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Abstract
Functional Series Time-dependent AutoRegressive, FS-TAR, modeling constitutes a powerful tool for the
effective representation and analysis of zero-mean non-stationary random vibration. Yet, a main difficulty
pertains to the need for determining the specific functional subspaces upon which the model parameters and
innovations variance are to be projected. This study focuses on kernel based versions of the models, aiming
at alleviating this problem while also allowing for infinite dimensional functional subspaces. This leads
to improved modeling flexibility at the expense of reduced model parsimony. A batch estimation method is
presented, and is subsequently successfully assessed via its application to the modeling and analysis of a non-
stationary random vibration signal measured on an operating fan. Critical comparisons with an alternative,
Adaptable FS-TAR, method and certain simpler approaches are also made.

1 Introduction

The modeling and model-based analysis of non-stationary random vibration is an important and a challeng-
ing problem that has been receiving increased attention in recent years [1, 2, 3]. The available methods are
broadly classified as non-parametric or parametric, with the former being based upon non-parametric rep-
resentations of the vibration energy as functions of time and frequency (time-frequency distributions) and
having received most of the attention. On the other hand, parametric methods are also of interest, offering
various potential advantages, such as representation parsimony and accuracy.

In this study Gaussian zero-mean random vibration signals are considered, with non-stationary expressed in
terms of a continuously varying with time second order moment, that is AutoCovariance Function (ACF),
also implying a Power Spectral Density (PSD) dependent upon time. For such signals parametric methods
are mostly based on time-dependent representations, such as Time-dependent Autoregressive Moving Av-
erage (TARMA) models [1]. A TARMA(na, nc) model, with na, nc designating its AR and MA orders,
respectively, is of the form:

x[t] +

na∑

i=1

ai[t] · x[t− i] = e[t] +

nc∑

i=1

ci[t] · e[t− i] e[t] ∼ NID(0, σ2e [t]) (1)

with t = 1, . . . , N designating normalized (by the sampling period) discrete time, x[t] the non-stationary
signal modelled, e[t] an unobservable innovations (uncorrelated) signal with zero mean and Time-Varying
(TV) variance σ2e [t], and ai[t], ci[t] the model’s TV AR and MA parameters, respectively. NID(·, ·) stands
for normally independently distributed with the indicated mean and variance. In this study the special Au-
toRegressive (AR) form of the model in which nc, and thus all MA parameters are zero, is considered.

TAR (and TARMA) models may be classified according to any constraints explicitly imposed on the evo-
lution of their parameters, that is the AR parameters and the innovations variance. They may thus be of
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unstructured parameter evolution (no explicit constraints), stochastic parameter evolution (stochastic con-
straints), and deterministic parameter evolution (deterministic constraints) [1]. Among these, the last class,
is appropriate for modeling non-stationary random vibration in the usual case where the underlying structural
dynamics undergo smooth deterministic transitions, and have received significant attention. The usual form
for such models is that of Functional Series Time-dependent AutoRegressive or AutoRegressive Moving
Average (FS-TAR or FS-TARMA) representations, which are TAR/TARMA models with parameters and
innovations variance projected upon functional subspaces, each consisting of a commonly finite number of
basis functions of time; see next section and references such as [1, 4, 5, 6, 7, 8].

Yet, FS-TARMA modeling is often challenging, mainly due to the need for properly specifying the model
structure, that is selecting the model order and the functional subspaces. This is conventionally accomplished
via trial and error procedures using candidate model orders and basis functions along with structure selec-
tion criteria, such as the Bayesian Information Criterion (BIC) [1]. Somewhat more systematic procedures
are based on genetic algorithms, backward regression [1], forward regression [9] or complex optimization
schemes characterized by significant computational complexity [10]. The subclass of Adaptable FS-TARMA
(AFS-TARMA) models [10] (see [11] for a related approach) has been specifically developed for overcoming
this difficulty, and offers a promising approach. Yet, following the selection of a specific functional family,
model estimation involves (even in the pure AR case) the optimization of non-quadratic (although, markedly,
low dimensionality) problem.

