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Abstract 
A new reduced order modelling technique based on Relative Cyclic Component Mode Synthesis 

(RCCMS) is presented. RCCMS results in an efficient and highly compact reduced-order model (ROM) 

suitable for nonlinear forced response analysis of mistuned bladed disk with friction interfaces. 

Implementation of relative coordinates not only reduces the computational time but also enhances the CB-

CMS basis by incorporating the fully stuck modeshapes. In the proposed ROM, it is possible to introduce 

the small sector-level mistuning directly into the reduced model. In this way, reduction is performed only 

once in case of multiple analyses, necessary for statistical characterization of the nonlinear response levels 

of the system. Numerical simulations revealed a very good accuracy between the ROM and the baseline 

for nonlinear forced response analysis of a mistuned bladed disks. 

1 Introduction 

Bladed disk in turbomachinery applications, are critical components with peculiar characteristics. Because 

of their high modal density, crossing the resonance frequencies in the broad operating range of the engine, 

is inevitable. This could result in high amplitude vibrations of the blades and makes them susceptible to 

high cycle fatigue (HCF) [1]. 

To limit the vibration amplitudes of the blades and the related stresses, the dry friction damping is 

extensively incorporated in the design of bladed disks. Due to the presence of friction interfaces (e.g. as 

shrouds, blade roots and rigid/flexible dampers) the bladed disk behavior is nonlinear. 

In practice, the nominally identical sectors of a bladed disk are slightly different, because of operating 

conditions, wear and manufacturing tolerances. These small structural deviations are called mistuning. 

The lack of cyclic symmetry properties increases the computational burden, since, the full-order model is 

needed for design purposes. It is shown that, even in the presence of small mistuning, forced response 

levels of blades increase remarkably [2]. 

The design of bladed disks in realistic operating conditions, demands forced response analysis in the 

presence of mistuning and nonlinearities, to accurately assess the maximum vibration amplitudes and 

avoid HCF [3]. Also, because of the random nature of mistuning, it is necessary to statistically 

characterize the forced response levels. The large size of Finite Element (FE) models of industrial bladed 

disks (typically millions of degrees of freedom per sector) makes the analysis of the full-order model 

unfeasible. Therefore, efficient and accurate reduced order models (ROMs) are needed to reduce the 

computational time. 
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In contrast to mistuning modeling of linear system (in the absence of friction contacts), the research on 

mistuning modeling of nonlinear systems (in the presence of friction contacts) is few. The effects of 

contact mistuning on dynamics of shrouded bladed disk was investigated in [4]. The same authors, showed 

in [5] that a set of mode shapes (Adaptive Microslip Projections) corresponding to linear system with 

different contact states, can be used as a basis for system-level reduction of the tuned/mistuned bladed 

disks with contact interfaces. Reduced order models for nonlinear dynamics of blisks with friction ring 

dampers in the presence of small and large geometric mistuning were developed in a series of work [6,7]. 

Recently, a reduced order model based on a triple nonlinear modal synthesis was proposed for nonlinear 

dynamics of bladed disks in the presence of structural mistuning [8]. 

This study introduces a new reduced order modeling technique based on Relative Cyclic Component 

Mode synthesis (RCCMS). In its development, the following requirements and features are addressed: 

1. The ROM must be obtained by performing only sector-level calculations. 

2. The whole reduction must be performed once, and then the small mistuning is directly introduced 

into the final ROM. 

3. The ROM should be capable of modeling the mistuning in sector-levels (i.e. for both blade and 

disk). 

4. It is preferable that the ROM retains only physical degrees-of-freedom (DOFs) at contact 

interfaces, to avoid transitions between modal and physical DOFs, during forced response 

calculations. 

5. It is preferable to enhance the accuracy of fixed interface component modes, as their boundary 

conditions differ from actual kinematics at friction interfaces. 

6. It is preferable to implement system-level reductions, to obtain compact ROMs and avoid ending 

up with component assembly and the need of multiple secondary reductions. 

RCCMS results in an efficient and highly compact ROM suitable for nonlinear forced response analysis of 

mistuned bladed disk with friction interfaces. The developed ROM consists of two steps: First, 

representing the absolute displacements of the nodes lying on adjacent friction interfaces in terms of 

relative displacements between the node pairs. Afterwards, performing the Craig-Bampton Component 

Mode Synthesis (CB-CMS) on the full-order model already transformed into relative coordinates. 

