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Abstract
Ground-borne vibration and re-radiated noise are an important design consideration for many modern build-
ings that are close to railways. The induced vibration field may be assumed as an incoming wavefield. The
response of the soil-foundation-building system can be then obtained in two stages with reference to the
sub-modelling technique. This paper refers to the first stage that is associated with the modification of the
free-field vibration due to the coupling of a foundation to the ground (i.e. added-foundation effect). Here,
the foundation model consists of a series of rigid regions representing the subsequent coupling points with
a building. Iguchi’s method is investigated as a simplified procedure to obtain the response of surface rigid
foundations resting on a homogeneous and elastic half-space subjected to incoming plane wavefields. The
case of rigid footings on an elastic layer overlying the half-space (i.e. slab foundation) is also investigated.
The results obtained with Iguchi’s method and the rigorous boundary-element model are in good agreement.

1 Introduction

Ground-borne vibration and re-radiated noise, generated by surface and/or underground railways, are an
important design consideration for modern buildings. This is particularly so in metropolitan cities because
of the expanding transportation infrastructure and the available areas for new residential and office build-
ings, which are often located in the vicinity of railways. The vibration generated at the source propagates
through the ground and reaches the building through its foundation. The ultimate concern is the disturbance
of the occupants caused by the vibration and re-radiated noise in the interior of a building. Because of the
multidisciplinary nature of the topic, research efforts involve the study of the excitation mechanisms at the
source, the propagation of vibration through the ground, the dynamic response of the building and poten-
tial mitigation measures [1, 2]. The latter have the goal of reducing the ground-borne vibration by acting
either at the source [3, 4], along the propagation path [5] or at the receiver (building) [6]. A rather common
example of mitigation at the receiver is the implementation of a thick slab foundation [7, 8] at the base of
the building. Significant literature exists on the soil-foundation interaction of both flexible [9–11] and rigid
foundation systems [12–15] subjected to incoming wavefields. The response of the foundation is often con-
sidered rigid in earthquake-related problems, which involve low frequencies and long wavelengths. With
reference to ground-borne vibration induced by railway traffic, the frequency range of interest lies between
approximately 20 Hz and 200 Hz, reflecting both the frequency content of the source and the range of human
perception. Therefore, problems related to ground-borne vibration involve relatively short wavelengths that
may be comparable with the dimensions of a typical concrete slab foundation. In this case, the flexibility of
the slab should be considered. Previous work by Auersch [16] has considered the response of finite and in-
finite plates resting on a half-space to Rayleigh wave excitation. The case of a slab foundation as an infinite
elastic layer on an elastic half-space subjected to incoming P-, SV-, or Rayleigh waves has been investi-
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gated [17] by means of the Dynamic Stiffness Method (DSM) [18] and the Elastodynamics Toolbox [19] in
MATLAB [20].
In the framework of ground-borne vibration, this paper adopts Iguchi’s method [13, 15] as a simplified pro-
cedure for obtaining approximate transfer functions between the free-field vibration amplitude of the ground
as a homogeneous and elastic half-space subjected to incoming plane wavefields, and the free-surface vibra-
tion amplitude at the foundation level. The procedure refers to rigid regions that represent the subsequent
coupling points with a portal-frame building. The rigid regions may be thought either as rigid foundations,
in the case of direct coupling with the half-space, or rigid footings, if they are on top of a flexible foundation
resting on the ground. The following section presents the general soil-structure interaction problem with the
focus on the added-foundation effect.

