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Abstract
An experimental approach was undertaken at the University of Cincinnati’s Structural Dynamics Research
Laboratory (UC-SDRL) to gather nonlinear data in a controlled sense from a real world, continuous me-
chanical specimen exhibiting multiple isolated modes in the frequency range of interest. The design phase
consisted of preliminary hand calculations for setting the dimensions of the test rig and iterations on the
finite element model, using both static and dynamic analyses results. The design was such that the dynamic
interference of the support structure on the test specimen was minimized. The paper outlines the construc-
tion of the test rig and the testing carried out for validation post installation. Static stiffness test was used
to identify the stiffness curve of the test specimen. Impact testing was used to verify dynamic behavior as
a linear system (small amplitude oscillations) and sufficient isolation from the support structure’s modes of
vibration in the frequency range of interest, and signs of non-linearity for larger amplitudes of vibration.

1 Nomenclature

CMIF - Complex Mode Indicator Function
E - Modulus of Elasticity
FEM - Finite Element Method
FRF - Frequency Response Function
MIMO - Multiple Input Multiple Output
MPE - Modal Parameter Estimation
RFP-Z - Rational Fraction Polynomial - Z-domain
SDRL - Structural Dynamics Research Laboratory
UC - University of Cincinnati
ρ - density
ν - Poisson’s ratio

2 Introduction

The importance of the study of nonlinear systems in structural dynamics has been increasing steadily with
improving system models and higher computational power. Significant work has been done towards the
identification, characterization and modelling of such systems [1]. Even though most commercial analyses
use linear system methods by limiting ranges of interest, a more complete mathematical model in terms of
structural dynamics is of widespread research interests. Under operating conditions, variations in amplitude
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ranges and boundary conditions are some ways that can deteriorate the health of structures by introducing
nonlinear dynamics into the picture. Numerical analyses during the design phase can only provide certainty
up to the degree of robustness of the mathematical model, but experimentation for validation is critical. To
develop such models, it is also imperative that real world data be used. This is the motivation of this project -
to gather data from a physical structure vibrating in a nonlinear regime, for further research into system iden-
tification methods. Previous studies have been carried out at the UC-SDRL [2], [3], [4] for nonlinear system
dynamic analysis, and the presented work would facilitate widening the scope of experimental validation for
such studies [5].

Historical efforts towards experimental analysis of nonlinear vibrating systems have utilized either simulated
data, or acquired data without leveraging the spatial aspect of the dynamic problem. Either (i) isolated modes
in a continuous system [6], or (ii) rigid body modes in multiple degree of freedom systems with nonlinear
connecting elements (nonlinear springs [7], for example) have been the basis of experimental evaluations.

Taking the experimental rig used by Ferreira [6] as a reference, a test rig was constructed such that experi-
mental data could be gathered for a continuous test specimen, in a Multiple Input Multiple Output (MIMO)
sense.

3 Theoretical background

The general equation for a single degree of freedom system is given as:

finertial + fdamping + fspring = fexternal (1)

Figure 1: Common types of structural nonlinearities [8].

A special case of this equation is the linear, time-invariant form:

mẍ+ cẋ+ kx = f (2)
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Here m, c and k represent the mass, damping and stiffness of the single degree of freedom system and are
constants, rather than being time or amplitude dependent values.

Figure 1 indicates common types of nonlinearities observed in structural dynamics and more often than not,
multiple types may be found to occur in a real world system. Typically, nonlinearities are classified into three
types [8]:

1. Geometric: When assumptions of small angles and deflections do not hold true, nonlinear behavior
may be observed for structures with fixed boundary conditions.

2. Material: Variation in thermal conditions or material exhibiting plastic deformation may result in
material nonlinearities.

3. Contact: An example is a system with clearance, where being in contact with another body results in
an abrupt stiffness change.

The Duffing oscillator equation (Eq. 3) is often used in analysis of nonlinear systems [8] and is the basis
of construction of the test rig presented in this paper. Here, the spring force (fspring in Equation 1) is
represented in a polynomial sense (i.e. fspring = kx+ k0x

2 + k1x
3).

mẍ+ cẋ+ kx+ k0x
2 + k1x

3 = f (3)

Assuming a symmetric cubic stiffness in the system, k0 = 0. The “hardening” stiffness condition occurs
when k1 > 0, while for the “softening” condition k1 < 0.