Implementation of relative coordinates is beneficial in different ways. First, it results in efficient forced 

response calculations by reducing the number of unknowns by half. Secondly, in the CB-CMS framework, 

by selecting the relative displacements of contact node pairs as master DOFs, the fixed interface normal 

modes yield fully stuck modeshapes (system modes with merged friction interfaces). This will increase the 

accuracy of the reduction basis especially for microslip regime. 

The idea of using relative coordinates was first introduced in [9], for forced response analysis of cracked 

bladed disks. Later in [10], the idea of relative DOFs was used for the same application. They 

implemented the Component Mode Mistuning (CMM) [12] to model small blade mistuning in the 

pristine/uncracked structure, in the absence of contact interactions between crack surfaces. The relative 

notation has been used more often to reduce the computational burden of nonlinear forced response 

calculations [4,5]. 

In this research the application of relative notation is extended and generalized for nonlinear forced 

response analysis of mistuned bladed disks with friction interfaces. 

In RCCMS coordinates, the final ROM is composed of a statically reduced component corresponding to 

relative contact DOFs (referred to as nonlinear partition), and a modal reduced component corresponding 

to the linear system with merged friction interfaces (referred to as linear partition). 

This makes the RCCMS unique and very flexible for the mistuning modeling. Since it allows analysts and 

designers; in a systematic way; to benefit from powerful theories of mistuning modeling of linear system 
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(e.g. SNM [11], CMM [12], IMM [13] and NEWT [14]) for mistuning analysis of nonlinear system with 

friction interfaces. 

In particular, the current study introduces the small mistuning in the sector-level by employing the 

principle assumption of the SNM theory. This results in a highly reduced ROM by using system-level 

modes. However, all the calculations are performed only on a single sector. In RCCMS, the reduction is 

performed only once in case of multiple analyses, necessary for statistical characterization of the nonlinear 

response levels of the system. 

In the following, the theory of RCCMS is first described for tuned systems. Afterwards, the introduction 

of small mistuning directly into the final ROM (at sector-levels) is discussed. Finally, RCCMS is applied 

on a mistuned bladed disk with blade root friction damping, to evaluate its performance in predicting 

nonlinear forced response levels. The last section contains concluding remarks on the new developed 

reduction technique. 

2 Methodology 

2.1 Equations of motion 

The equations of motion of a general bladed disk system can be represented as: 

( ) ( ) ( ) ( ( ), ( )) ( )nl exMx t Cx t Kx t F x t x t F t     (1) 

where M and K are system mass and stiffness matrix, respectively. C denotes the linear viscous damping 

and is assumed to be proportional to mass and stiffness (i.e. C M K   ). x(t) denotes the displacement 

vector of the full system. Fnl represents the vector of nonlinear friction forces and is dependent on relative 

displacements and velocities at contact nodes. Fex denotes the external periodic forces applied on the 

system. 

 

 

 

Figure 1: Fundamental sector of the studied bladed disk and its partitioned DOFs 
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Figure. 1 shows the fundamental sector of the studied mock up bladed disk and the defined partition of 

DOFs. To assess the friction damping at blade roots, the nodes laying on blade-disk interfaces, are denoted 

as contact nodes (subscripts c). Other remaining DOFs are denoted by subscripts o. Superscripts b and d 

are used to distinguish between the blade and the disk degrees-of-freedom.  

Prior to performing the new reduction steps, it is convenient to first reorder the full displacement vector 

and the corresponding structural matrices, as follows: 
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(2) 

It should be noted that, Eqn. (1) represents the partitioned full displacement vector of the system and for 

instance, b
cx , denotes the contact DOFs of all blades. As evident from Fig. 1, the partitions corresponding 

to blade DOFs are block diagonal and the partition corresponding to other DOFs of the disk (i.e. d
ooK  and 

d
ooM ) are block circulant, due to the coupling between the interfaces of disk sectors. 

