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Abstract 
A probabilistic approach is discussed for predicting rare, low-probability, catastrophic events associated 

with road vehicle dynamics. In particular, a Direct Integration method is compared with a Monte Carlo 

simulation for predicting road vehicle pitch displacements of sufficiently extreme magnitude to lead to non-

linear catastrophic events such as flip-over. A ‘Full-Car’ simulation model, with 7-degrees of freedom, is 

used to represent the vehicle dynamic behaviour. The model assumes a bi-linear damper at each of the four 

suspension struts, where each damper has uncertainty described by a single unknown random parameter 

value. The vehicle is simulated following a straight-line path along in a deterministic roadway with 

sinusoidal undulations. The proposed method provides a fast, scatter-free nonlinear uncertainty propagation 

method that will allow suspension parameter studies to achieve safer vehicle design and operation. 

1 Introduction 

A vehicle moving over non-smooth terrain has the potential to dynamically reach a large amplitude of 

motion that could subsequently lead to an unstable catastrophic event. An example of just such a catastrophic 

event is flip-over, where a large pitch displacement creates the conditions of significant lift resulting in 

uncontrollable flipping of the vehicle. Manufacturers are interested in simulation tools that can be used to 

minimize such risks by influencing the design process to achieve high levels of operational safety. 

Unfortunately, there have been several reported cases where catastrophic ‘take-off’ events have occurred as 

a consequence of intrinsic instabilities in the vehicle design [1-3] and most recently [4]. In a first study on 

the topic, Dominy et al. [1] undertook scaled-wind-tunnel tests with a typical LM-GTP car. They assessed 

the aerodynamic stability of a prototype car using design pitch and ground clearance conditions, and 

concluded that aerodynamic forces alone are unlikely to lead to dynamic instability. Similar findings have 

been independently arrived at by Katz [5], and Wright [2].  In considering the vehicle dynamic behaviour 

leading up to a catastrophe, the findings of [1][2] and [5], would suggest that there may be an unfavourable 

set of intrinsic suspension parameters that result from parameter variability in combination with the 

aerodynamic forces.  

When the suspension parameters are unknown but modelled as random, predicting the probabilities of 

occurrence of a defined highly non-linear catastrophic event, usually requires lengthy Monte Carlo (MC) 

simulations. MC simulation however is always prone to some statistical scatter. A practical method that 

provides estimates of low-probability events without statistical scatter would be useful, the purpose being, 

to provide fast prediction of vehicle behaviour to improve operational safety. The prospect of being able to 

make such probabilistic predictions analytically is virtually impossible for such a non-linear system. 

Predicting the vehicle behaviour with intrinsically random parameters has been already studied in [6] and 

[7]. These studies have shown that the process require very substantial computational power, making them 

prohibitively expensive. On the other hand, an efficient extreme-value based Direct Integration (DI) 

bounding method is available in [8], creating the possibility of low-probability scatter-free predictions 
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without the need of MC simulations. The Direct Integration bounding method [8] has been used to study the 

dynamics of linear structures with uncertain parameters providing very accurate results with minimum 

computational expense.  In this paper, an overview of a novel application of the statistical method [8] is 

given by using Extreme Value Theory to address a problem in vehicle dynamics. The objective is to 

demonstrate the computational accuracy and efficiency in predicting the cumulative distribution of an event 

that is associated with non-linear vehicle dynamics with randomly uncertain damping parameters, for a 

vehicle driven over a (deterministic) spatially-varying sinusoidal road surface. 

2 Predicting vehicle response with intrinsic random parameters in 
the suspension 

Consider a road vehicle in which there are N random physical parameters, e.g. stiffness and damping of the 

suspension sub-system, tyre temperature, weight of the car, etc. These N parameters can be represented by 

a vector: 𝐗 = [X1, X2, … XN]
T having an assumed joint probability density function f(X). This type of 

variability will create randomness within the entire vehicle response, meaning that variability in the 

suspension system can create a random motion event as a result of traversing a deterministic roadway.  