The present study explores the possibility of an alternative approach, possibly alleviating the aforementioned
problems, via the use of kernel FS-TAR models. In this context, following the selection of a specific func-
tional family (in the form of a kernel function) there is no need to explicitly select specific basis functions. In
fact the functional subspaces, for either the AR parameters or the innovations variance, may even be infinite
dimensional [12, pp.35-36], offering the possibility of improved flexibility (arbitrary deterministic time evo-
lutions may be accurately captured) at the price of reduced parsimony (the AR parameters and innovations
variance are pointwise, that is for each time instant, specified). Kernel-TAR models may be thus thought
of as a combined parametric / non-parametric representations; that is parametric in terms of the dynamics
(TAR part) but non-parametric in terms of the parameter evolution. In this sense they may be – although not
precisely – related to unstructured parameter evolution models, such as the Recursive AR (RAR) models [1];
for this reason a comparison with Recursive Least Squares TAR (RLS-TAR) modeling is also considered in
subsection 4.2. Kernel FS-TARMA models are considered in a recent work within a time-recursive estima-
tion context [13], while the estimation of related kernel TV models in the frequency domain is considered in
[14] and of related general Linear Parameter Varying (LPV) models in [15].

The goals of this study are: (a) The presentation of batch method for the estimation of kernel FS-TAR models
(including the AR parameters and innovations variance) based on a given data record x[1], x[2], . . . , x[N ].
(b) The assessment of the method via its application for the modeling and analysis of a non-stationary random
vibration signal measured on a operating fan, and, (c) a critical comparison of the kernel FS-TAR method
to its Adaptable FS-TAR (AFS-TAR) counterpart, as well as to the non-parametric spectrogram and the
Recursive Least Squares TAR (RLS-TAR) method. The comparisons involve estimation, model parsimony
versus modeling flexibility, achievable prediction accuracy, achievable spectral accuracy and resolution, and
ease of use aspects.

The paper is organized as follows: Functional Series TAR (FS-TAR) models and their parametrizations are
presented in section 2. The estimation of kernel FS-TAR models is addressed in section 3. The assessment
of the method and comparisons to alternatives is, via an application case study, presented in section 4, while
concluding remarks are summarized in section 5.

2 Functional Series TAR (FS-TAR) models and their parametrizations

FS-TAR models. Functional Series TAR models are of the form of Equation (1), with their TV parameters
and innovations variance expanded upon appropriate, finite or infinite dimensional, functional subspaces
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defined by proper sets of orthogonal functions:

FAR :=
{
Ga(1)[t], ..., Ga(pa)[t]

}
Fσ2

e [t]
:=
{
Gs(1)[t], ..., Gs(ps)[t]

}
(2)

with F designating functional subspace spanned by the specified basis functions, pa, ps the AR and inno-
vations variance subspace dimensionalities. The TV AR parameters and the innovations variance are then
expressed as:

ai[t] :=

pa∑

j=1

ai,j ·Ga(j)[t] σ2e [t] :=

ps∑

j=1

sj ·Gs(j)[t] (3)

with ai,j and sj designating the corresponding coefficients of projection. Collecting the coefficients of pro-
jection into the vectors1:

ai := [ai,1 . . . ai,pa ]
T
pa×1 (i = 1, . . . , na) s := [s1 . . . sps ]

T
ps×1 (4)

and the respective basis functions into the vectors:

ga[t] :=
[
Ga(1)[t] . . . Ga(pa)[t]

]T
gs[t] :=

[
Gs(1)[t] . . . Gs(ps)[t]

]T (5)

the TV model parameters (3) may be also expressed as:

ai[t] = a
T
i · ga[t] σ2e [t] = s

T · gs[t] (6)

and the FS-TAR model as:

x[t] +

na∑

i=1

(
aTi · ga[t]

)
· x[t− i] = e[t] e[t] ∼ NID(0, sT · gs[t]) (7)

Note that common functional subspaces are considered in the sequel, so that ga[t] ≡ gs[t] ≡ g[t]. In
the considered AR case, the innovations e[t] depends linearly on the AR coefficient of projection vectors
ai, so that for finite parametrizations (finite pa) and pre-selected AR order (na) and AR functional subspace
(basis functions), Prediction Error (PE) estimation leads to a classical, Linear Least Squares (LLS) estimator.
Following this, the innovations signal may be estimated and its variance coefficient of projection vector s
may be obtained via a number of techniques [5].

