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Abstract 
In this paper an FE model of the contact interface in a bolted structure is considered. The paper demonstrates 

how the uncertainty may be represented in the contact interfaces and investigates these uncertainty effects 

in the dynamic responses of the structure, e.g. natural frequencies. The contact interface is modelled using 

stochastic material properties to account for the variability in contact parameters, i.e. surface roughness and 

preload effects. A simplified stochastic dynamic model is then used, and the parameters of the uncertain 

joint model are identified based on simulated data. The maximum likelihood method is used for 

identification. 

1 Introduction 

Frictional contact interfaces are commonly used in many applications in engineering. Due to the lack of 

information about the various parameters of the contact interfaces- such as contact stiffness and damping 

and surface roughness - they introduce uncertainty in the dynamic responses of assembled structures. 

Measurement, quantification and modelling of this uncertainty is a step forward in engineering structural 

design.  

Gangadharan et al. [1] identified the stochastic welded joint model parameter in a car body by employing 

two coupled and uncoupled models. Lopez et al. [2] considered the connection between two substructures 

of a space structure as random springs and investigated the uncertainty in structural responses such as FRFs 

due to the uncertainty in joint parameters. Guo and Zhang [3] identified the uncertainty in joint model 

parameters by using updating approaches. Castelluccio and Brake [4] employed FE simulation to investigate 

the model input and form uncertainties in threaded fasteners. They characterized the source of uncertainty 

and variability in modelling fasteners as uncertainty in geometry, materials, mechanics and methodology.  

In this paper uncertainty modelling in the contact interface of a lap-joint is considered.  First, a stochastic 

equivalent thin layer model for the contact interface is proposed. The proposed model is then used in a 3D 

FE model of an assembled structure and variability in the natural frequencies due to the variability in contact 

interface parameters is simulated. The simulated natural frequencies are then employed and uncertainty in 

the parameters of a simplified stochastic joint model is identified. A hybrid analytical-FE modelling 

approach is also proposed to obtain the natural frequencies of the simplified dynamic model of the structure.  

2 Theoretical background and development  

Mechanical joints introduce flexibility into assembled structures due to the normal and tangential stiffnesses 

of their contact interfaces. The overall stiffness of two surfaces in contact in the normal and tangential 

directions has been addressed by many researchers in the past [5-7]. The contact interfaces are one of the 
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main sources of uncertainty in the assembled structure [8]. A main source of variability in contact parameters 

is the randomness in the contact surface characteristics such as preload and surface finish. In the next section, 

a thin layer with stochastic material properties is proposed to model contact surfaces based on the 

randomness in contact surface parameters. 

2.1 Stochastic thin layer 

In this section, two rough surfaces in contact with each other, as shown in Figure 1, is considered. From a 

microscopic point of view, the real profile of a surface 𝑧(𝑥, 𝑦) can be considered as a random process being 

described by the height statistical distribution function 𝜑(𝑧) and the autocorrelation function ℛ(𝜆) [9].  

 

Figure 1: Contacting rough surfaces in a typical lap-joint application  

The contact interface is loaded in normal and tangential directions as shown in Figure 1. Following the 

approximation made by Greenwood and Williamson [10] and to derive the tangential stiffness 

corresponding to the contact surfaces shown in Figure 1, we consider a smooth rigid surface in contact with 

a rough elastic surface as shown in Figure 2(a). We also consider the contact between two surfaces as the 

contact between widely spaced asperities.  

 

 

Figure 2: Contact between two rough surfaces (a) and the equivalent thin layer (b) 

Based on Hertzian contact theory [11] the pressure distribution around asperity 𝑖 with radius of curvature 

𝑅𝑖 carrying the normal load 𝑃𝑖 can be approximated by [12], 

                                                                  𝑝(𝑟𝑖) = (
6𝑃𝑖𝐸

∗2

𝜋3𝑅𝑖
2 )

1/3

√1 − (
𝑟𝑖

𝑎𝑖
)
2
                                                           (1) 

where 𝑟𝑖 is a radial coordinate centered on asperity 𝑖. 𝑎𝑖 and 𝐸∗ are the radius of the contact patch and the 

equivalent modulus of elasticity of the contacting pair respectively. They are given by, 
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                                                                     𝑎𝑖 = (
3𝑃𝑖𝑅𝑖