Focusing on the vehicle dynamics response, an extreme value distribution can be associated with the random 

response variable: 𝑀𝑁 = max{𝑌1, 𝑌2,… . , 𝑌𝑁} where 𝑌𝑖 are assumed to be independent and identically 

distributed variables. The variable 𝑌𝑖  represents the absolute magnitude for any dynamic response of 

interest, such as displacement, velocity, or spatially-averaged energy. The distribution of the maximum 

response 𝑀𝑁 (in N realizations) is given [9] as: 

 

Pr(MN ≤  Y) = FN(Y) = F(Y)
N (1)

 

The magnitude of the response associated with a set of N uncertain vehicle responses is defined in terms of 

the percentage quantile ZP associated with the distribution of MN i.e. Pr(MN ≤ Zp)  [9]. The bound ZP can 

be then be expressed as: 

FN(Zp) = p (2) 

where p is the probability of the distribution for the quantile Zp 

2.1 Response predictions assuming Log-normal vehicle body displacements 

For the choice of random parameters, in most cases it is not possible to analytically construct the distribution 

F(y) associated with a vehicle response. There is however good evidence to suggest that for high levels of 

randomness, the probability density function associated with the displacement, for example, is log-normal 

[10]. In fact, according to R. Langley et al. [10], there is good reason to assume that the distribution for any 

type of absolute magnitude of response is approximately lognormal, including displacement, velocity or 

energy.   

A lognormal variable can be defined by considering a continuous transformation to a standard normal 

variable U=(ln(Y)-µ)/σ [9], where  Y > 0, and where the parameters µ and σ are the mean and the standard 

deviation of ln(Y). From the moment function [9]: Variable Y under such a transformation has the following 

lognormal distribution with a 2-parameter density function: 

 

fY(Y) =
1

Yσ√2𝜋
e
−[ln(Y)−μ]2

2σ2  (3) 

and where 
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E(Yr) =  erμ+
1
2
r2σ2  (4) 

For the rth moment of Y, explicit expressions for the parameters µ and σ in (3) can be obtained in terms of 

the mean μy  and variance σy
2 of the lognormal variable Y as follows: 

μ = ln

(

 
 
 μy

√1 +
σy
2

μy
2

 

)

 
 
 

       (5) 

σ2 = ln (1 +
σy
2

μy
2)   (6) 

 

By making the lognormal assumption for the absolute response magnitudes of interest for each realised 

ground vehicle, a set of identical, independent random variables 𝑌𝑖  then exist, each with a lognormal density 

given by equation (3). 

There exist different routes to analytically calculate the mean and variance of the absolute magnitude for 

the vertical displacement of a ground vehicle with one or more random parameters. When these moments 

correspond to a lognormal variable, they can be associated with the moments μy  and variance σy
2 used in 

equations (5) and (6), to obtain the distribution parameters. This being a lognormal density function given 

by equation (3) which can then be used in equation (1) to construct the quantile  ZP satisfying equation (2) 

to provide a statistical bound of the magnitude of the response of the N independent random vehicles that 

forms the focus of the study. In this paper, we have chosen to calculate the mean μy  and the variance σy
2 via 

Direct Integration owing to its advantageous computational capabilities. 

To do this for any set of random uncertain parameters, the magnitude of the response y=g(X) is a function 

of the random parameter vector X. Therefore, there is no statistical scatter for the function g(X). If the pdf 

f(X) is known, the mean and variance can be obtained from: 

 

μy = E(y) = E(g(𝐗)) = ∫ …
∞

−∞

∫ g(𝐗)f(𝐗)d𝐗
∞

−∞

 (7) 

and 

σy
2 = E(g(𝐗)2) − E(g(𝐗))

2
  (8) 

noting that: 

E(g(𝐗)2) = ∫ …
∞

−∞

∫ g(𝐗)2f(𝐗)d𝐗
∞

−∞

 (9) 

Equations (10 to (9) will now be applied to data generated by a simulation model. In particular, the 

simulation model will be used to generate the deterministic function g(X) used in equations (7) to (9).  First 

the ‘Full Car’ vehicle dynamic simulation model will be described. 
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3 Full-Car model 

The model used for the simulations is a 7- degree of freedom system. A diagram representing the system is 

shown in Figure 1. The vehicle has 4 independent suspension sub-systems with tyre damping and stiffness 

taken into account. 