2.2 RCCMS theory 

2.2.1 Relative coordinates 

The first step in RCCMS is to represent the absolute displacements of contact nodes in terms of the 

relative displacements between contact node pairs. The relative displacements between contact nodes can 

be determined by: 

b d
rel c cx x x   (3) 

Note that, xrel denotes relative displacements in local coordinate systems of contact surfaces. Accordingly, 

the full displacement vector can be expressed in relative coordinates by using Eqn. (3) and introducing the 

following transformation [10]: 
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(4) 

It is evident that, the displacement vector in relative coordinates (i.e. xr in Eqn. (4)), can be divided into 

two distinct groups, namely nonlinear and linear DOFs, as follows: 

 rel N

d
c N

r b
Lo L

d
o

x x

x x
x

xx x

x



 


 
 
         
    
  
    

 

(5) 

In Eqn. (5), xN is the vector of nonlinear coordinates and only contains relative displacements of contact 

nodes which is used to calculate nonlinear friction forces. On the other hand, xL is the vector of linear 

coordinates and contains DOFs of the linear system with no friction interfaces. In fact, xL denotes a linear 

system in fully stuck condition (i.e. merged contact nodes). 
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Introducing Eqn. (4) into Eqn. (1), yields the transformed equations of motion in relative coordinates: 

0
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(6) 
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In Eqn. (7), Mr and Cr matrices are partitioned in the same fashion as the stiffness matrix and are not 

shown here for brevity. Fnl is the vector of nonlinear friction forces, acting on nonlinear (relative) 

partition. Fex is the vector of external force and it is assumed that it applies on linear partition only. Note 

that, in RCCMS, moving to relative coordinates is a preliminary step, and size reduction comes only 

afterwards. The benefits of this transformation will become apparent in the following sections. 

2.2.2 CB-CMS 

Full FE models of an industrial bladed disk may contain millions of degrees of freedom. Thus, computing 

the forced response levels of the full order model by solving Eqn. (7) is prohibitively expensive. To 

overcome this, the CB-CMS reduction technique is employed to reduce the size of the full order model. 

The objectives of performing the CB-CMS on equations of motion in relative coordinates, is threefold: 

1. First, to retain the relative contact DOFs after the reduction, for nonlinear forced response 

calculations. 

2. Second, to enhance the accuracy of the reduction basis by employing normal modes with fully 

stuck boundary conditions. 

3. Third, to achieve a highly reduced ROM by taking the advantage of system level modeshapes 

during the reduction. 

It should be noted that, in classical CB-CMS techniques, the contact nodes laying on both blade and the 

disk interfaces are retained as master nodes. This could result in a final ROM with large number of 

retained nodes (usually a secondary reduction technique should be performed as an extra step [8]). 

Moreover, the utilized modeshape have boundary conditions (clamped at interface), different from real 

kinematics of friction interfaces. Consequently, to reduce the errors arisen from the choice of modal bases, 

usually more number of modes should be retained in the reduction basis. 

Performing the new reduction technique; based on RCCMS; could alleviate many of these difficulties. To 

do so, xN (relative DOFs) is retained as master DOFs while xL is represented by modal coordinates. The 

final reduced displacement vector in RCCMS coordinates is given by: 

0
N N

r cb rom
c fL

Ix x
x R x

x 
  

 

    
    

    
 

(8) 

where Rcb is the CB-CMS transformation matrix composed of static constraint modes  and fixed 

interface modeshapes . In the relative context, constraint modes can be obtained by imposing a unitary 

relative displacement at each retained contact node pair while holding the other node pairs fixed. 

Moreover, fixed interface modeshapes are normal modes of a bladed disk system with zero relative 
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displacement at contact node pairs, which are in fact the vibration modes of a fully stuck system. At this 

step, both  and  can be computed using the cyclic symmetry properties of the system. 

The equations of motion of the final reduced system in RCCMS coordinates can be represented as: 

N N N
rom rom rom nl ex

x x x
M C K F F

  
   

     
     
     

 
(9) 
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(10) 

Different partitions of final reduced mass and stiffness matrices are given below: 

1
Guyan NN NL LL LNK K K K K


  , T

i f LL fK     

T T
Guyan NN c LN NL c c LL cM M M M M      , T

N NL f c LL fM M M      (11) 

 

2.3 Mistuning modeling in RCCMS 

Since the proposed reduction technique is a CMS-based approach, in general, it is suitable for both small 

and large mistuning problems. However, the focus of this study is on small sector-level mistuning. 

A general reduced stiffness matrix of a mistuned system can be written as: 

0

0

mistT mist T mist
Guyanmist r mist mist r mistmist
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T mist T mist mist
mist r mist mist r mist i

KK K
K

K K

   
 

    

  
  
     

 

(12) 

where 
T

mist
mist cI   

 
 are mistuned static constraint modes.  

