and k =
√
k2x + k2y . Substituting (4) into the equations of motion (3), and

choosing the leading order terms regarding the wave number, we can obtain the full dispersion relation for
waves propagating over the shell below the ring frequency. For the configuration in Fig. 1 with zero curvature
in the y direction we obtain:

H(x, k, ω, t) =

(
Ω2 − 1

2
k2(1− ν)

)((
Ω2 − k2

)(
Ω2 − h2k4

12

)
− Ω2Ω2

ring

)

+(1− υ2)
(

Ω2κ2k2y −
1

2
(1− ν)κ2k4y

)
,

(5)
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Figure 3: Reflection and transmission probabilities for the bending mode, by solving the full wave equations
Eq. (3), as a function of ky plotted on a linear scale. The plot shows anti-resonances close to ky = 318.9,
ky = 311 and ky = 298. There is a switch in the dominant behaviour from transmission to reflection close
to ky = 319.5.

where Ω = ω/cp is a wavenumber, and Ωring denote the wave number at the ring frequency. This dispersion
relation includes both bending and in-plane wave. This asymptotic is obtained under the assumption that the
wavelength of interest are much shorter than R. For the configuration shown in Fig. 1, Søndergaard et al.
[5, 6] set Ωring = κ(x). The parameters of this work are listed in the appendix. We depicted the dispersion
curve at zero curvature see Fig. 4a, i.e. at the flat plates, and at maximum curvature see Fig. 4b, i.e in the
cylindrical region. These figures show that in the flat and cylindrical regions we have three different type of
modes: bending modes, shear modes and pressure modes. In the cylindrical, region the dispersion surface
changes character, the bending mode sheet has a peanut shape which has also been observed experimentally
in [9].

4 Ray Dynamics

The ray equations for energy transport on arbitrary curved and homogeneous smooth thin shells can be
derived from the dispersion relation (5) in terms of the Hamilton’s equations of motion, that is

ẋ =
∂H

∂kx
, k̇x = −∂H

∂x
,

ẏ =
∂H

∂ky
, k̇y = −∂H

∂y
,

ṫ = −∂H
∂ω

, ω̇ =
∂H

∂t
.
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(a) (b)

Figure 4: Dispersion relations represented by plotting Ω(kx, ky) at zeros of the Hamiltonian H; (a) Isotropic
dispersion relation at flat plate; the outer circle correspond to bending modes, the middle circle is shear modes
and the smallest circle represent pressure modes (b) Anisotropic dispersion relation at cylinder region.

It is clear from Eq. (5) that the Hamiltonian does not depend on t and y explicitly. Thus ky and ω are
constants, i.e. H(x, k, ω, t) = H̃(x, kx). It suffices to study the above Hamiltonian system in the (x, kx)
phase-plane only. The remaining coordinates are suppressed due to the translaional invariance of the cylinder.
Fig. 5 shows the bending phase-space; one can see that rays are reflected until they cross the stable manifold
(red line) of the fixed points (the blue stars). Those classical trapped rays in the waist of the cylindrical curve
are oscillating along the ridge x = 0 and form interior resonances. Above the red line the rays transmit. To
find the fixed points whose stable and unstable manifolds separate transmission from reflection, we solve for:

H(x = 0, kx, ky) = 0,
∂H

∂kx
(x = 0, kx, ky) = 0.

This gives the threshold value for kx and ky in the cylinder region. We find solution numerically, (kx, ky) =
(196.8, 320) that coincides with the fixed point (x, kx) = (0, 196.8), see the blue star above the central
island region in Fig. 5.
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Figure 5: Phase-space plot for bending rays for Gaussian curvature profile; the red star (kx, ky) =
(315.7, 320) indicate the threshold value at x = −2.86x∗; the blue stars below and above the central is-
land region are the fixed points (0, 196.8) and (0,−196.8) respectively; (b) is a close-up plot of the fixed
point (0, 196.8).