 

 

 

 

 

 

 

 

 

Figure 1. Full-Car model 

 

 

The equations of motion that describe the car dynamic displacements can be represented as follows: 

 

For the main body: 

𝑀𝑠�̈�𝐶 = (−𝐾𝑠𝑟𝑓 − 𝐾𝑠𝑙𝑓 − 𝐾𝑠𝑟𝑏 −𝐾𝑠𝑙𝑏)𝑍𝑐 

+ (−𝐶𝑠𝑟𝑓 − 𝐶𝑠𝑙𝑓 − 𝐶𝑠𝑟𝑏 − 𝐶𝑠𝑙𝑏)�̇�𝑐 

+(𝐾𝑠𝑟𝑓𝑎 + 𝐾𝑠𝑙𝑓𝑎 − 𝐾𝑠𝑟𝑏𝑏 − 𝐾𝑠𝑙𝑏𝑏)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎 + 𝐶𝑠𝑙𝑓𝑎 − 𝐶𝑠𝑟𝑏𝑏 − 𝐶𝑠𝑙𝑏𝑏)θ̇ 

+(𝐾𝑠𝑟𝑓𝑐 − 𝐾𝑠𝑙𝑓𝑑 + 𝐾𝑠𝑟𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑑)𝜙 

+ (𝐶𝑠𝑟𝑓𝑐 − 𝐶𝑠𝑙𝑓𝑑 + 𝐶𝑠𝑟𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑑)�̇� 

+𝐾𝑠𝑟𝑓𝑍𝑚𝑟𝑓 + 𝐾𝑠𝑙𝑓𝑍𝑚𝑙𝑓 + 𝐾𝑠𝑟𝑏𝑍𝑚𝑟𝑏 

−𝐾𝑠𝑙𝑏𝑍𝑚𝑙𝑏 + 𝐶𝑠𝑟𝑓�̇�𝑚𝑟𝑓 + 𝐶𝑠𝑙𝑓�̇�𝑚𝑙𝑓 

+𝐶𝑠𝑟𝑏�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏�̇�𝑚𝑙𝑏 (10) 
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For pitch motion: 

𝐼𝑦𝑦�̈�  = (𝐾𝑠𝑟𝑓𝑎 + 𝐾𝑠𝑙𝑓𝑎 − 𝐾𝑠𝑟𝑏𝑏 − 𝐾𝑠𝑙𝑏𝑏)𝑍𝑐 

+ (𝐶𝑠𝑟𝑓𝑎 + 𝐶𝑠𝑙𝑓𝑎 − 𝐶𝑠𝑟𝑏𝑏 − 𝐶𝑠𝑙𝑏𝑏)�̇�𝑐 

+(−𝐾𝑠𝑟𝑓𝑎
2 − 𝐾𝑠𝑙𝑓𝑎

2 − 𝐾𝑠𝑟𝑏𝑏
2 − 𝐾𝑠𝑙𝑏𝑏

2)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎
2 − 𝐶𝑠𝑙𝑓𝑎

2 − 𝐶𝑠𝑟𝑏𝑏
2 − 𝐶𝑠𝑙𝑏𝑏

2)θ̇ 

+(−𝐾𝑠𝑟𝑓𝑎𝑐 + 𝐾𝑠𝑙𝑓𝑎𝑑 + 𝐾𝑠𝑟𝑏𝑏𝑐 + 𝐾𝑠𝑙𝑏𝑏𝑑)𝜙 

+ (−𝐶𝑠𝑟𝑓𝑎𝑐 + 𝐶𝑠𝑙𝑓𝑎𝑑 + 𝐶𝑠𝑟𝑏𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑏𝑑)�̇� 

−𝐾𝑠𝑟𝑓𝑎𝑍𝑚𝑟𝑓 − 𝐾𝑠𝑙𝑓𝑎𝑍𝑚𝑙𝑓 + 𝐾𝑠𝑟𝑏𝑏𝑍𝑚𝑟𝑏 

+𝐾𝑠𝑙𝑏𝑏𝑍𝑚𝑙𝑏 − 𝐶𝑠𝑟𝑓𝑎�̇�𝑚𝑟𝑓 − 𝐶𝑠𝑙𝑓𝑎�̇�𝑚𝑙𝑓 

+𝐶𝑠𝑟𝑏𝑏�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏𝑏�̇�𝑚𝑙𝑏 (11) 

 

For rolling motion: 

 

𝐼𝑥𝑥�̈�  = (𝐾𝑠𝑟𝑓𝑐 − 𝐾𝑠𝑙𝑓𝑑 + 𝐾𝑠𝑟𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑑)𝑍𝑐 

+ (𝐶𝑠𝑟𝑓𝑐 − 𝐶𝑠𝑙𝑓𝑑 + 𝐶𝑠𝑟𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑑)�̇�𝑐 