In RCCMS coordinates, the final ROM is composed of two distinct partitions: 

1. Statically reduced component corresponding to relative displacements between contact node pairs 

(retained for nonlinear forced response calculations); called the nonlinear partition. 

2. Modal reduced component corresponding to the fully stuck system (with merged friction 

interfaces); called the linear partition. 

This will split the introduction of mistuning into a classical linear mistuning problem (for the linear 

partition) and the mistuning problem of the static component (for the nonlinear partition). In practice, 

these two components are dealt with, independently. 

This makes the RCCMS unique and very flexible for mistuning modeling. Since, powerful classical 

theories (e.g. SNM, CMM, and etc.), are readily applicable for the reduction of the so-called linear 

partition. 

In this research, the principle assumption of SNM theory is employed, to make the ROM suitable for 

statistical analyses and also to obtain a highly compact ROM by using system-level modes. Accordingly, 
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it is assumed that modeshapes of the mistuned system can be represented as a linear combination of the 

tuned system modes (in the presence of small mistuning). This assumption yields: 

0

0

mist
Guyanmist
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T mist
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K
K

K



 

 
 
 
 

 

(13) 

where Φ are cyclic tuned modeshapes of the linear system in fully stuck conditions. It should be noted 

that, even implementing tuned modeshapes in Eqn. (13), the linear and nonlinear partitions/DOFs of the 

system are still statically uncoupled. 

In practice, the lower right partition of the mistuned ROM stiffness matrix (Eqn. (13)), is calculated by 

sector-level calculations. One may only need sector-level tuned modeshapes that are computed by 

imposing cyclic symmetry boundary conditions at disk interfaces. 

By defining a non-dimensional mistuning parameter n , as small deviations of nominal Young’s modulus 

of the fundamental sector, the final stiffness matrix of the mistuned ROM can be determined by: 

0
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(14) 

where 
0

K  is the tuned stiffness matrix of a single sector and ,n  are tuned sector-level modeshapes of 

nth sector DOFs. More details on performing this sector-level projection can be found in [15]. 

The next step in mistuning modeling; which is needed whenever contact node pairs are retained for 

nonlinear forced response analysis; would be the computation of the  
1

mist mist mist mist mist
Guyan NN NL LL LNK K K K K



  , 

which in general could become a formidable task. Since, it demands the inversion of the stiffness matrix 

of the fully stuck system. 

Accordingly, to alleviate the computational burden of computing the relative constraint modes of the full 

wheel, a simplifying assumption is made by restricting the relative static modes to the sector-level. 

In many industrial applications, the disk might be much stiffer than the blades. In this case, strain energy 

is mostly confined in blades rather than in the disk. So, it can be assumed that, the relative constraint 

modes are restricted to the sector level and are not distributed along the full wheel, considerably. 

In RCCMS coordinates, relative constraint modes are static responses of the system, while a unitary 

relative displacement is applied on a retained contact node pair at blade-disk interface, while other node 

pairs are held fixed. When the disk component is much stiffer than the blade, it can be assumed that the 

relative static response is only confined to the sector-level and does not propagate beyond the disk 

interfaces. 

Accordingly, sector-level relative constraint modes can be simply computed by clamping each sector at its 

interfaces. This will isolate each sector and will result in zero static response in other remaining sectors. 

Moreover, by isolating the relative static modes, the nonlinear partition (i.e. statically reduced component 

of the ROM) is computed once and mistuning can be directly introduced into it. 

It should be noted that, this assumption is only applied on the nonlinear component of the final ROM, and 

the linear partition remains unaffected. 

Consequently, the final stiffness matrix of the mistuned ROM; computed with isolated relative static 

modes and sector-level calculations; can be computed by: 
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where Bdiag denotes a block diagonal matrix and 
0
GuyanK  is the tuned Guyan stiffness matrix of a tuned 

sector with fixed interfaces. The same logic is applied to the mass matrix which is not shown here for 

brevity. The mistuned stiffness matrix defined in Eqn. (15), is obtained based on sector-level calculations. 

In addition, the mistuning is directly introduced into the final ROM, which makes the ROM suitable for 

statistical nonlinear forced response analyses. 