4 Test rig design

4.1 Theoretical considerations

For a thin fixed-fixed beam, undergoing vibrations of large amplitudes (greater than the thickness of the
beam), the stiffness coefficients in Equation 3 may be obtained using [8]:

fspring = 197.8
EIY

L3
+ 11.92

EAY 3

L3
(4)

Here Y is the deflection at the center point, E is the elastic modulus, A is the area of cross section, I is the
area moment of inertia and L is the length of the beam. Hence,

k = 197.8
EI

L3
; k1 = 11.92

EA

L3
(5)

Additionally, in the case of a thicker beam the polynomial stiffness may not come into the picture for the
same deflections seen by the thin, fixed-fixed beam referred to above.1 Figure 2 and Table 1 show the bending
mode shapes and natural frequencies of fixed-fixed and cantilever beams made of steel (E = 200 GPa, ν =
0.3, ρ = 7861 kg/m3).

1For the sake of simplicity, the terms “thin” and “thick” in reference to the beams will refer to the dimensions and boundary
conditions indicated in Table 1
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Figure 2: First three mode shapes of a fixed-fixed beam (left) and a cantilever beam (right).

Boundary Conditions “Thin” fixed-fixed “Thick” cantilever
Dimensions 431.8× 12.7× 1.5875mm 381× 12.7× 7.9375mm

Mode 1 39.4 Hz 44.58 Hz
Mode 2 108.6 Hz 279.41 Hz
Mode 3 212.9 Hz 782.36 Hz

Table 1: Theoretically evaluated beam bending modes for steel specimens.

4.2 Preliminary simulations

Three cantilever beams were combined as shown in Figure 3 to create a three degree-of-freedom system. The
modes of interest were the three combinations of the first bending mode of the cantilever beams, separated
in modal frequencies due to their connection with the thin beam at its various locations.

(a) Preliminary design for support structure (b) Junction of two beams

Figure 3: Preliminary test specimen as a single part, attached to the preliminary support structure.

There was also a need to design a support structure that would offer fixed supports to the specimen ends. The
goal for the design of such a structure was high stiffness in the frequency range of interest. Also, a “vertical”
orientation of the beam specimen was envisioned to prevent the static deflection due to gravity, which would
introduce asymmetry in the stiffness curve. To begin with, a steel frame made of hollow square pipes was
considered (Figure 3 (a)).

For initial simulations, welds, fillets etc. were ignored and all the connections were modelled as rigid. The
aim of the preliminary simulations was to investigate the modal frequencies of the specimen and the frame,
the interaction between them and to confirm the theoretical ideas.
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4.2.1 Test Specimen simulations

The rectangular contact surfaces were split and assigned a “fixed” support. The same material properties were
assigned as were used to derive the theoretical values of bending mode frequencies in Table 1. Meshing was
done using tetrahedral elements with edge controls applied to obtain a structured mesh, resulting in about
3500 elements. Element mid-side nodes were included to capture bending effectively, and the first eight
modes were computed (Figure 4).

Figure 4: The first eight modal frequencies for the preliminary test specimen, corresponding to the respective
mode shapes are, (a) 53.38 Hz, (b) 83.64 Hz, (c) 113.06 Hz, (d) 256.69 Hz, (e) 266.93 Hz, (f) 286.14 Hz, (g)
370.01 Hz, (h) 386.28 Hz.

The first three modes computed were the modes of interest, and were banded fairly close together - within
about 60 Hz and separated from the higher modes by about 150 Hz. The fifth, seventh and eighth modes
computed (Fig. 4 (e), (g) and (h)) indicated no modal displacement in the Z-direction. In an absence of
excitation in the X-Y plane, these were expected to contribute minimally.

4.2.2 Frame Simulations

For the box-beam frame, meshing was done with high relevance and fine sizing applied resulting in about
26,000 elements. The bottom face was fixed and the first eight mode shapes were computed, as shown in
Figure 5.

The second, fifth and eighth modes (Fig. 5 (b), (e) and (h)) indicated deflections in the X-Y plane and hence,
were discarded from future considerations. The rest of the modes having deflections in the Z-direction
especially the first and third modes (Fig. 5 (a) and (c)) needed to be pushed higher in frequency by stiff-
ening the structure appropriately. The interaction between the specimen and the structure can be clearly
seen in the results shown in Figure 6. The first eight modes computed were closely spaced with respect
to modal frequencies. The fourth and eighth modes (Fig. 6 (d) and (h)) apparently required stiffening for
non-interference with the specimen’s modes of interest. Modes with deflections in the X-Y plane were not of
importance again, since the Z-direction displacements were under consideration. Even so, it was recognized
that the ideal application of unidirectional forces would be difficult.
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Figure 5: The first eight modal frequencies for the preliminary frame structure, corresponding to the respec-
tive mode shapes are, (a) 153.91 Hz, (b) 231.97 Hz, (c) 279.43 Hz, (d) 831.85 Hz, (e) 899.77 Hz, (f) 1044.5
Hz, (g) 1116.4 Hz, (h) 1315.7 Hz. The undeformed shape is also shown for easy visualization.