4𝐸∗
)
1/3
,  𝐸∗ =

𝐸

1−𝜐
                                                   (2-3) 

where 𝐸 is the Young’s modulus and 𝜐 is the Poisson’s ratio of the contact surfaces. The contact surfaces 

are considered identical in this paper. This makes it possible to assume that the asperities are initially in 

stick regime (e.g. no slip takes place) when the contact interface is loaded tangentially. Therefore, the 

distribution of shear force around asperity i is given by [11], 

                                                                        𝑞(𝑟𝑖) =
𝑄𝑖

2𝜋𝑎𝑖
2√1−(

𝑟𝑖
𝑎𝑖
)
2
                                                                  (4) 

where 𝑄𝑖 is the shearing force applied to asperity i. The tangential stiffness of asperity i can be expressed as 

[13],        

                                                               𝜅𝑖
𝑇 =

𝑄𝑖

Δ
= 8𝑎𝑖 (

𝐺

2−𝜐
) = 4𝑎𝑖 (

𝐸

(2−𝜐)(1+𝜐)
)                                                  (5) 

where Δ is the relative tangential displacement of the contacting bodies and 𝐺 is their shearing modulus. 

Since the asperities are randomly distributed and therefore have random parameters, Equation (5) indicates 

a random distribution of tangential stiffnesses in the contact interface. 

The linear behaviour of contacting asperities - i.e. prior to slippage- can be analyzed by simulating the 

contact interface of Figure 2(a) as a thin layer shown in Figure 2(b). It can be ideally assumed that the thin 

layer is divided into 𝑁 sections, each corresponding to one asperity in contact. Therefore, since the 

contacting asperities have a stochastic distributed function 𝜑(𝑧), the thin layer has consequently stochastic 

distributed material properties.  

The shear stress for the section of thin layer corresponding to asperity 𝑖 with shear modulus 𝐺𝑖 can be 

expressed as [14], 

                                                                              𝜏𝑖 = 𝐺𝑖𝛾 ≈ 𝐺𝑖
∆

𝑑
                                                                            (6) 

The shear stress can also be calculated by using the tangential force 𝑄𝑖 and the area of the contact patch 𝐴𝑖 
corresponding to asperity i, 

                                                                                     𝜏𝑖 =
𝑄𝑖

𝐴𝑖
                                                                                     (7) 

By combining equations (6) and (7) and using the definition of tangential stiffness in equation (5) one 

obtains, 

                                                                                𝜅𝑖
𝑇 =

𝑄𝑖

Δ
=

1

𝑑
𝐴𝑖𝐺𝑖                                                                              (8) 

Finally, by using equation (5) and (8) the shear modulus for the section of thin layer corresponding to 

asperity 𝑖 is obtained as, 

                                                               𝐺𝑖 = 8𝑑 (
𝐺

2−𝜐
)
𝑎𝑖

𝐴𝑖
= 4𝑑 (

𝐸

(2−𝜐)(1+𝜐)
)
𝑎𝑖

𝐴𝑖
                                                     (9) 

Equation (9) indicates that the contact interface can be modelled as a thin layer having randomly distributed 

material properties. Therefore, the shear modulus of the stochastic thin layer is considered as, 

                                                                               𝐺𝑇𝐿 = 𝐺0(1 + 𝜀𝜑𝐺(𝑧))                                                             (10) 

where 𝐺0 is the mean value of the distributed shear modulus and 𝜑𝐺(𝑧) is a zero-mean stationary field. The 

ratio between the normal and tangential stiffnesses of two similar contact surfaces is a function of the 

Poison’s ratio [13, 15], i.e. 𝜅𝑁/𝜅𝑇 = 𝑓(𝜐). Since the normal stiffness of the contact interface can be directly 

related to the Young’s modulus 𝐸𝑇𝐿 of the stochastic thin layer, we also assume, 

                                                                              𝐸𝑇𝐿 = 𝐸0(1 + 𝜀𝜑𝐺(𝑧))                                                                (11) 

where 𝐸0 is the mean value of the distributed elastic modulus of the contact interface. If the behaviour of 

the contact interface in the normal and tangential directions is assumed to be decoupled, then equations (10) 

and (11) can fully describe the behaviour of the stochastic thin layer, otherwise, based on Hook’s law a 
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constant Poisson’s ratio 𝜐0 is defined for the stochastic thin layer which satisfies 𝐺0 = 𝐸0/2(1 + 𝜐0). The 

concept of the contact interface model using a stochastic thin layer is used in the following sections to 

simulate the behaviour of an assembled structure. First, simulation of the material properties over the contact 

interface as a 2D random field is considered in the next section. 