+(−𝐾𝑠𝑟𝑓𝑎𝑐 + 𝐾𝑠𝑙𝑓𝑎𝑑 + 𝐾𝑠𝑟𝑏𝑏𝑐 − 𝐾𝑠𝑙𝑏𝑏𝑑)𝜃 

+ (𝐶𝑠𝑟𝑓𝑎𝑐 + 𝐶𝑠𝑙𝑓𝑎𝑑 + 𝐶𝑠𝑟𝑏𝑏𝑐 − 𝐶𝑠𝑙𝑏𝑏𝑑)θ̇ 

+(−𝐾𝑠𝑟𝑓𝑐
2 − 𝐾𝑠𝑙𝑓𝑑

2 − 𝐾𝑠𝑟𝑏𝑐
2 − 𝐾𝑠𝑙𝑏𝑑

2)𝜙 

+ (−𝐶𝑠𝑟𝑓𝑐
2 − 𝐶𝑠𝑙𝑓𝑑

2 − 𝐶𝑠𝑟𝑏𝑐
2  − 𝐶𝑠𝑙𝑏𝑑

2)�̇� 

−𝐾𝑠𝑟𝑓𝑐𝑍𝑚𝑟𝑓 + 𝐾𝑠𝑙𝑓𝑑𝑍𝑚𝑙𝑓 − 𝐾𝑠𝑟𝑏𝑐𝑍𝑚𝑟𝑏 

+𝐾𝑠𝑙𝑏𝑏𝑑 − 𝐶𝑠𝑟𝑓𝑐�̇�𝑚𝑟𝑓 + 𝐶𝑠𝑙𝑓𝑑�̇�𝑚𝑙𝑓 

−𝐶𝑠𝑟𝑏𝑐�̇�𝑚𝑟𝑏 + 𝐶𝑠𝑙𝑏𝑑�̇�𝑚𝑙𝑏 (12) 

 

The suspension sub-system Front Right tyre can be expressed as: 

 

𝑀𝑡𝑟𝑓�̈�𝑚𝑡𝑓 = 𝐾𝑠𝑟𝑓(𝑍𝑐 − 𝑍𝑚𝑟𝑓 − 𝑎𝜃 − 𝑐𝜙) 

+𝐶𝑠𝑟𝑓(�̇�𝑐 − �̇�𝑚𝑟𝑓 − 𝑎�̇� − 𝑐�̇�) 

+𝐾𝑚𝑟𝑓(𝑍𝑟𝑓 − 𝑍𝑚𝑟𝑓 ) − 𝐶𝑡𝑟𝑓(�̇�𝑚𝑟𝑓 − �̇�𝑟𝑓) (13)  

 

 The suspension sub-system Front Left tyre can be expressed as: 

 

𝑀𝑡𝑙𝑓�̈�𝑚𝑙𝑓 = 𝐾𝑠𝑙𝑓(𝑍𝑐 − 𝑍𝑚𝑙𝑓 − 𝑎𝜃 + 𝑑𝜙) 

+𝐶𝑠𝑙𝑓(�̇�𝑐 − �̇�𝑚𝑙𝑓 − 𝑎�̇� + 𝑑�̇�) 

 +𝐾𝑚𝑙𝑓(𝑍𝑙𝑓 − 𝑍𝑚𝑙𝑓 ) − 𝐶𝑡𝑙𝑓(�̇�𝑚𝑙𝑓 − �̇�𝑙𝑓) (14)  
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The suspension sub-system of the Rear Right tire: 

 

𝑀𝑡𝑟𝑏�̈�𝑚𝑟𝑏 = 𝐾𝑠𝑟𝑏(𝑍𝑐 − 𝑍𝑚𝑟𝑏 + 𝑏𝜃 − 𝑐𝜙) 

+𝐶𝑠𝑟𝑏(�̇�𝑐 − �̇�𝑚𝑟𝑏 + 𝑏�̇� − 𝑐�̇�) 

+𝐾𝑚𝑟𝑏(𝑍𝑟𝑏 − 𝑍𝑚𝑟𝑏 ) − 𝐶𝑡𝑟𝑏(�̇�𝑚𝑟𝑏 − �̇�𝑟𝑏) (15)  

 

The suspension sub-system of the Rear Left tire: 

 

𝑀𝑡𝑙𝑏�̈�𝑚𝑙𝑏 = 𝐾𝑠𝑙𝑏(𝑍𝑐 − 𝑍𝑚𝑙𝑏 + 𝑏𝜃 + 𝑑𝜙) 