The main issues with FS-TAR modeling pertain to properly specifying the model structure, that is selecting
the model order and the functional subspace(s). As already indicated, this is conventionally accomplished
via trial and error procedures using candidate model orders and basis functions along with structure selection
criteria, such as the BIC [1], while more systematic procedures based on genetic algorithms, backward
regression [1], or forward regression [9] principles have been also suggested.

Adaptable FS-TAR (AFS-TAR) models. This subclass of FS-TAR models, introduced in [10], aims at
alleviating the functional subspace (basis functions) selection problem. The idea consists of using specific
families of functions (such as decaying trigonometric functions or B-splines), with their members being
directly parametrized in terms of a parameter vector δ = [δTa δ

T
s ]
T , so that for a selected family and subspace

dimensionalities pa, ps, δ (and thus the specific functions required) are estimated based on the available
signal samples. The TV AR parameters and innovations variance are thus expressed as explicit functions of
δa, δs:

ai[t]=

pa∑

j=1

ai,j ·Gba(j)[t, δa] σ2e [t]=

ps∑

j=1

sj ·Gbs(j)[t, δs] (8)

AFS-TAR model estimation is accomplished via a Separable Nonlinear Least Squares (SNLS) type proce-
dure that achieves simultaneous estimation of the basis functions and the coefficients of projection through

1Bold face lower/upper case characters designate column vector/matrix quantities, respectively. Transposition is designated by
T .
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a reduced dimensionality, constrained, non-quadratic optimization problem tackled via Particle Swarm Op-
timization (PSO) and gradient-type refinement. Details are provided in [10].

Kernel FS-TAR models. In kernel FS-TAR models the TV AR parameters and innovations variance are
projected upon potentially infinite dimensional functional subspaces (pa, ps →∞) from a pre-selected func-
tional family, without the need to explicitly specify the selected functions. As a consequence, the AR pa-
rameters and the innovations variance are arithmetically determined at each time instant. Evidently, the
potentially infinite functional subspace dimensionality and the alleviation of the need to specify the basis
functions constitute the main advantages of this subclass, which offers improved modeling flexibility at the
price of reduced parsimony.

3 Estimation of kernel FS-TAR models

AR parameter estimation. The estimation problem is evidently ill-posed in the case pa → ∞, hence a
regularization term involving the l2 norm of the coefficient of projection vectors ai is added to the standard
Ordinary Least Squares cost function, thus leading to a Kernel-based Regularized Least Squares (KReLS)
type cost function [16, 17]:

Ja :=
1

2

na∑

i=1

aTi ai +
γ

2

N∑

t=1

(
x[t] +

na∑

i=1

aTi · g[t] · x[t− i]
︸ ︷︷ ︸

e[t]

)2

(9)

with the estimator then being:
{â1, . . . âna} := argmin

a1...ana

Ja (10)

In the above cost function γ (> 0) represents the user-tuned regularization parameter. The cost function is
equivalent to that used within the context of Least Squares Support Vector Machines (LS-SVM) [18], and
the solution procedure, below, mainly follows that of [15] which refers to general Linear Parameter Varying
(LPV) models; also see [14] for related TV model estimation in the frequency domain.

Differentiating the cost function Ja with respect to each ai leads to:

ai = −
N∑

t=1

w[t] · g[t] · x[t− i] (11a)

with: w[t] := γ ·
(
x[t] +

na∑

i=1

aTi · g[t] · x[t− i]
︸ ︷︷ ︸

e[t]

)
= γ · e[t] (11b)

with the rightmost part of the above obtained via the model expression (7).

Substituting Equation (11a) into the TV AR parameter expression of Equation (6) leads to:

ai[t] =
N∑

τ=1

w[τ ] · x[τ − i] · gTa [τ ] · ga[t]︸ ︷︷ ︸
K[τ,t]

=
N∑

τ=1

w[τ ] · x[τ − i] ·K[τ, t] (12a)

with: K(τ, t) := gT [τ ] · g[t] (12b)

designating a symmetric (K(τ, t) = K(t, τ)) and positive semi-definite kernel function satisfying the Mercer
conditions [12, pp. 37-39].