Figure 6: The first eight modal frequencies for the preliminary assembly of the frame and test specimen,
corresponding to the respective mode shapes are, (a) 52.734 Hz, (b) 83.018 Hz, (c) 112.35 Hz, (d) 153.98
Hz, (e) 229.26 Hz, (f) 252.15 Hz, (g) 263.65 Hz, and (h) 279.09 Hz.
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4.2.3 Static simulation

A static structural simulation was carried out for the assembly in the preliminary stage to confirm the cubic
stiffness characteristic. The ramped input force was assigned at the junction of the thin (lateral) and the
middle, thick (vertical) beam, labelled as node ”A” (Figure 7). Using the large deflection FEM analysis
[9], a plot of the reactionary force and the displacements of the three junctions marked in Figure 7 as “A”,
“B” and “C” was created (Figure 7), in which the hardening characteristic is clearly observed (compare with
Figure 1, hardening stiffness).

Figure 7: Mesh for the preliminary assembly for static analysis (left). The labels for the named selections of
nodes at the center, left and right junctions are “A”, “B” and “C” respectively. Geometric hardening observed
by plotting the applied static force at the center (A) junction, against the deflection caused by it at locations
of the left (B), center(A) and right (C) junctions (right).

4.3 Finalizing the design

Figure 8: The solid model rendering of the final nonlinear test rig assembly.
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Using the discussed simulation results, various configurations of stiffening members for the support structure
were evaluated by means of similar FE workflows. The rendering of the final test rig is shown in Figure 8.
The Y-Z motion was stiffened by two gussets and the X-Y plane motion was stiffened by a single smaller
gusset. The final assembly’s modal simulation results are shown in Figure 9.

Figure 9: The first eight modal frequencies for the final assembly, corresponding to the respective mode
shapes are, (a) 54.548 Hz, (b) 85.74 Hz, (c) 119.13 Hz, (d) 266.76 Hz, (e) 275.52 Hz, (f) 288.22 Hz, (g)
310.43 Hz, (h) 382.23 Hz.

For the modal simulation of the final test rig assembly meshing was done in a structured manner. Since the
model was of greater complexity than the previous, simplified models, care was taken to include at least three
layers of elements to capture bending effectively. Even so the mid-side nodes were included. The bottom
plate was assigned a fixed boundary condition. The modal frequencies varied slightly from the previous
results. This was mainly because of addition of stiffening members and small changes in the length of the
beam due to manufacturing considerations like fillets and chamfers. A static stiffness curve was also plotted
similar to Figure 7, and is shown in Figure 11.

4.4 Practical considerations

Post manufacturing, a few practical adjustments were made for the test rig’s installation.

• The bottom surface of the base plate was skimmed flat to remove distortions resulting from welding
operations. The base plate was then dog-clamped to a concrete isolation block, with rubber elements
between all connection points between the rig and the ground.

• The test specimen was clamped onto the support frame and an equal torque of 3N.m was applied to
all screws holding the specimen in place.

• With alternate placements of the support blocks and the shims holding the specimen in position, it is
also possible to create clearance nonlinearity for further investigation.

5 Testing for model validation

5.1 Stiffness curve

The experimental setup is shown in Figure 10. A fishing line strung over a pulley with masses on one side
was attached to the central node of intersection between the lateral and vertical beams. The force applied
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due to the tension in the string was continually increased by placing masses of known value on the other end
of the fishing line. The deflections of the three junctions were recorded using three dial gauges.

Figure 10: Fishing line wound over a pulley with a hanger with known masses on the other side, pulling on
the center junction (left). Dial indicators attached magnetically to the frame to measure displacement (right).

Figure 11: Comparison of static curves obtained experimentally and from the finite element model (left) and
cubic polynomial fit for the static stiffness curve (right).

The applied static force was then plotted against the recorded deflections, to verify the cubic stiffness char-
acteristic. Since the experiment was only performed for unidirectional force, and the agreement with the
simulation results was good, the simulation values were used to obtain a cubic curve fit for positive and
negative deflections (Fig. 11). The equations for the fitted curves in Figure 11 are shown in Table 2.

Spring force(fspring) = kx+ k1x
3

Left and Right Junctions fspring = 11750.1x3 + 218x

Center Junction fspring = 2034.2x3 + 114.25x

Table 2: Curve fit equations showing stiffness coefficients.

5.2 Impact testing

The wire-frame model indicating the reference and response points for impact testing is shown in Figure 13.
Data acquisition was carried out using X-Modal III with a VXI system. The test specimen was instrumented
with uniaxial (PCB 352C23) accelerometers having a nominal sensitivity of 0.5 mV/(m/s2) and weight of
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0.2 grams while the support structure was instrumented using the larger uniaxial (PCB B352A56) accelerom-
eters. Impacts on the specimen were performed using the PCB 086D80 “mini” hammer, while those on the
frame were performed by the larger PCB 086C01 hammer (Fig. 12).