3 Numerical solution 

In this study, node-to-node state-of-the-art contact elements are used to model the nonlinear friction forces 

[18]. In the final ROM, semi-3D contact elements (two perpendicular Jenkins contact elements with 

variable normal load) are imposed at all retained contact node pairs to model the friction contacts. 

Nonlinear friction forces are then calculated based on the contact states and relative displacements at each 

contact node pair [18]. 

The steady state response of the system is computed using the Harmonic Balance Method [16]. It is 

assumed that the response of the system under a periodic excitation is periodic. Accordingly, the 

displacements and forces in Eqn. (10), are approximated as a sum of harmonic functions: 
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where the H denotes the number of considered harmonics and ω is the frequency of the excitation force. 

The zeroth harmonic terms 
0
romx , 

0
nlF  and 

0
exF  represent static equilibrium solutions, static contact and 

static external forces, respectively. It is assumed that the static solutions are not affected by dynamic state 

of the system. Thus, the static equilibrium state and the corresponding static nonlinear forces are 

calculated by applying nodal static loads (due to centrifugal forces) to contact node pairs and solving the 

zeroth order balance equation. 

Substituting Eqn. (16) into Eqn. (10) and performing a Galerkin projection, yields the following algebraic 

balance equations for each harmonic h: 

0

hh h h n
NN NL exN nl

l
LN LL ex

D D Fx F

D D F
 

      
      

       

 

(17) 

where   2
D h M ih C K      is the so-called dynamic stiffness matrix. An iterative scheme 

(predictor-corrector) based on the Alternating Frequency/Time (AFT) approach [17], is used to first solve 

the nonlinear core of the balance equations: 
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1 1
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h h n l
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(18) 

And only afterwards, the solution of the linear partition, is readily available by: 

 1h h l h h h
LL ex LN ND F D x


   
(19) 

It is evident from Eqn. (18) that one another advantage of relative coordinates is that it reduces the number 

of final unknowns (to be solved iteratively) by half, which result in a highly efficient ROM. 

It should be noted that, the nonlinear friction forces are dependent on all harmonic functions of the 

displacement vector. So, the algebraic balance equations (h=1..H) are coupled to each other through the 

nonlinear 
h

nlF  terms, and they should be solved simultaneously. To increase the efficiency, the Jacobian of 

the residual function in Eqn. (18) is computed analytically. Finally, forced response curves are obtained 

using a path following technique based on the pseudo-arclength continuation. 

4 Results and discussions 

The developed reduction technique and numerical simulations are performed on a mock up bladed disk 

with 12 blades, shown in Fig. 2. The bladed disk is made of steel of Young’s modulus 200GPaE  , 

density 
3

8000kg/m   and Poisson’s ratio 0.3  . The full-order FE model where the blades are attached 

to the disk, comprises 42,432 nodes and 127,296 DOFs in total. Each contact surface contains 21 contact 

node pair and the full-order model is composed of 1512 relative contact DOFs. 

 

Figure 2: Full wheel FE model of the mock up bladed disk 

The contact stiffness in both normal and tangential directions is considered identical. This user defined 

value is equal to 100 N μmtk  , and is defined in a way to make the stuck natural frequencies of the ROM 

(computed by introducing linear springs of kt stiffness into the ROM) close to the ANSYS stuck natural 
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frequencies (computed by merging contact node pairs). The reference model for forced response results, is 

a CB-CMS ROM of the full wheel. A convergence analysis was performed for the ROM in the considered 

frequency range of the study. The mistuned bladed disk model is obtained by defining a random mistuning 

pattern with uniform distribution and standard deviation of 3%. 

 

Figure 3: Natural frequencies versus nodal diameters for the tuned 

bladed disk in fully stuck condition 

 

 

 

Natural frequencies versus the number of nodal diameters plot for the tuned bladed disk in fully stuck is 

shown in Fig 3. Red circle shows Nodal Diameter one (ND1) mode of the second frequency family. All 

forced response calculations are performed under engine order one excitation (eo1) of amplitude F0 and 

near the depicted mode of the second family, unless otherwise stated. Static loads are modeled by applying 

a constant normal preload (i.e. N0) on all the retained contact node pairs. Forced response levels are 

computed based on a mono-harmonic balance procedure. The tangential component of steady state 

solutions (calculated for a response node located at the tip of nominal blade #1) are plotted here. 