3458 PROCEEDINGS OF ISMA2018 AND USD2018



Evidently, from the latter of Equations (12a), and for pre-selected kernel functions2, the TV AR parameters
may be fully specified iff the sequence w[t] (t = 1, 2, . . . , N ) is obtained. Towards this end, using Equation
(12a) and the latter of Equations (11b), the FS-TAR model of Equation (7) may be written as:

x[t] =
N∑

τ=1

( na∑

i=1

x[τ − i] ·K[τ, t] · x[t− i]
︸ ︷︷ ︸

O(t,τ)

)
w[τ ] + γ−1 · w[t] (13)

in which x[t− i] ≡ 0 for t ≤ i. Writing the above expression for t = 1, 2, . . . , N leads to the following set
of linear equations:

x = (O + γ−1IN )w (14)

where the (t, τ) element of matrixO is defined asO(t, τ) :=
∑na

i=1 x[τ − i] ·K[τ, t] ·x[t− i], IN theN ×N
unity matrix, and:

x := [x[1] . . . x[N ]]TN×1 w := [w[1] . . . w[N ]]TN×1

This may be solved, in a unique way, in terms of the unknown w[t]’s:

ŵ = (O + γ−1IN )−1x (15)

and the TV AR parameters are obtained via Equation (12a).

Remark. The estimation problem associated with the cost function of Equation (9) may be shown to be
equivalent to that of Maximum A Posterior (MAP) estimation with the regularization term corresponding
to a prior condition on the parameters following a zero-mean Gaussian distribution. The regularization
parameter γ essentially defines a trade-off between bias-variance for the estimated parameters, while the
kernel matrix is closely related to the parameter covariance matrix. Further details in [17], [18, pp. 12-13,
122-144], and references therein.

TV innovations variance estimation. The innovations variance σ2e [t] is estimated in a similar fashion,
using its Instantaneous Variance (IV) estimates [5]. The cost function in this case is:

Jσ2
e
:=

1

2
sTs+

γ

2

N∑

t=1

(
e2[t]− sT · g[t]︸ ︷︷ ︸

σ2
e [t]

)2

(16)

with the s estimator being:
ŝ := argmin

s
Jσ2

e
(17)

Differentiating the cost function with respect to s yields:

s =

N∑

t=1

w[t] · g[t] (18a)

with: w[t] := γ ·
(
e2[t]−

σ2
e [t]︷ ︸︸ ︷

sT · g[t]
)

=⇒ e2[t] = sT · g[t] + γ−1 · w[t] (18b)

Substituting (18a) into the latter of Equations (6) leads to:

σ2e [t] =
N∑

τ=1

w[τ ] · gT [τ ] · g[t]︸ ︷︷ ︸
K[τ,t]

=
N∑

τ=1

w[τ ] ·K[τ, t] (19)

2The specification of a single kernel function allowing for the direct computation of the inner product without designating the
functional basis g[t] constitutes the so called kernel trick [18, pp. 36-39], [15].
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Figure 1: Schematic diagram of the fan and the sensors.

where, as before, K(τ, t) := gT [τ ] · g[t]. Evidently, for pre-selected kernel functions, the TV innovations
variance may be specified iff the sequence w[t] (t = 1, 2, . . . , N ) is obtained. Towards this end, substituting
Equation (18a) into the latter of Equations (18b), leads to:

e2[t] =
N∑

τ=1

(
gT [τ ] · g[t]︸ ︷︷ ︸

K[τ,t]

)
w[τ ] + γ−1 · w[t] =

N∑

τ=1

K[τ, t] · w[τ ] + γ−1 · w[t] (20)

Writing the above expression for t = 1, 2, . . . , N leads to the following set of linear equations:

e2 = (K + γ−1IN )w (21)

withK designating the N ×N matrix with (τ, t)-th element K(τ, t) and:

e2 := [e2[1] . . . e2[N ]]TN×1 w := [w[1] . . . w[N ]]TN×1

This may be solved, in a unique way, in terms of the unknown w[t]’s:

ŵ = (K + γ−1IN )−1e2 (22)

and the TV innovations variance obtained from Equation (19).

4 Application case study: random vibration modeling and analysis
for an operating fan

In this section an application case study pertaining to the modeling and analysis of the non-stationary random
vibration measured on the poll of an operating fan is undertaken. FS-TAR modeling using both kernel and
adaptable models is presented, along with comparisons with simple non-parametric (spectrogram) and un-
structured parameter evolution (Recursive Least Squares TAR, RLS-TAR) modeling (see [1] and references
therein).