+𝐶𝑠𝑙𝑏(�̇�𝑐 − �̇�𝑚𝑙𝑏 + 𝑏�̇� + 𝑑�̇�) 

+𝐾𝑚𝑙𝑏(𝑍𝑙𝑏 − 𝑍𝑚𝑙𝑏 ) − 𝐶𝑡𝑙𝑏(�̇�𝑚𝑙𝑏 − �̇�𝑙𝑏) (16)  

 

where the relevant distances from Centre of Gravity (CG) are represented in equations (10) – (16) as follows: 

a is the distance from CG to front wheel, b is the distance from CG to the rear wheel, c is the distance from 

CG to right wheel, d is the distance from CG to left wheel. For the parameters in the suspension:  Cslf is the 

damping coefficient of the front-left damper, Cslb is the damping coefficient of the rear-left damper, Csrf is 

the damping coefficient of front-right damper, Csrb is the damping coefficient of back-right damper, , Kslf 

is the spring stiffness of front-left suspension, Kslb is the spring stiffness of the back-left suspension, Ksrf 

is the spring stiffness of the front-right suspension, Ksrb is the spring stiffness of back-right suspension, 

Kmlf is the spring stiffness of front-left tire, Kmlb is the spring stiffness of back-left tire, Kmrf is the spring 

stiffness of front-right tire, Kmrb is the spring stiffness of back-right tire, Mmlf is the mass of front-left 

wheel, Mmlb is the mass of back-left wheel, Mmrf is the mass of front-right wheel, Mmrb is the mass of 

back-right wheel, Zmlf is the displacement of the front-left wheel, Zmlb is the displacement of the back-left 

wheel, Zmrf is the displacement of front right wheel, Zmrb is the displacement of the back-right wheel. The 

moments of the body are:Ixx is the moment of inertia about X-X axis, Iyy is the moment of inertia about Y-

Y axis. MS is the mass of vehicle, Zc is the displacement of centre of the vehicle body. The road inputs are 

described as: Zlf road input to the front-left wheel, Zlb is the road input to the back-left wheel, Zrf is the 

road input to front-right wheel, and Zrb is the road input to back-right wheel. 

An appropriate set of deterministic suspension parameters are selected for the vehicle dynamic motion 

equations presented in equations (10)-(16), except the damping values. These damping parameters are 

adapted from a passive non-linear damper, taking into account that the compression (‘bump’) and rebound 

coefficients for a typical passive shock absorber are (by design) different, depending on the direction of 

travel i.e. whether ‘bump’ or ‘rebound’. A set was chosen of uniformly distributed random bi-linear damping 

parameter values. Figure 2 shows the damper characteristic resulting from an example of 50 different 

parameter values being used to define a bi-linear shock-absorber depending on the cycle position. Additional 

complexity such as variability of the shock absorber resulting from frequency and temperature dependence, 

has not be considered in this paper. 
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Figure 2. The first 50 simulations for random bi-lineal damper parameters 

The road surface elevation in equations (10)–(16) is assumed to be a sinusoidal function of fixed amplitude 

and wavelength. This assumption is without loss of generality because any deterministic description of the 

road surface could be used to examine the uncertainty propagation. To obtain the function g(X) for use in 

equations (7) - (9), the system of equations (10) - (16) need to be integrated numerically to obtain the entire 

response. The Matlab Runge Kutta function ODE45 [11] has been used to do this. In the particular, for 

application of the Direct Integration method considered in this paper, the computed deterministic function 

g(X) is 4-dimensional.  

4 Monte Carlo simulation and use of the Direct Integration Method 

4.1 Monte Carlo Simulation 

The Monte Carlo simulation is chosen to be run as a representative description of the vehicle dynamics. 

Owing to its practical feasibility and reliability, the chosen Monte Carlo simulation method is based on Latin 

Hypercube Sampling (LHS) [12] stemming from the multidimensional nature of the problem which involves 

optimizing the choice of random values for the 4 different parameters. 

The simulation was repeated 10000 times for vehicle response of 30 seconds and in each one, a different 

random value for the rebound of the suspension damper was chosen. The maximum vertical displacement 

of the front of the car was then recorded. This is chosen because the angle of attack and ground clearance 

are considered the main factors that create the conditions for the aerodynamic forces to cause vehicle lift-

off. Figure 3 shows a histogram of the simulation results. 