2 Soil-Structure Interaction and the Added-Foundation Effect

Let us consider the general case of the construction of a building in the vicinity of a source of vibration
represented by buried or surface train lines. Figure 1 shows the main construction stages that are also rep-
resentative of the modelling steps for such a vibration problem. The vibration generated at the source can
be expressed in terms of a free-field displacement u0(x, y, 0, t) that may represent either on-site vibration
measurements that are taken prior any construction activities or the displacement field obtained by some
source-propagation modelling of the railway and the ground. For sake of simplicity, the wavefield is as-
sumed to be harmonic so that u0(x, y, 0, t) = ũ0(x, y, 0) eiωt where ω is the angular frequency and the
exponential term in the time variable t is omitted in the following. The construction of a foundation at the
free-surface of the ground modifies the initial free-field displacement because of the soil-foundation inter-
action (added-foundation effect), with the resulting free-surface displacement field ũf (x, y, hf ) at the top
of the foundation. The vibration levels are further changed with the construction of the building. The cou-
pling between the structure and the soil-foundation system leads to a displacement field ũb(x, y, hf ) at the
foundation-building interface (added building effect).
This paper presents a discussion of the added-foundation effect with an attempt at applying well-known
soil-foundation interaction concepts to problems related to ground-borne vibration. In a general scenario as
illustrated in Figure 1, the building can be modelled by means of a beam-bar formulation of its main frame.
This is convenient when looking for simplified models that are able to give physical insights with regard to
specific aspects of the problem (i.e. added-building effect [21]).

Figure 1: Overview of the general vibration problem: (a) free-field displacement generated by underground and/or sur-
face railways; (b) free-surface displacement field on the upper surface of the foundation accounting for soil-foundation
interaction; (c) displacement field at the base of the building accounting for soil-foundation-building interaction.

It is then necessary to ensure the compatibility of the displacement field at the foundation-building interface
with regard to the degrees of freedom of the rigid regions at the base of the building’s columns. The soil-
foundation model must then refer to rigid foundations or alternatively to rigid footings on a larger domain
of a flexible foundation (i.e. slab foundation). The soil-foundation models used in this paper refer to the
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application of the Boundary Element Method (BEM) [22, 23] by means of the BEMFUN [24] and EDT [25]
toolbox in MATLAB [20]. The EDT toolbox can conveniently provide fundamental solutions for an elastic
and layered half-space that can be used in the BEM formulation for evaluating the response of rigid footings
resting on a layered soil. Hence, the presence of a flexible foundation of infinite extent along the x and y di-
rections may be obtained by including an elastic layer with appropriate material properties (i.e. concrete) on
top of the half-space representing the ground. The response of rigid footings, representing the rigid regions
on top of the flexible foundation, can be obtained with the same BEM formulation used for the case of rigid
foundations.
The use of a rigid foundations and/or footings model limits the range of incoming wavefields that can be
properly studied because of the relatively short wavelengths involved in ground-borne vibration. Similar to
the argument valid for the discretization in finite-element analysis, the discussion is then limited to incoming
wavefields whose shortest apparent wavelengths are at least 5-8 times larger than the dimension of the col-
umn [26, 27]. Considering typical soil and column properties encountered in practice (see Table A.1), this
condition can be generally satisfied up to about 80 Hz, which covers only partially the frequency range of
interest in ground-borne vibration. While the latter argument sets limitations on the use of a rigid founda-
tions and/or footings model in ground-borne vibration, the authors believe that it is a necessary assumption
for approaching the soil-structure interaction problem in its simplest form.
The following section presents a review of the response of rigid foundations subjected to an incoming wave-
field.

3 Multiple rigid foundations subjected to an incoming wavefield

This section presents a review of the formulation for the evaluation of the response of a number (nf ) of rigid
foundations subjected to an incoming wavefield [12, 14]. The discussion is extended to Iguchi’s method for
obtaining an approximate solution of the response [13, 15]. The general case of embedded rigid foundations
is presented and reduced to the case of surface foundations. Figure 2 illustrates such a foundation model for
two embedded foundations with the soil-foundation interfaces Ω1 and Ω2.

Figure 2: Multiple, embedded, rigid foundations in a homogeneous and elastic halfspace: a) the incoming wavefield,
in absence of foundations, is represented by ũ0(x) at a generic location x in the half-space and by ũ0i(x̄i) at a location
x̄i on the domain Ωi of the ith foundation; b) the displacement field in the presence of foundations is represented by
ũf (x) at a generic location x in the half-space and by ũfi(x̄i) at a location x̄i on the domain Ωi of the ith foundation.