Second order moment non-stationarity (the first order moment being zero) is due to a low frequency yaw
motion and high frequency blade rotation (this is however not evident as it is beyond the studied frequency
bandwidth).
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Acquisition Data acquisition system: NI c-DAQ 9184
Sensor type: piezoelectric accelerometer
(PCB 352C22, sensitivity 10.28 mV/g)
Initial sampling frequency: 1 651.6 (Hz)
Signal length: 98 998 samples (59.94 s)

Pre-processing Chebyshev II lowpass filtering
(filter order 8, cutoff frequency 58.985 Hz)
Re-sampling frequency: 117.97 (Hz)
Signal length used for modeling: 7 000 samples

Table 1: Signal acquisition and pre-processing.

4.1 The experimental set-up and the non-stationary random vibration

A schematic diagram of the fan, indicating the two sensor locations on the poll, is presented in Figure 1.
Vibration signals are obtained via PCB 352C22 accelerometers, with the presently employed signal obtained
from Sensor #1 (along the z-axis). Signal acquisition is active for 59.94 s. The signal is initially sampled
at a relatively high frequency (1 651.6 Hz), low-pass filtered and re-sampled at 117.97 Hz, followed by
sample mean removal and scaling to the [-1,1] range. Further details on the equipment used and signal pre-
processing are provided in Table 1. An N = 7000 sample long portion of the signal, depicted in Figure 2, is
used for modeling and analysis.

Figure 2: The normalized, N = 7000 sample-long, non-stationary random vibration signal modeled.

4.2 Preliminary modeling and analysis: spectrogram and RLS-TAR methods

Preliminary, non-parametric and parametric, modeling and analysis is based on the spectrogram and Recur-
sive Least Squares TAR (RLS-TAR) modeling, respectively [1].

The Spectrogram. The signal’s Short Term Fourier Transform (STFT) based spectrogram (256 sample long
Hamming window, 51 sample advance - see Table 2) is depicted in Figure 3(a). The spectrogram reveals at
least six main frequency modes between 0.1 - 3 Hz, 11 - 13 Hz, 15 - 20 Hz, 24 - 26 Hz, 28 - 40 Hz, and 48 -
51 Hz.

Recursive Least Squares TAR (RLS-TAR) modeling. These are unstructured parameter evolution TAR
models estimated using a properly selected forgetting factor λwhich controls the parameter evolution ‘smooth-
ness’. A forward, backward and final forward pass over the signal is implemented in order to alleviate the
effects of the initial conditions, with the final results being those of the last pass [1].

Various model orders and forgetting factors are examined, with a model order na = 21 estimated with a
forgetting factor λ = 0.990 selected as best. The initial covariance matrix is set equal to P [0] = α · I , with
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Model Model Structure RSS/SSS†

& Estimation Details (%)
MATLAB spectrogram function

Spectrogram 256 sample-long Hamming window -
205-sample long overlap (51-sample long advance)
forward-backward-forward runs

RLS-TAR(21) Forgetting factor: λ = 0.990 5.38
Initial covariance: P [0] = 104I

kernel: Radial Basis Functions
kernel FS-TAR(21) AR parameters: σ = 150, γ = 104 2.81

AR parameters: Condition number‡ 3.55× 106

Innovations variance: σ = 150, γ = 10−1

Innovations variance: Condition number‡ 38.51
Basis functions:
Gba(1)[t] = 1, Gba(2k)[t] = sin[kδt], Gba(2k+1)[t] = cos[kδt]

AFS-TAR(21)[7,7] (k = 1, 2, 3) 5.44
Estimated δ = 0.0050 (rad) (AR parameters)
Estimated δ = 0.0049 (rad) (innovations variance)
Optimization: MATLAB lsqnonlin function
(TolFun = 10−4, TolX = 10−4)

†Residual Sum of Squares over Series Sum of Squares
‡Condition number of the inverted matrix

Table 2: Method details, selected models, and their prediction performance.

α = 104, while the innovations TV variance is estimated using a M = 250 sample long moving window
over the estimated innovations (model residuals) ê[t], that is:

σ̂2e [t] =
1

2M + 1

t+M∑

τ=t−M
ê2[τ ]

The achieved Residual Sum of Squares over the Series Sum of Squares is 5.38% (also see Table 2).