2.2 Simulation of stochastic material properties in 2D 

We consider the distribution of the material properties over the contact interface, i.e. 𝐺𝑇𝐿 and 𝐸𝑇𝐿, as spatial 

processes which are characterized by 𝜑𝐺(𝑧) as defined in equations (10) and (11). 𝜑𝐺(𝑧) contains a set of 

random variables {𝜑𝑡, 𝑡 ∈ Τ} where Τ, the index set, is some subset of the 2-dimensional Euclidian space 

ℝ2. 𝜑𝑡 is a random quantity defining the randomness in the shear modulus associated with a spatial position 

𝑡 in the contact interface. The state space of the special process is defined as the set of possible values of 

𝜑𝑡. Since FE modeling of the contact interface is considered in the next sections and, therefore, discrete 

number of material properties are assigned to a discrete number of elements to model a continuous contact 

interface, {𝜑𝑡 , 𝑡 ∈ Τ} is a special process with discrete index set and continuous state space. The Gaussian 

random field 𝜑𝐺(𝑧) at a set of discrete points 𝑡1, … , 𝑡𝑟 in ℝ2 over the contact interface is defined as, 

                                                         𝜑𝐺(𝑧) = (𝜑𝑡1 , … , 𝜑𝑡𝑟  )
𝑇
~𝑁(𝜇𝑡 , Σ𝑠,𝑡)                                                              (12) 

where 𝜇𝑡 = 𝚬𝜑𝑡 is the expectation function and Σ𝑠,𝑡 = 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠) is the covariance function. The 

Gaussian process is stationary if the expectation function is constant and the covariance function does not 

change under translation, i.e. 𝒄𝒐𝒗(𝜑𝑡+𝑢, 𝜑𝑠+𝑢) = 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠).  

In the following, simulation of the stationary Gaussian process 𝜑𝐺(𝑧) on a 𝑛 ×𝑚 rectangular grid 

representing the FE mesh grid corresponding to the stochastic thin layer is investigated. We consider the 

covariance function between two points {𝑠} = [𝑥𝑠, 𝑦𝑠] and {𝑡} = [𝑥𝑡 , 𝑦𝑡] in the rectangular grid to depend 

on the Euclidean distance, i.e. 

                                                 𝒄𝒐𝒗(𝜑𝑡 , 𝜑𝑠) = 𝜌({𝑠} − {𝑡}) = 𝑒
−
1

𝑏
√(𝑥𝑠−𝑥𝑡)

2+(𝑦𝑠−𝑦𝑡)
2
                                       (13) 

It is noteworthy that the random field is isotropic, i.e. the distribution remains the same under rotation, if 

𝜌(𝑠 − 𝑡) = 𝜌(‖𝑠 − 𝑡‖). Let Ω be an 𝑚𝑛 ×𝑚𝑛 symmetric block-Toeplitz covariance matrix where 𝑚𝑛 =
𝑚 × 𝑛. The covariance matrix Ω can be uniquely characterized by its first block row (𝑅1, … , 𝑅𝑛) where each 

block 𝑅𝑘 , 𝑘 = 1,… , 𝑛 is also characterized by its first row and column. Having Ω, the 𝑚𝑛̅̅ ̅̅ × 𝑚𝑛̅̅ ̅̅  block-

circulant matrix Σ where 𝑚𝑛̅̅ ̅̅ = (2𝑚 − 1) × (2𝑛 − 1) is constructed. The procedure for constructing Ω and 