4.2 Direct integration Method 

With the bi-linear damping model chosen to simulate the random variations, i.e. selected for just one of the 

damping coefficients (in each of the 4 dampers), this combination of parameters creates a 4-dimensional 

scatter-free response function g(X) for use in equations (7) and (9), which in turn can be used in equation 

(3) to obtain the required density function. 

USD – APPLICATIONS 4927



The probabilistic density function (pdf) of a uniform distributed set of variables is [9]: 

𝑓(𝑋𝑖) =
1

2𝑢
 (17) 

where 𝑢 = √3 𝜎𝑥, and 𝜎𝑥 is the variance of the variable 𝑋𝑖. This probability density function is applied to 

every dimension of g(X). Direct Integration uses a variant of the standard trapezoidal rule using equi-spaced 

intervals of the variate in each of the discrete set of the 4 random damping parameters. In general, the 

computational demand in conventional multidimensional integration increases with the power of the number 

of dimensions. Some computational efficiency improvement can be found using quadrature techniques, or 

Monte Carlo Integration methods but are not within scope here. 

5 Results and Discussion 

The Monte Carlo simulation was repeated 10000 times. A histogram showing the results of the maximum 

height for the front part of the vehicle is given in Figure 3. These results were obtained by applying the LHS 

method in the Monte Carlo Simulation.  

 

Figure 3. Histogram of 10000 repetitions of the Monte Carlo simulation 

The Cumulative Distribution function can be calculated to obtain the Extreme Value response since it can 

be used to make predictions of the probability of a particular catastrophic event associated with a highly 

non-linear response such as a vehicle reaching a certain pitch height. A comparison is made between the 

Direct Integration method used in the adapted Extreme Value approach, and the Monte Carlo Simulation. 

Figure 4 shows the estimated Cumulative Distribution function for the Extreme Value responses comparing 

Direction Integration and Monte Carlo Simulation. This shows very good agreement between the 
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approaches but the important issue is the computational effort needed to achieve similar accuracy

 

Figure 4. CDF comparative of Monte Carlo Simulation and the Direct Integration Method 

To have the similar level of agreement shown in figure 4, the Direct integration method took 6 hrs 32 min, 

compared with Monte Carlo simulation which took 73 hrs and 3 minutes. The Direct integrations and the 

Monte Carlo simulations were run on an Intel Core i7 -6500U CPU PC at 2.50GHz. 

The main benefits of the DI method are its simplicity and its computational efficiency. However, other 

integrations methods could produce better results when a higher number of dimensions is assessed. Monte 

Carlos simulations have been widely used for their accuracy. Yet, the computational power needed to run 

these simulations with an adequate sample size for a correct assessment is too high when the number of 

dimensions increase.  

This paper, has not included within the full car model aerodynamic effects such as drag, lift, or ground 

effects that can have an important impact on vehicle stability.  Results, similar to Figure 4, should actually 

be used to include angle-of-attack versus lift coefficients for specific cars. This is generally different for 

different car designs which have different lift coefficients as functions of angle of attack. These forces as 

reported in [1] - [5] can have of a high impact on vehicle behavior. It might also be possible to associate 

such probabilistic predictions with the particular stability of a car, such as reported in [5], i.e. to explain 

events that have occurred, such as at German Nürburgring event in May 2015 [3], or the Le Mans race 

meeting event in 2000 [2], or even the more recent SPA event in May 2018 [4]. 

A fast calculation method to predict the probability of such events could also be valuable for operation of 

autonomous vehicles when Level-5 autonomy [13] is reached, where a vehicle should be able to perform all 

critical driving functions, for all road conditions, totally autonomously (without any driver intervention). 

6 Conclusions 

A fast computational method using extreme value based uncertainty propagation has been adapted to provide 

the probabilistic information needed to predict rare catastrophically unstable vehicle dynamic events. The 

dynamics of the vehicle involve a nonlinear suspension system with random parameters. The adapted 

extreme value based method involves efficient multi-dimensional integration where the number of 

dimensions depends on the number of random variables chosen. Direct Integration has been compared with 

Monte Carlo simulation addressing a problem with 4 random parameters. The paper shows that 4-

dimensional Direct Integration produces results of similar accuracy to the Monte Carlo simulation but, that 
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Direct Integration is an order of magnitude faster producing scatter-free results of similar accuracy. For 

problems involving substantially more than 4 random parameters, other integration techniques, such as 

Monte Carlo Integration, could however prove more appropriate than Direct Integration. 
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