The RLS-TAR(21) model based frozen TV PSD estimate is depicted in Figure 3(b). This is in gross overall
agreement with the spectrogram, but provides increased accuracy and resolution, and clarifies details of the
vibration modes within the 15-20 Hz frequency range.

4.3 Kernel FS-TAR modeling and analysis

The AR order is maintained at na = 21, while a Radial Basis Function (RBF) kernel [14]:

K[τ, t] := exp

(
−(τ − t)2

2σ2

)

with implicitly defined basis functions of the form:

Gk[t] =
tk√
k!
exp

(
− t2

2σ2

)

is employed. It is noted that the user-selected parameter σ controls the ‘smoothness’ of the estimated TV
parameters (a role analogous to that of λ in the RLS-TARMA method). The regularization parameter γ is
also user selected; the higher it is the higher the emphasis on the second (RSS) part of the J cost function
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(a) (b)

(c) (d)

Figure 3: Time-frequency analysis of the non-stationary vibration: (a) spectrogram, (b) RLS-TAR(21) model
based frozen PSD, (c) kernel TAR(21) model based frozen PSD, and (d) AFS-TAR(21)[7,7] model based
frozen PSD.

Figure 4: Kernel TAR(21) model: effect of three values of σ on an estimated parameter trajectory.

(9). Of course, both σ and γ may be treated as hyper-parameters and estimated via approaches such as
maximization of the marginal likelihood or k-fold cross-validation [19, 17]. The effect of three distinct
values of σ on a selected TV parameter is depicted in Figure 4. The values finally selected are σ = 150
both for AR parameter and innovations variance estimation, and γ = 104, γ = 10−1 for AR parameter
and innovations variance estimation, respectively. The estimated model is successfully validated based on
residual (estimated innovations) whiteness [1]. The Residual Sum of Squares over the Series Sum of Squares
achieved is significantly reduced (compared to the RLS-TAR case) at 2.81% (estimation details are provided
in Table 2).

The kernel FS-TAR(21) model based frozen TV PSD is depicted in Figure 3(c). It is in good agreement with
the spectrogram and its previously obtained RLS-TAR(21) model based counterpart. Yet, it exhibits further
improvements in accuracy and resolution.
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4.4 Adaptable FS-TAR modeling and analysis

Adaptable FS-TAR modeling is presently employing trigonometric basis functions of the form:

G(2k)[t, δ] = sin[k δ t], G(2k+1)[t, δ] = cos[k δ t] k = 0, 1, 2, 3, . . .

(obviously k = 0 leads to G(1)[t] = 1) with the fundamental frequency corresponding to δ being:

ω = δ/T (rad/s)

with T designating the sampling period. This selection is motivated by the very nature of the problem
(periodic yaw motion). Note that δ is presently allowed to assume distinct values for the TV AR parameters
and the TV innovations variance.

Estimation is based on Separable Non-Linear Least Squares (S-NLS), as presented in [10], while the AR
order is, like before, maintained at na = 21. Different possible numbers of basis functions are considered,
separately for the AR parameters and the innovations variance, with 7 (corresponding to k = 0, 1, 2, 3)
selected based on criteria such as the RSS/SSS and the Bayesian Information Criterion (BIC) (AR parameter
case).

The obtained values of δ are as follows:

AR parameters: δa = 0.0050 (rad) ⇐⇒ ωa = 0.590 (rad/s)⇐⇒ fa = 0.094 (Hz)

Innovations variance: δs = 0.0049 (rad) ⇐⇒ ωs = 0.578 (rad/s)⇐⇒ fs = 0.092 (Hz)

with the minor difference attributed to estimation error. The estimated model is successfully validated based
on residual (estimated innovations) whiteness [1]. The achieved Residual Sum of Squares over the Series
Sum of Squares is at 5.44%, which is slightly higher than that of the previous cases (further details are
provided in Table 2).

The AFS-TAR(21)[7,7] model based frozen TV PSD estimate is depicted in Figure 3(d). It is in good gross
agreement with its previous counterparts, while exhibiting a clearly cyclostationary (periodic) behavior as a
direct consequence of the selected trigonometric family of basis functions.