Σ is described in [1]. After diagonalizing the block circulant matrix as Σ = Ρ∗𝑑𝑖𝑎𝑔(𝛾)Ρ, matrix Γ is formed 

by using eigenvalues 𝛾𝑘 , 𝑘 = 1,… , (2𝑚 − 1) × (2𝑛 − 1)  . By defining a complex Gaussian matrix Ζ with 

entries Ζ𝑗,𝑘 = U𝑗,𝑘 + 𝑖V𝑗,𝑘 where U𝑗,𝑘 , V𝑗,𝑘~𝑁(0,1), the realization of the Gaussian field 𝜑𝐺 is obtained from 

the two-dimensional fast Fourier transform (FFT2) of √Γ⊙ Ζ where square root is applied to each 

component of Γ and ⊙ denotes component-wise multiplication [16]. Some realizations of 𝜑𝐺 are shown in 

the left hand-side of Figure 3. In the right hand-side of Figure 3, the distributions of 𝜑𝐺 are shown which 

indicate a random distribution. 
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Figure 3: Some realizations of 𝜑𝐺 

2.3 Stochastic modeling of a bolted structure 

In this section the dynamic model of an assembled structure is considered. We first describe how to model 

the stochastic interface joint model and later the model will be used to identify the joint model parameters 

based on simulated data. A bolted structure as shown in Figure (4) is considered. The structure contains two 

beam substructures connected through a frictional contact interface provided by a bolted lap joint.  

 

Figure 4: Schematic of the joined structure (a), hybrid FE-Analytical modeling method (b) and internal 

forces at the joint boundaries (c) 
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The equations governing the beam sections of the structure shown in Figure 4(b) can be written as, 

                                                           𝐸𝐼𝑤1
′′′′ + 𝜌𝐴�̈�1 = 0,     0 ≤ 𝑥 ≤ 𝐿1                                                        (14) 

                                                           𝐸𝐼𝑤2
′′′′ + 𝜌𝐴�̈�2 = 0,     0 ≤ 𝑥 ≤ 𝐿2                                                (15) 

The boundary conditions and compatibility requirements are, 

                                                  𝑤1
′′(0, 𝑡) = 𝑤1

′′′(0, 𝑡) = 𝑤2
′′(𝐿2, 𝑡) = 𝑤2

′′′(𝐿2, 𝑡)                                (16-19) 

                                𝐸𝐼𝑤1
′′(𝐿1, 𝑡) = 𝑀1, 𝐸𝐼𝑤1

′′′(𝐿1, 𝑡) = 𝑉1, 𝐸𝐼𝑤2
′′(0, 𝑡) = 𝑀2, 𝐸𝐼𝑤2

′′′(0, 𝑡) = 𝑉2   (20-23) 

The equations governing the dynamic response of an FE model representing the joint section can be written 

as, 

                                                [𝑴𝑱]{�̈�𝑱(𝒕)} + [𝑪𝑱]{�̇�𝑱(𝒕)} + [𝑲𝑱]{𝒅𝑱(𝒕)} = {𝒇𝑱(𝒕)}                                        (24) 

where, 

                                 {𝒅𝑱(𝒕)} = [𝑤1(𝐿1, 𝑡) 𝑤1
′(𝐿1, 𝑡) {�̅�}

𝑞−4×1

𝑇
𝑤2(0, 𝑡) 𝑤2

′(0, 𝑡)]
𝑇

                     (25) 

                                                         {𝒇𝑱(𝒕)} = [𝑉1 𝑀1 {0}𝑞−4×1
𝑇 𝑉2 𝑀2]

𝑇
                                                  

(26) 

In equations (25) and (26), 𝑞 = 2�̅� + 2 is the number of DOFs of FE model and �̅� is the number of elements 

used for modeling the joint section. Since free vibration response of the structure is considered we have,  

                                                    𝑤𝑖(𝑥, 𝑡) = 𝑌𝑖(𝑥)𝑒
𝑗𝜔𝑡 , 𝑖 = 1,2    {𝒅𝑱(𝒕)} = {𝑿}𝑒

𝑗𝜔𝑡                                 (27,28) 

From equations (20-23) and (26-27) one may deduce, 

                                                                                     {𝒇𝑱(𝒕)} = {𝑭}𝑒
𝑗𝜔𝑡                                                        (29) 

By using equations (4), (28) and (29) one obtains, 

                                                                                          [𝑫]{𝑿} = {𝑭}                                                                   (30) 

where [𝑫] = [𝑲𝑱] + 𝑗𝜔[𝑪𝑱] − 𝜔
2[𝑴𝑱]. 