The ground is represented by a homogeneous and elastic half-space that is subjected to an incoming wavefield
with a resulting free-field displacement ũ0(x, ω) expressed as:

ũ0(x, ω) = U0(x, ω) u0 (1)
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where U0(x, ω) is a describing function of the incoming wavefield at x ≡ (x, y, z) for the angular frequency
ω. Examples of incoming wavefields are P-, SV-, SH- or Rayleigh waves propagating in the half-space from
a given source. The latter is assumed to reside in the far-field so that the source-receiver interaction can be
neglected [28]. For sake of simplicity, the propagating waves are assumed to be plane, as shown in Figure 2,
with a vertical incidence angle θV (θV = 0 for Rayleigh waves), and an horizontal incidence angle θH . The
describing function of the incoming wavefield can then be expressed as:

U0(x, y, z, ω) = exp{−iω cos θV
V (x cos θH + y sin θH + z tan θV )} (2)

with V the velocity of the propagating wave. The vector u0 = [u0x u0y u0z]
T is the free-field amplitude at

the origin of the reference system. It depends on the type of incoming wave, the incidence angles θV and θh,
and the properties of the half-space.
In general, the presence of a foundation induces a scattered wavefield in terms of displacement ũs(x, ω) and
traction t̃s(x, ω) such that:

ũf (x, ω) = ũ0(x, ω) + ũs(x, ω) (3a)

t̃f (x, ω) = t̃0(x, ω) + t̃s(x, ω) (3b)

with ũf (x, ω) and t̃f (x, ω) representing the free-surface displacement and traction field accounting for the
added-foundation effect and t̃0(x, ω) the traction field originated by the incoming wavefield.
The nf rigid foundations of arbitrary shape are embedded in the half-space with the centroids Oi being the
origin of the local reference systems xi. The free-surface displacement on the footprint of the ith footing can
be expressed as:

ũf i(x̄i, ω) = Si(x̄i) uf i(ω) with x̄i ∈ Ωi, (i = 1, . . . , nf ) (4)

with uf i = [ufi vfi wfi ϕfxi ϕfyi ϕfzi]
T the rigid displacement of the ith foundation referring to the 6

degrees-of-freedom. The 3× 6 transformation matrix Si(x̄i) can be expressed as:

Si(x̄i) =




1 0 0 0 zi −yi
0 1 0 −zi 0 xi

0 0 1 yi −xi 0


 (5)

The force that the ith rigid foundation exerts on the soil can be evaluated as:

ff i(ω) =

∫

Ωi

ST
i (x̄i) t̃f i(x̄i, ω) dΩi (6)

with ff i = [ffxi ffyi ffzi qfxi qfyi qfzi]
T. The global equilibrium condition for the ith foundation can be

obtained by pre-multiplying Equation 3b by ST
i (x̄i) and integrating over the domain Ωi so that:

ff i(ω) = f0i(ω) + fsi(ω) =

∫

Ωi

ST
i (x̄i) t̃0i(x̄i, ω) dΩi +

∫

Ωi

ST
i (x̄i) t̃si(x̄i, ω) dΩi (7)

with f0i and fsi the forces induced by the incoming wavefield and by the scattered wavefield respectively.
Introducing the Green’s function matrix G(x,x′, ω) that relates the displacement ũ(x, ω) to the traction
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t̃(x′, ω), the scattered displacement field is given by:

ũsi(x̄i, ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) t̃sj(x̄j, ω) dΩj (8)

Following the approach of Thau [29], the scattered traction field can be divided in one part directly related to
the unknown rigid displacement of the foundations and another one required to make the foundation system
immobile under the incoming wavefield:

t̃si(x̄i, ω) =

nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω) (9)

The matrix TjiR(x̄i, ω) gives the traction field across the domain x̄i ∈ Ωi of the ith foundation due to a
rigid motion ufj of the jth foundation. Let us consider Equation 3a for the ith foundation and substitute the
term ũs(x̄, ω) as in Equation 8 with the traction expressed as in Equation 9. The following integral equa-
tions related to the ith foundation and referring to the two distinct radiation (Equation 10a) and diffraction
(Equation 10b) problems are obtained:

Si(x̄i) uf i(ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω)

nf∑

r=1

TrjR(x̄′j, ω) ufr(ω) dΩj (10a)

ũ0i(x̄i, ω) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TjD(x̄j, ω) dΩj (10b)

Equation 10a may be further divided into the nf integral equations that yield the unknown matrix TijR:

Si(x̄i) =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TijR(x̄′j, ω) dΩj (11a)

0 =

nf∑

j=1

∫

Ωj

Gij(x̄i, x̄
′
j, ω) TrjR(x̄′j, ω) dΩj with r = 1, ... , nf ∧ r 6= i (11b)

By definition of the matrix TjiR(x̄′i, ω), the dynamic stiffness matrix relating the forces at the ith foundation
due to the rigid displacement at the jth foundation is given by:

Kf ij(ω) =

∫

Ωi

ST
i (x̄i) TjiR(x̄′i, ω) dΩi (12)

The forces associated with the ith foundation originated by the scattered wavefield can be then expressed as:

fsi(ω) =

∫

Ωi

ST
i (x̄i)



nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω)


 dΩi =

=
∑

j=1,2

Kf ij(ω) ufj(ω) −
∫

Ωi

ST
i (x̄i) TiD(x̄i, ω)dΩi

(13)

DYNAMICS OF CIVIL STRUCTURES 1571



Consider the ith foundation to be massless and free of external forces so that from Equation 7:

fsi(ω) = −f0i(ω) (14)

The rigid displacement uf i(ω) can then be expressed as:

uf i(ω) =

nf∑

j=1

Hf ij(ω)

∫

Ωj

ST
j (x̄j) TjD(x̄j , ω) dΩj −

nf∑

j=1

Hf ij(ω) f0j(ω) with i = 1, ... , nf (15)

Equation 15 yields the displacement of multiple, massless, rigid foundations embedded in an elastic half-
space subjected to an incoming wavefield but free of external forces. The term TjD(x̄j , ω) is related to the
displacement wavefield ũ0(x, ω) by Equation 10b while the forces f0j(ω) can be retrieved by the traction
field t̃0(x, ω) (see Equation 7). The frequency response function (FRF) matrix Hf (ω) can be found as the
inverse of the dynamic stiffness matrix Kf (ω).
Let us consider the special case of massless and surface foundations. Because of the free-surface condition,
the force f0i(ω) is null and by substituting Equation 13 into Equation 14 we obtain:

fsi(ω) =

∫

Ωi

ST
i (x̄i)



nf∑

j=1

TjiR(x̄i, ω) ufj(ω)− TiD(x̄i, ω)


 dΩi = 0 (16)

A sufficient condition for the latter Equation is that:

nf∑

j=1

TjiR(x̄i, ω) ufj(ω) = TiD(x̄i, ω) (17)

Equation 17 can be related to Equations 10a and 10b by considering the rigid displacement of the rth foun-
dation. Pre-multiplying the left- and right-hand side by

∑nf

i=1 Gri(x̄r, x̄′i, ω) and integrating over the domain
Ωi, the following identity holds:

nf∑

i=1

∫

Ωi

Gri(x̄r, x̄
′
i, ω)

nf∑

j=1

TjiR(x̄′i, ω) ufj(ω) dΩi =

nf∑

i=1

∫

Ωi

Gri(x̄r, x̄′i, ω) TiD(x̄′i, ω) dΩi (18)

By substituting Equations 10a and 10b in the latter identity one can relate the rigid displacement ufr(ω) of
the rth foundation to the displacement field ũ0r(x̄r, ω) on the footprint of the same foundation:

Sr(x̄r) ufr(ω) = ũ0r(x̄r, ω) (19)