4.5 Discussion

(a) General comment. The non-parametric spectrogram is generally useful for providing initial, though
rough, insight into the TV PSD and the underlying dynamics. The RLS-TAR method provides sig-
nificantly improved detail and information, while the kernel FS-TAR and AFS-TAR methods provide
further improvements. The focus of the comments below is on the latter two methods.

(b) Estimation. Estimation is somewhat simpler for kernel FS-TAR models compared to their AFS-TAR
counterparts, mainly because it is solely based on linear operations, and thus also offers a unique solu-
tion. Yet, the selection of the kernel function and mainly that of γ and σ may be important, and requires
trial and error procedures. On the other hand, AFS-TAR estimation also requires caution in selecting
a proper functional family and the subspace dimensionality. Moreover, estimation is partly non-linear,
hence additional care needs to be exercised for proper initialization and for avoiding potential local
extrema [10]. Model validation is a useful tool for detecting such cases.

(c) Model parsimony versus modeling flexibility. AFS-TAR models employ finite dimensional subspaces
(presently p = 7), and thus offer parsimony and best information compression (a total of napa+ ps =
154 parameters fully specify the present model). Yet, the penalty for this parsimony may be reduced
modeling flexibility in cases of complex time dependency of the dynamics, when finite dimensional
subspaces may lack flexibility. On the other hand, kernel FS-TAR need a high number of parameters,
as each AR parameter and the innovations variance need to be specified at each time instant. Yet, this
(with the use of potentially high dimensional subspaces) may offer improved modeling flexibility.
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(d) Achievable prediction accuracy. In this study prediction accuracy, quantified in terms of the RSS/SSS,
has been best for the kernel FS-TAR model (at 2.81%), while that of the AFS-TAR model has been
higher (at 5.44%), and close to that of its RLS-TAR counterpart (5.38%). It is conjectured that this is
due to the reduced modeling flexibility of the AFS-TAR model, as the trigonometric basis functions
limit its ability to capture non-periodic dynamics that may be present in the signal.

(e) Achievable spectral accuracy and resolution. In terms of ‘frozen’ TV spectral analysis, the kernel FS-
TAR and AFS-TAR modeling achieve similar results, and clear improvements over their spectrogram
and RLS-TARMA counterparts. They both capture the main cyclic component in spectral evolution,
which is characterized by a frequency very close to that estimated by the AFS-TAR model (fa =
0.094 Hz), which is related to the yaw motion of the fan. Furthermore, the kernel FS-TAR based TV
PSD seems to offer an edge over its AFS-TAR counterpart, with somewhat improved resolution and
flexibility in representing any kind of spectral evolution, that is also any non-cyclic components that
may be present. It also seems to provide somewhat crisper views, with ‘deeper’ valleys and ‘higher’
ridges in the 15− 21 Hz and 33− 36 Hz frequency ranges.

5 Concluding remarks

This study has focused on a kernel Functional Series Time-dependent AR (kernel FS-TAR) method for
the modeling and analysis of zero mean non-stationary random vibration signals. In contrast to previously
available FS-TAR methods, the functional subspaces for the TV AR parameters and innovations variance
need not be explicitly determined, while they may also be infinite dimensional. This offers improved flex-
ibility and obvious advantages to the broad class of FS-TARMA models, but, at the same time, leads to
non-parsimonious representations. Estimation is based on linear techniques, warranting uniqueness, but the
problem dimensionality is high. The selection of the regularization parameter (trading estimation bias with
variance) and any parameters related to the kernel functions is important and often done based on trial and
error.

The kernel FS-TAR method has been employed for the modeling and analysis of the non-stationary random
vibration signal obtained on an operating fan, and its performance has been contrasted to that of the Adapt-
able FS-TAR (AFS-TAR) method, while comparisons with the spectrogram and the Recursive Least Squares
TAR (RLS-TAR) method have been also made. The results of this application case study have confirmed
the high performance characteristics of the two FS-TAR methods, which are in quite good agreement and
capture the mostly periodic nature (due to the periodic yaw motion) of spectral evolution. Yet, the kernel
FS-TAR method exhibits an edge in terms of achievable prediction accuracy and TV PSD analysis. It is
evident that they both constitute valuable tools for non-stationary random vibration modeling and analysis
warranting further work and assessments.
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