The next step is for this threshold value of ky to find the corresponding value kx in the flat region for rays
starting in the left region. For practical purposes, we take x = −2.86x∗, where ±x∗ denote the centres of
the transition regions. For ky = 320, we solve:

H(x = −2.86x∗, kx, ky = 320) = 0.

These results are similar to those found by Søndergaard et al. [5]. We see that for almost normal incidence
rays are totally transmitted and for oblique incidence the rays are totally reflected. Thus the smooth transition
and anti-resonances in the full wave solution (see Fig. 3) can not be interpreting using simple ray tracing.
Next we interpret the phase-space as a graph model to find theoretical expressions for the scattering matrix
accounting for resonant tunnelling mediated by resonant states.

5 Graph Model for Resonant Tunnelling

As shown in the phase space for bending incident rays, we have two types of classical rays, see Fig. 5:
those with classically transmission behaviour and with classically reflective behaviour and also some rays
oscillating in the waist of cylindrical regime which can lead to resonant states. These resonant states can be
found using a graph model. We treat the curvature profile as we would a quadratic real potential barrier. We
have an explicit formula for the reflection and transmission coefficients following Berry [10] for a potential
barrier with quadratic top which has two real classical turning points, given by:

r =
−i exp(−iδ)√
1 + exp(−2I)

, (6)

t =
exp(−I) exp(−iδ)√

1 + exp(−2I)
, (7)
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Figure 6: Graph model for resonant tunnelling for ray with classically transmission behavior.

where I is the action along complex orbits and is real valued, which we will discuss in the next section, and
the action is defined by

I = −i
∫ x+

x−
kxdx, (8)

where x−, x+ are the classical turning points and δ is defined as

δ(I) =
I

π
ln

∣∣∣∣
I

πe

∣∣∣∣+ arg Γ

(
1

2
− iI

π

)
, (9)

where e is the exponential number. We find the scattering matrix for this problem setting as follows: first,
we focus on those rays that are classically transmitting and how they are connected to those rays that are
oscillating in the waist of cylindrical regime, Fig. 6. We define a−, b−, c− and d− as amplitudes of incom-
ing rays, and a+, b+, c+ and d+ represent outgoing rays from the turning points. We describe the relation
between incoming and outgoing ray amplitudes from the turning points as:

[
a+

b+

]
=

[
r t
t r

]
=

[
a−

b−

]
, (10)

[
b−

c−

]
=

[
0 eiS

eiS 0

]
=

[
b+

c+

]
, (11)

where S =
1

2

∮
kxdx is the action along closed real rays trapped in the central island. Furthermore, due to

symmetry [
d+

c+

]
=

[
r t
t r

]
=

[
d−

c−

]
. (12)

By solving (10), (11) and (12) for a+ and d+ as a function of a− and d−, we obtain the scattering matrix:
[
a+

d+

]
=

[
T R
R T

]
=

[
a−

d−

]
, (13)
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Figure 7: Graph model for resonant tunnelling for ray with classically reflective behavior.

where

T = r

[
1 + e2iS(t2 − r2)

1− r2e2iS
]
, (14)

R =
t2eiS

(1− r2e2iS)
, (15)

are the transmission and reflection coefficients. Note that both T and R include the term

1

1− r2e2iS '
1

1 + e2iS
if r ' −i,

which diverges when
1

π
S = n +

1

2
, where n = 0, 1, 2, ... (resonance condition). That means each time the

resonance condition is satisfied a resonance state can form. By a process of analytical continuation that is
also valid for the classical rays with reflective behaviour case, Fig. 7. In the next section we will present the
method used to find the complex trajectories and then calculate the action along them.