Equation 19 represents only an approximate solution since the condition in Equation 17 is not a necessary
condition. For instance, it is clear, by physical intuition, that Equation 19 completely neglects the through-
soil coupling between the foundations and that the same expression is obtained for the case of a single foun-
dation subjected to an incoming wavefield. Moreover, by inspection of the transformation matrix Sr(x̄r), it
is clear that the solution of Equation 19 can only be found in approximate terms for instance by means of the
least square method [13]. The rigid displacement of the foundation can then be found as a weighted average
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of the displacement field on its footprint (Iguchi’s method):

ufr(ω) = P−1
r

∫

Ωr

ST
r (x̄r) ũ0r(x̄r, ω) dΩr

with Pr =

∫

Ωr

ST
r (x̄r)Sr(x̄r) dΩr

(20)

It can be shown that by choosing the origin of the coordinate system at the centroid of the foundation the
matrix P = diag[Af , Af , Af , Ifx, Ify, Ifz] is diagonal with the components being the area Af , the second
moment of area Ifx and Ify, and the polar moment of area Ifz of the single rigid foundation.
The integral equations presented in the previous discussion can be reduced to sets of algebraic equations
expressed at collocation points x̄c of boundary elements [24] and both the rigorous and approximate rigid-
body displacement of the foundation can be expressed as:

uf (ω) = A(ω) u0 (21)

The following sections present the validation and a general discussion for the case of a single [12] and two
adjacent [14] squared, surface, rigid foundations resting on a homogeneous and elastic half-space subjected
to incoming plane P- and SV-waves.

3.1 The case of a squared rigid foundation

In the case of a single rigid foundation, the matrix A in Equation 21 for an incoming plane wave impinging
the free-field at a vertical angle θV and a horizontal angle θH = 0 can be expressed as:

A =




Axx 0 Axz

0 Ayy 0

Azx 0 Azz

0 Aϕxy 0

Aϕyx 0 Aϕyz

0 Aϕzy 0




(22)

The components of the matrix A in Equation 22 for the case of a surface and square foundation are repro-
duced and reported in Figure 3 for the cases obtained by Wong [12] (Poisson’s ratio νs = 1/3). Considering
the case of incoming P- or SV-waves, one can notice that the horizontal-vertical contributions Axz andAzx
have limited values when compared with the direct terms Axx andAzz respectively. So that, the latter terms
will dominate the translational response uf andwf of the rigid foundation. Similarly, the rocking response
ϕfy depends mostly on the component Aϕyz related to the vertical displacement u0z . Figure 4 shows the
application of Iguchi’s method for a square, surface, rigid foundation subjected to an incoming P- or SV-
wave at θV = 45◦ and θH = 0◦. The comparison of the foundation response with the rigorous solution is
favourable with the approximate magnitude response that oscillates about the rigorous solution [30].
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Figure 3: Components of the matrix A obtained for incoming wavefield at a vertical incidence angles θV = 45◦ and
60◦, and horizontal incidence angle θH = 0◦ for a homogeneous and elastic half-space with Poisson’s ratio νs = 1/3.
Comparison is made with the result of Wong [12] by using 8 x 8 constant elements for the rigid foundation.

Figure 4: Results for the horizontal uf , vertical wf and rocking ϕfy response of a square, surface rigid foundation on
a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3) subjected to incoming plane P- (left) and SV-waves
(right) at an incidence angle θV = 45◦. Comparison is made for the magnitude (top) and phase (bottom) of the rigid-
body displacement between the rigorous solution obtained with BEM (using 8 x 8 quadratic elements) and the solution
obtained with Iguchi’s method.