By rearranging equation (30) in the following form, 

                                                          [

(𝐷11)2×2 (𝐷12)2×𝑞−4 (𝐷13)2×2
(𝐷21)𝑞−4×2 (𝐷22)𝑞−4×𝑞−4 (𝐷23)𝑞−4×2
(𝐷31)2×2 (𝐷32)2×𝑞−4 (𝐷33)2×2

]{

𝑋1
�̅�𝑗
𝑋2

} = {
𝐹1
0
𝐹2

}               (31) 

From the second equation in (31), �̅�𝑗 is obtained as, 

                                                                   �̅�𝑗 = −𝐷22
−1(𝐷21𝑋1 + 𝐷23𝑋3)                                                                 (32) 

By substituting equation (32) into equation (31), the shear forces and bending moments at the joint 

boundaries can be obtained as, 

                                       {

𝑉1
𝑀1
𝑉2
𝑀2

} = [
𝐷11 − 𝐷12𝐷22

−1𝐷21 𝐷13 − 𝐷12𝐷22
−1𝐷23

𝐷31 − 𝐷32𝐷22
−1𝐷21 𝐷33 − 𝐷32𝐷22

−1𝐷23
]

{
 

 
𝑌1(𝐿1)

𝑌1
′(𝐿1)
𝑌2(0)

𝑌2
′(0) }

 

 
                          (33) 

By substituting equations (27) and (28) into equations (14-23), solving the resultant equations and satisfying 

boundary conditions and compatibility requirements, the natural frequencies of the system can be obtained.  

The joint section in Figure 4(b) is modelled by using 2-noded generic elements [17]. The generic joint model 

is employed to obtain the stiffness matrix of the joint elements. To consider the randomness in the joint 

contact surfaces described in previous sections, the joint parameters are considered as random fields. The 

stiffness matrix of the generic joint element is then considered as,  

                                                     [𝒌𝒋(𝜽)] = 𝑘1(𝜃){𝒖𝟏}{𝒖𝟏}
𝑇 + 𝑘2(𝜃){𝒖𝟐}{𝒖𝟐}

𝑇                                         (34) 
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where 𝑘i(𝜃) = 𝑘i0(1 + 𝜀𝑖𝑓𝑖(𝜃)) (𝑖 = 1,2). 𝑘i0 and  0 < 𝜀𝑖 ≪ 1  (i=1,2) are the mean values and 

deterministic constants and 𝑓𝑖(𝜃) is a zero mean random field describing the variability in the joint 

parameters. In equation (34) {𝒖𝟏} and {𝒖𝟐} are defined as, 

                                                          [�̅�] = [
{𝑢1}

𝑇

{𝑢2}
𝑇] = [

2/𝐿
0

1
−1

−2/𝐿
0

1
1
]                                      (35) 

The mean values and scaling factors in equation (34) can be identified by using experimental results which 

is described in the next section.  

2.4 Maximum likelihood method 

Identification of the stochastic joint model parameters described in the previous section is considered by 

using natural frequencies and employing the maximum likelihood method as described in this section. The 

natural frequencies can be related to the joint parameters by, 

                                                                                𝐲 = 𝐟(𝐱)                                                                                    (36) 

where 𝐱 = [𝑘1, 𝑘2]
𝑇 is the vector of joint parameters and 𝐲 = [𝜔1, … , 𝜔m]

𝑇 is the vector of natural 

frequencies. If the distribution of natural frequencies is known, our goal is to identify the distribution of the 

parameters by using the maximum likelihood method. For identification purposes, we assume 𝑋 as the 

distribution function of the parameters which belongs to a specific distribution family, i.e. 𝑋~Ο(𝜃𝑥). where 

𝜃𝑥 is a random vector with mean vector {𝝁𝒙} and covariance matrix [𝚺𝒙] which need to be identified. 