Figure 12: Sensors used for impact testing (bottom to top) PCB 352C23 accelerometer, PCB B352A56
accelerometer, PCB 086D80 impact hammer and PCB 086C01 impact hammer.

Figure 13: Instrumented test rig (left) and the corresponding wire-frame model (right).

5.2.1 Impacts on the support frame

Impacts were performed using an acrylic tip on the PCB 086C01 hammer (Fig. 12). The maximum frequency
limit was set to 1600 Hz, with a frequency resolution of 0.5 Hz.
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Figure 14: Complex Mode Indicator Function (CMIF) for impacts on the frame (bottom). A comparison
with the CMIF with test specimen responses sieved out (top) indicates the modes circled do not appear in the
figure at the top and are the test specimen modes of vibration.

The Complex Mode Indicator Functions (CMIFs) obtained from the Frequency Response Functions (FRFs)
are shown in Figure 14 for the case with all the response degrees of freedom included and where those from
the test specimen are sieved out.

The frame mode shapes obtained from modal parameter estimation are shown in Figure 15. These were
about 300 Hz above the highest mode of interest, and hence would cause minimal interference modally.

Figure 15: Modes of deflection at 412.41 Hz (left) and 532.75 Hz (right), obtained using impact testing on
the frame and observing acceleration data on the frame.
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5.2.2 Impacts on the test specimen

Figure 16: Frequency response functions for an impact on location 2 on the test specimen. The blue FRFs
represent the responses from locations 1-10 on the test specimen, while those in red correspond the responses
from the locations 102, 105, 106, 107, 108 and 111 on the frame.

The smaller PCB 086D80 was used with two rubber coverings on the tip to reduce high frequency overloads
[10]. The frequency content was limited to 1000 Hz. Due to the lightness of the specimen and low damping
of the system, double impacts and high frequency overloads were a recurring issue. Even so, for a preliminary
check, the modal frequencies needed to be observed and impact testing provided sufficiently usable results.

As can be observed from Figure 16, the frame’s response is not much more than the noise floor for the test
specimen’s response. This validates that the frame provides an almost rigid support in the frequency range
of interest, marked by the vertical cursor in Figure 16.

Figure 17: CMIF for impact on test specimen, with responses from the frame sieved out.
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Figure 18: Experimentally obtained mode shapes using RFP-Z MPE algorithm in the range 20 Hz to 600
Hz.

From the Figure 17, the modes of interest can be identified to be at 48.2 Hz, 71.5 Hz and 99.5 Hz. A more
complete set of mode shapes were computed using the Rational Fraction Polynomial - Z domain (RFP-Z)
[11] in the frequency range 20-600 Hz and can be seen in Figure 18. The modal frequencies and shapes
are compared to the frequencies from the simulation (in brackets) and are in general agreement with the
simulation values. Due to the scope being limited to construction of a real nonlinear system, verification of
the finite element model was not deemed necessary.

Impact tests were also carried out using the larger hammer with a view to elicit large deflection nonlinearity
from the test specimen. Frequency content was limited by using a soft tip on the larger hammer (as seen in
Fig. 12).

Figure 19: Comparison of coherence for the linear and nonlinear case ((a) and (c) respectively), and for the
magnitudes for the linear and nonlinear case ((b) and (d) respectively).

As can be seen from visual comparison in Figure 19, the FRF was distorted for the “nonlinear” case. The
low coherence observed also indicated that the nonlinearity in the measurement was not being captured by
the linear formulation. Even though averaging was performed, which subdues the nonlinear characteristics,
the test was carried out as proof of concept that when subjected to large deflections, the specimen would
exhibit a cubic, hardening stiffness characteristic [3].
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6 Conclusion

The iterative process behind the design of the nonlinear vibration test rig has been outlined. The experimental
and simulation static stiffness curves match closely, and were approximated by cubic polynomial fits. The
support structure was shown to interact minimally and provided a practically rigid base for the multi-degree
of freedom test specimen. The modal frequencies of the test specimen were in general agreement with those
obtained from finite element simulations, and the differences may be minimized by applying model updation
techniques to the finite element model. Acquisition of data using impact testing was challenging due to
presence of high frequency overloads and difficulties in eliminating double impacts.

Overall, the test rig provided an excellent specimen for gathering real data sets from a nonlinear system
having hardening stiffness in multiple degrees of freedom. The design was kept modular and as an example,
testing may be done by rotating the test specimen by 90◦ in addition to introducing clearances at contact
locations.
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