1574 PROCEEDINGS OF ISMA2018 AND USD2018



3.2 Two adjacent rigid foundation

The discussion in Section 3 illustrates the validity of Iguchi’s method to the case of multiple rigid foundations
on the free-field or embedded in an elastic half-space. This can be explored with reference to two square,
surface rigid foundations of half-width b at a centre-to-centre distance d (along x axis) and subjected to
incoming plane P- or SV-waves. An extensive study on the rigid-body response of such a foundation system
has been undertaken by Qian [14] via application of the BEM. The purpose of the present paper is not
to extend such an investigation, but rather to contextualize the case of multiple rigid foundations to the
application of Iguchi’s method. Figure 5 shows a comparison of the magnitude of the response for the
upstream and downstream rigid foundations between the rigorous BEM solution and the one obtained by
means of Iguchi’s method. The fluctuation of the amplitude of the rigorous solution can be noted for both the
translational and rotational response, with the latter being more accentuated, as anticipated by Qian [14]. A
qualitative result from the study of Qian states that the intensity and the “period” of such fluctuations along
the frequency-spectrum decrease with increasing the foundation separation d.
The purpose of this paper is to apply Iguchi’s method for evaluating the added-foundation effect, as described
in Section 2, in the case of rigid foundations representing the subsequent coupling regions with a beam-bar
representation of a portal-frame building. With reference to typical building typologies (e.g. reinforced
concrete and/or steel buildings), the centre-to-centre distance d is most likely greater than 2.5 b. Due to
space limitations, only the results attaining the specific case in Figure 5 are shown.

Figure 5: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid foundations
on a homogeneous and elastic half-space at a centre-to-centre distance d = 2.5 b subjected to incoming plane P- (left)
and SV-waves (right) at θV = 45◦ and θH = 0◦. Comparison is made for the magnitude of the response for the
upstream (top) and downstream (bottom) foundation between the results obtained with the rigorous solution (BEM -
8 x 8 quadratic elements for each foundation) and that with Iguchi’s method.

Although the aforementioned fluctuations of the actual response are in general different depending on the
distance d/b, the type of the incoming wavefield and the Poisson’s ratio of the soil, the approximate solution
is in good agreement with the results obtained with the rigorous BEM. Iguchi’s method can then be adopted
as a simplified procedure for considering the added-foundation effect in ground-borne vibration of buildings.
The next section examines the more realistic case of rigid footings on top of a flexible foundation (e.g. con-
crete slab) resting on the half-space representing the ground.
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4 Rigid footings on a flexible foundation

The presence of a flexible foundation on top of the ground can be modelled, as a first approximation, as
an elastic layer of infinite extent along both the x and y direction with density ρc, shear wave velocity Vc,
Poisson’s ratio νc and damping loss factor ηc that can be representative, for instance, of a concrete slab
foundation. As for the previous discussion, incoming plane P- or SV-waves can be considered at some
vertical and horizontal incidence angle θV and θH with the resulting free-field displacement ũ0(x, ω).

Figure 6: Schematic of the added-foundation effect with reference to rigid footings on a flexible foundation. a) A ho-
mogeneous and elastic half-space representing the soil is subjected to an incoming wavefield due to P-, SV- or Rayleigh
waves with the resulting free-field displacement ũ0(x); b) the addition of a flexible foundation as an elastic layer leads
to the displacement ũl(x) at the free-surface of the layer; c) consideration of rigid footings as regions that will be
coupled with a beam-bar representation of a portal-frame building leads to the modified displacement ũf (x) at the
free-surface and the displacement ũf1(x1) and ũf2(x2) on the domain Ω1 and Ω2 of the two rigid footings.

Prior to the coupling of the elastic layer, the displacement field ũ0(x, ω) is related to the displacement
amplitude u0 by means of Equation 2. The addition of a flexible foundation changes the displacement field
at the surface of the half-space into ũ1(x, ω) with the resulting displacement field ũl(x, ω) at the free-surface
of the elastic layer. The displacement field at the lower and upper surface of the elastic layer can then be
written as:

ũ1(x1, ω) = U0(x1, ω) u1(ω) (23a)

ũl(xl, ω) = U0(xl, ω) ul(ω) (23b)

where U0(x, ω) is the describing function of the incoming wavefield as in Equation 2 and u1(ω) and ul(ω)
represent the displacement amplitude vectors at the lower and upper surface of the layer respectively. They
can be related to the traction amplitude vectors at the same z locations by considering the dynamic stiffness
matrix Kc(ω) of the elastic layer [18]:

(
tl(ω)

t1(ω)

)
=


K

(l l)
c (ω) K

(l 1)
c (ω)

K
(1 l)
c (ω) K

(11)
c (ω)



(

ul(ω)

u1(ω)

)
(24)

Similarly, the traction and displacement amplitude vectors at the surface of the half-space are related through
the dynamic stiffness matrix Ks. By consideration of the equilibrium and compatibility between the half-
space and the layer, the resulting displacement amplitude u1(ω) at their interface can be found as:

u1(ω) =
[
I + [Ks(ω)]−1 K

(11)
c (ω)

]−1
u0 (25)
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The displacement amplitude vector at the free-surface of the layer can be found by imposing the traction-free
condition by means of Equation 24, so that:

ul(ω) = −[K
(l l)
c (ω)]−1 K

(l 1)
c (ω) u1(ω) (26)

For the results shown herein, the displacement amplitude vectors u1 and ul are obtained from Equations 25
and 26 by using the dynamic stiffness matrices from EDT [19]. The addition of an elastic layer, on top of
the half-space, restrains the vibration levels at relatively high-frequencies. The extent to which this effect
manifests depends, in general, on the type of the incoming wavefield, on the material properties of both the
layer and the half-space and on the dimensionless frequency a0 = ω hf/Vs, with hf the thickness of the
layer, as summarily described in Equation 27.

ul
u0
∝ Ψ

(
Vs
Vc
,
ρs
ρc
, νs, νc, θ,

ωhf
Vs

)
(27)

For the vertical displacement component, a region of amplification at relatively low-frequencies precedes the
restraining effect so that there is a divide somewhat analogous to the concept of coincidence frequency in
thin plates [16, 17, 31].
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Figure 7: Restraining effect on the vertical displacement amplitude of a concrete foundation modelled as an elastic
layer of infinite extent along x and y axes and resting on top of a homogeneous and elastic half-space representing the
ground. Incoming plane P-waves at vertical incidence angles θV = 60◦, 75◦ and 90◦ are considered.

Figure 7 shows such a feature for incoming P-waves at vertical incidence angles of 75◦ (dashed line)
and 60◦ (dotted line). For these values of the incidence angle θV , the restraining effect is evident with a
constant high-frequencies limit for the interface displacement amplitude u1z and a free-surface displace-
ment amplitude ulz that tends to the null value. The solid line in Figure 7 explores the case of normally
incident P-waves, for which the interface displacement u1z is restrained at the dimensionless frequencies
a0 = π

2
Vc
Vs

(2n + 1) and released at a0 = π VcVs (n + 1) when the layer is dynamically de-coupled from the
half-space with regard to the normally incident wavefield. Although general comments have been presented
here, the reader is redirected to the relevant literature for a more thorough discussion on the influence of slab
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foundations on ground-borne vibration levels [16, 17].
Let us consider the case for which, in the framework of soil-foundation-structure interaction as shown in
Figure 1, the building is represented by a portal-frame model referring to a beam-bar formulation with the
implications already mentioned in Section 2. The foundation-building coupling regions on top of the flexible
foundation can be then idealised as surface, rigid footings on the elastic layer as schematically illustrated in
Figure 6c. The displacement field ũl(x) at the free-surface of the layer can be obtained by Equation 23b, and
the response of the rigid footings on the free-surface of the elastic layer can be approached as in Section 3.
The equivalence of Equation 18 to Equation 19 in Section 3 still holds so that Iguchi’s method is applicable
with the due limitations related to the conditions in Equations 16 and 17. The approximate response of the
rigid footings can be then obtained as weighted average of the displacement field ũl(x) on the footprint of
the rigid regions.