Uncertainty propagation methods such as perturbation or Monte-Carlo can be used to calculate the 

probability distribution of the natural frequencies 𝑓(𝑦|𝜃𝑥) for a given 𝜃𝑥. 

For a set of 𝑁 independent response measurements (i.e. natural frequencies) [𝑦(1)
′ , … , 𝑦(𝑁)

′  ], the log 

likelihood is given by, 

                                               𝑙(𝜃𝑥) = 𝑙𝑜𝑔(𝑓(𝑦(1)
′ , … , 𝑦(𝑁)

′ |𝜃𝑥)) = ∑ log (𝑓(𝑦(𝑖)
′ |𝜃𝑥))

𝑁
𝑖=1                                (37) 

The optimum value of 𝜃𝑥 can be identified by maximizing equation (37) which can be done by using 

optimization approaches. In this paper the perturbation method [18] is used to estimate equation (37). In the 

next sections, a numerical example is used to demonstrate the modeling and identification methods.  

3 Application to a numerical example 

Proper identification of model uncertainties in real structures is always limited by the number of response 

samples available. To overcome this limitation, in this section variability in the contact interface of an 

assembled structure is simulated by using an FE method. The FE model makes it possible to generate many 

samples which will be used in the uncertainty identification of the joint model parameters. First, simulation 

of the variability in the contact interface is considered. 

3.1 FE modelling and experimental simulation results 

To investigate the applicability of the modelling methods described in the previous sections, in this section 

a simulated example is considered. A bolted structure is modelled in Ansys as shown in Figure 5. The 

structure is composed of two beam sections (400 mm and 300 mm in length) being connected by a 

20 mm× 50 mm contact interface. The structure is modeled in Ansys by using SOLID186 element. The 

contact interface is modeled using a layer of 1000 solid elements of dimension 1 × 1 × 0.125 mm. The thin 

layer elements have distributed material properties as described in the previous sections. The beam sections 

are made of steel (i.e. 𝐸𝑠 = 210 GPa, 𝜌𝑠 = 7800
kg

m3 and υs = 0.3). The material distribution of the contact 
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interface is defined based on equation (11) such that E0 = 50 MPa, υ0 = 0.3 and  ε =
1

3
. Figure 5 also shows 

a realization of distributed material properties over the contact interface, 

 

Figure 5: FE model and realization of the contact interface material properties 

To generate sufficient samples for uncertainty identification of the joint model parameters, 8000 samples 

for the distribution of material properties of the contact interface is considered and for each sample the FE 

model is analyzed, and the natural frequencies are obtained. The distribution of different natural frequencies 

is shown in Figure 6. Figure 6 shows a reasonable distribution in natural frequencies for the first four bending 

modes in the XZ-plane. The distribution of natural frequencies for these modes are used in the next section 

and uncertainty in the joint model parameters are identified.  

 

Figure 6: Distribution of natural frequencies due to randomness in contact interface parameters 

The results presented in Figure (6) indicate that the distribution of natural frequencies is a negatively skewed 

(skewed-left) distribution.  

3.2 Dynamic modeling and parameter identification 

To identify the uncertainty in the parameters of the contact interface, a dynamic model based on Figure 4(b) 

is constructed for the structure. The beam sections are modelled by using equations (14) and (15). 5 joint 

elements defined by equation (34) are used to model the joint section of the structure in equation (24). Since 

the undamped natural frequencies will be used to identify the joint parameters, the damping matrix of the 

joint model in equation (24) is ignored, i.e. [𝐶𝐽] = 0. By considering some values for joint parameters 𝑘1 
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and 𝑘2, the natural frequencies can be estimated by employing the modeling method described in previous 

sections.  

To identify the mean values and deterministic constants of the joint model parameters defined in equation 

(34), maximization of the log likelihood estimator given by equation (37) by employing a uni-directional 

search optimization approach is utilized. The initial joint parameter values of the stochastic model, i.e. 𝑘i0 

and  𝜀𝑖  (i=1,2), in the identification procedure are estimated by updating a deterministic model using mean 

values of the first four natural frequencies, i.e. �̅�i, 𝑖 = 1,… ,4, corresponding to the bending modes in the 

XZ plane. The deterministic model is obtained by choosing 𝑘i(𝜃) = �̅�i, 𝑖 = 1,2 in equation (34). The 

deterministic model is updated by using the natural frequency sensitivity approach. The identified 

deterministic joint model parameters and the accuracy of the identified deterministic model are reported in 

Table 1. 