Forced response level of the mistuned bladed disk in fully stuck condition is depicted in Fig. 4. As it is 

seen, RCCMS can mimics the Baseline behavior very good. A frequency shift of   0.12% is evident in 

the RCCMS predicted response. This is because of the simplifying assumption made on computation of 

the relative static modes. In fact, restricting the relative static modes into the sector level, introduces more 

stiffness into the ROM. This becomes more evident for the bladed disk with a thinner disk component 

(like the case study in this paper) and near lower ND modeshapes. 
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Figure 4: Forced response level of the mistuned bladed disk in 

fully stuck (eo1 excitation) 

Figure 5 shows nonlinear forced response levels of the mistuned bladed disk in microslip regime. RCCMS 

shows a good accuracy in predicting the nonlinear behavior of the system. A slight frequency shift is seen 

for higher values of N0/F0 ratio and near the resonance peaks. The effect of preload-to-excitation ratio on 

the damping performance is evident in Figs. 5(a) to (b). Near high amplitude resonance peaks, because of 

high relative displacements at contact nodes, contacts are in microslip and the friction damping decreases 

the response amplitude. By further decreasing of N0/F0 ratios, contact states will change into gross slip 

and as a result, the amplitude of the vibration will be damped within the full frequency range. 

 
a 

 
b 

Figure 5: Nonlinear forced response levels of the mistuned bladed disk in microslip regime (eo1 excitation) 

The studied mock up bladed disk is composed of a rather thin disk component. It is also favorable to 

evaluate the performance of the RCCMS in predicting the forced response levels of systems with a stiffer 

disk component. To this end, the Young’s modulus of the disk component was artificially doubled to 

resemble a stiffer disk component. 

Figure 6 shows the forced response levels of the mistuned bladed disk with an artificially stiffer disk 

component. The system is under an eo5 excitation. As it can be seen, RCCMS has predicted forced 

DYNAMICS OF ROTATING MACHINERY 1975



response levels with an excellent accuracy. In fact, restricting the relative constraint modes to sector 

levels, becomes a more valid assumption as the disk stiffness increases. 

 

Figure 6: Forced response level of the mistuned bladed disk with an 

artificially stiffer disk component, in fully stuck (eo5 excitation) 

 

 

Figure 7 shows nonlinear forced response levels of the mistuned bladed disk under eo5 excitation, for the 

system with the stiffened disk component. Results reveal the high accuracy of RCCMS in predicting the 

response of system in microslip. In fact, the simplifying assumption of using sector-level relative 

constraint modes for computation of RCCMS, will result in highly accurate ROMs for systems with a stiff 

disk component. 

 

 
a 

 
b 

Figure 7: Nonlinear forced response levels of the mistuned bladed disk with an artificially stiffer disk component in 

microslip regime (eo5 excitation) 

1976 PROCEEDINGS OF ISMA2018 AND USD2018



5 Conclusions 

In this paper, a new reduction technique was developed based on Relative Cyclic Component Mode 

Synthesis (RCCMS). RCCMS results in an efficient and highly compact ROM suitable for nonlinear 

forced response analysis of mistuned bladed disk with friction contacts. The final ROM in RCCMS 

coordinates benefits from different features, such as: 

 Final ROM is obtained by performing sector-level calculations 

 Mistuning is introduced directly into the final ROM at sector-levels (i.e. both blade and disk). 

 Physical DOFs corresponding to relative displacements of contact nodes are retained for highly 

efficient forced response calculations. 

 Fully stuck modeshapes are implemented in the reduction basis, with boundary conditions more 

similar to kinematics of friction interfaces. 

 Highly compact ROM, due to the implementation of system-level modes, with no need of 

secondary reduction techniques. 

It was shown that, in mistuning modeling, RCCMS allows analysts to readily employ powerful classical 

theories in the construction of the final ROM. To perform all calculations on single-sector only, a 

simplifying assumption was made. It was assumed that relative constraint modes are restricted to sector-

levels. The accuracy of the ROM in predicting the nonlinear forced response levels of a mistuned bladed 

disk with blade root friction damping was evaluated. Numerical simulations revealed a good accordance 

between the ROM and the baseline results. It was shown that implementing isolated relative constraint 

modes (restricted to sector-level) gives even more accurate results for bladed disks with a stiffer disk 

component. 
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