Figure 8: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid footings
on an elastic layer, representing a flexible foundation, resting on a homogeneous and elastic half-space subjected to
incoming plane P- (left) and SV-waves (right) at θV = 22.5◦, 67.5◦ and θH = 0◦. The centre-to-centre distance of the
rigid footings is set to d = 2.5 b. Comparison is made for the magnitude of the response for the upstream (top) and
downstream (bottom) footing between the results obtained with the rigorous solution (BEM - 8 x 8 quadratic elements
for each foundation) and those obtained with Iguchi’s method.

The magnitude in decibels of the horizontal ufi, vertical wfi and rocking ϕfyi displacements referring to
two square footings at a distance d = 2.5 b are shown in Figure 8 for the upstream (i = 1) and downstream
(i = 2) footings subjected to incoming plane P- and SV-waves at vertical incidence angles θV = 22.5◦, 67.5◦

and horizontal incidence angle θH = 0◦. The rigid footings response is scaled to the related horizontal or
vertical component of the displacement amplitude vector ul of the incoming wavefield at the free-surface of
the layer. Iguchi’s method provides approximate solutions that agree reasonably at low-frequencies with the
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rigorous counterparts, especially for the rocking motion of the footings. However, the agreement seems to
be limited at higher frequencies. In general, the agreement of the approximate solution improves for larger
centre-to-centre distances between adjacent footings.

Figure 9: Results for the horizontal uf , vertical wf and rocking ϕfy response of two square, surface rigid footings
on an elastic layer, representing a flexible foundation, resting on a homogeneous and elastic half-space subjected to
incoming plane SV-waves at θV = 22.5◦ and θH = 0◦. The centre-to-centre distance of the rigid footings is set to
d = 20 b. Comparison is made for the magnitude of the response for the upstream (top) and downstream (bottom)
footing between the results obtained with the rigorous solution (BEM - 8x8 quadratic elements for each foundation)
and those obtained with Iguchi’s method.

This is evident in Figure 9, which shows the response of two squared rigid footings at a distance d = 20 b
to incoming plane SV-wave at θV = 22.5◦. This represents a more realistic scenario for common building
typologies (e.g. reinforced concrete buildings). From the results in Figure 8 and 9, it is possible to acknowl-
edge the influence of the rigid footings assumption, whenever can be deemed valid, with an order of 0-20 dB
reduction of the vibration levels depending on the specific incoming wavefield.

5 Conclusions

This paper has presented a general overview of the response of surface foundations to incoming wavefields
with the application to ground-borne vibration. Iguchi’s method has been reviewed and adopted as a sim-
plified procedure for the response of rigid foundations resting on the ground and subjected to incoming
wavefields. Both the case of rigid foundations resting directly on the ground or rigid footings on a flex-
ible foundation resting on the ground have been considered. The simplified procedure aims at obtaining
approximate transfer functions between the free-field vibration amplitude of the ground as a homogeneous
and elastic half-space subjected to incoming plane wavefields, and the free-surface vibration amplitude at the
foundation level. The rigid foundations and/or footings are representative of rigid regions for the subsequent
coupling of a portal-frame building.
Iguchi’s method holds favourable agreement with rigorous solutions for the response of adjacent rigid foun-
dations, even for relatively short centre-to-centre distances between the foundations and for typical soil
properties (as in Table 1). The agreement is, in general, less satisfactory in the case of adjacent rigid footings
with relatively short centre-to-centre distances. This is probably due to the interaction of the rigid footings
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through the elastic layer representing the concrete slab. However, considering more realistic values for the
centre-to-centre distance between the footings, typical of common building typologies (e.g. reinforce con-
crete buildings), the effect of the through-slab coupling between adjacent footings may be less significant.
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A Reference data

Footing Area Af = 0.25 m2 Slab Young’s Modulus Ec = 3 x 1010 N/m2

half-width b = 0.25 m Density ρc = 2400 kg/m3

Poisson ratio νc = 0.15
thickness hf = 1.5 m
Damping loss factor ηc = 0.1

Soil Shear wave velocity Vs = 200 m/s
Poisson ratio νs = 1/3, 0.49
Density ρs = 1980 kg/m3

Damping loss factor ηs = 0.03

Table 1: Reference data for the soil and the foundation properties
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