6 The complex method for treating classical turning points (Tun-
nelling phenomena)

The smooth transition and resonant states in the solution of the full wave equations shown in Fig. 3, in one-
dimension can be described using the Wentzel-Kramers-Brillouin (WKB) approximation. To describe the
WKB approximation, rays must be extended to complex rays. We want to find the complex trajectories for
rays starting at the left interface with the initial position x0 = −2.86x∗ and an initial wave number kx = kx0 ,
ky = ky0 . First, we transform the equation of motions for the same rays into a new real valued system by
substituting t = −iτ , x = xr + ixi and kx = kr + iki as:

dxr
dτ

+ i
dxi
dτ

=
dx

idt
= −idx

dt
, (16a)
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(a) (b)

Figure 8: Ray trajectories in complex (x, kx) plane.

dkr
dτ

+ i
dki
dτ

= −idkx
idt

= −idkx
dt

. (16b)

∫ x+

x−
kxdx =

∫ x+

x−
(krdxr − kidxi) + i(krdxi + kidxr) = Ir − iIi. (16c)

Next step, we find the classical turning points by fixing ky = ky0 , first for rays with classically transmission
behavior, by imposing x = 0 and solving

H(x = 0, kx, ky = ky0) = 0⇒ (x, kx) = (0, kα),

where α = 1, 2. For rays with the classically reflective behavior, we solve

H(x, kx, ky = ky0) = 0

dx

dt
(x, kx, ky = ky0) = 0

⇒ (x, kx) = (xα, kα).

We calculate reflection and transmission coefficients by solving this new real valued system (16) to find
the action I = Ii which is a path integral along complex trajectories from one turning point until it hits
the classical trajectories at another turning point. For example from (0, k1) to (0, k2) for rays with classi-
cal transmission behavior starting at the left interface, and for rays with classical reflective behavior from
(x1,−k1) to (x2,−k2). Calculating the action along the real trajectories S which is area under the classical
ray, for example from (0, k2) to (0,−k2) for rays with classical transmission behavior, and for rays with
classical reflective behavior from (x1,−k1) to (x2,−k2), plus Ir. Ir = 0 for classical transmitted rays. In
the next section we show a comparison between our model and the full wave solution.

7 Result

We compare our result with the numerical solution of the full wave equation Fig. 3 for the Gaussian curvature
profile. Our model agrees well with the full wave solution see Fig. 9. We find two more resonant states at
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Figure 9: Reflection and transmission probabilities for the bending mode, by solving the full wave equations
vs our graph model for resonant tunnelling for Gaussian curvature profile, as a function of ky. The plot
shows anti-resonances close to ky = 318.9, ky = 311, ky = 298, ky = 277.5, ky = 237. There is a switch
in the dominant behaviour from transmission to reflection close to ky = 319.5.
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ky = 277.5 and ky = 237. These resonances are extremely narrow and and required a very small step size
in the ky initial condition. Our model provides the location of resonances using the condition described in
section 5. The local reflection and transmission coefficients given in equations (7) and (6) assume generic
hyperbolic fixed points as produced by a quadratic maximum in the curvature profile, but may break down
for very flat maxima.

8 Conclusion

We analyse the dispersion curves for both in-plane and bending waves for a cylindrical ridge smoothly
connecting to two flat plates using Donnell shell theory. We perform ray tracing from Hamilton’s equations
of motion in the short wavelength regime for bending incident rays with a Gaussian curvature profile. When
waves propagate over the shell structure, this gives rise to tunneling due to the fact that varying curvature from
one point to other behaves as a potential barrier in quantum mechanics. These tunnelling correction alter the
reflection and transmission coefficient from those obtained by a ray tracing analysis only. There is a smooth
transition and resonant states in the solution of the full wave equations which can not be interpreted using
classical ray tracing. Tunnelling for this one-dimensional structure can be treated by the WKB methods.
We find the scattering matrix and an analytical formula for refection and transmission coefficients for such
bending waves by presenting a graph model for resonant tunnelling.Then we compare our results with the
numerical solution of the full wave equations. Our model agrees well. Furthermore, we can successfully
predict the locations of resonant states occurring in term of a resonance condition from our formula for
refection and transmission coefficients.
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Parameter values

• R = 0.1666m.

• h = 1× 10−4m.

• σx = 0.047m.

• x∗ = 0.121m.

• E = 1.95× 1011Pa.

• ρ = 7700
kg

m3
.

• ν = 0.28.

• ω = 9742π
Rad

s
.
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