 

 �̅�1 �̅�2 �̅�3 �̅�4 

Simulated 58.9 168.5 324.6 519.8 

Updated 59.1 167.4 322.0 522.7 

Error (%) 0.49 -0.59 -0.73 0.95 

Table 1: Updating of the deterministic model (�̅�1 = 46.4, �̅�2 = 7017.0) 

The initial mean values of the stiffness parameters, i.e. 𝑘i0, 𝑖 = 1,2, are set as the identified parameters 

reported in Table 1. The initial deterministic constants, i.e. 𝜀𝑖 , 𝑖 = 1,2, are chosen as 30% of the initial mean 

values of the stiffness parameters. After selecting the initial values, the identification of stochastic model is 

carried out by maximizing equation (37). Two different distribution functions are considered for the joint 

parameters 𝑘1(𝜃) and 𝑘2(𝜃): normal distribution and Weibull distribution functions.  

Based on the assumed distribution functions, populations of joint parameters are generated. The natural 

frequencies are calculated at each set of joint parameters from the generated populations by solving the 

characteristic equation, i.e |𝐻(𝜔)| = 0, which finally results in a distribution for each natural frequency, 

i.e. [ 𝑦(1), … , 𝑦(𝑁′)]. The parameters of the Normal distribution for the joint parameters are fine tuned such 

that the likelihood estimator defined in equation (37) is maximized. By using perturbation method, the 

likelihood estimator for the normal distribution is obtained as, 

𝑙({𝜇𝑥}, [Σ𝑥]) = −
1

2
(𝑁𝑚 𝑙𝑜𝑔 2𝜋 + 𝑁 log |Σ𝑦| + ∑ ({𝑦}(𝑖)

′ − {𝜇𝑦})
𝑇
[Σ𝑦]

−1({𝑦}(𝑖)
′ − {𝜇𝑦})

𝑁
𝑖=1 )                 (38) 

where {𝜇𝑥} and [Σ𝑥] are the mean vector and covariance matrix of the joint parameters, {𝑦}(𝑖)
′  is the vector 

of simulated natural frequencies shown in Figure 6 and {𝜇𝑦} and [Σ𝑦] are the mean vector and covariance 

matrix of the distribution of natural frequencies described above. A diagonal covariance matrix is 

considered in this paper which is equivalent to using the normlike command of Matlab.  Figure 7 shows 

the identified joint parameters based on a normal distribution function and in Figure 8 the distribution of 

the simulated and identified natural frequencies are compared. 
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Figure 7: Identified joint parameters based on Normal distribution function  

 

Figure 8: Simulated (bars) and identified (lines) natural frequencies 

Having the simulated natural frequencies [ 𝑦(1)
′ , … , 𝑦(𝑁)

′ ] and the generated natural frequencies 

[ 𝑦(1), … , 𝑦(𝑁′)], the Weibull log-likelihood is estimated by using wbllike command of Matlab to compute 

equation (37) which is maximized to obtain the joint parameters. In Figure 9 the identified joint parameters 

based on a Weibull distribution function are shown. The distribution of the simulated and identified natural 

frequencies based on a Weibull distribution function are compared in Figure 10. 

 

 

Figure 9: Identified joint parameters based on Weibull distribution function  
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Figure 10: Simulated (bars) and identified (lines) natural frequencies 

 

The presented results in Figure 8 and 10 indicate that although for two considered distribution functions the 

identification is successful, the Weibull distribution function ends in better identification results.   

4 Conclusions 

In this paper simulation of the variability in the contact interfaces of bolted lap-joints and identification of 

uncertainties in parameters of a stochastic joint model was considered. First, a stochastic thin layer was 

proposed to simulate the randomness in the parameters of the contact interface by stochastic material 

properties. Then an FE model of assembled structure was constructed, and the contact interface was 

represented by stochastic thin layer and variability in natural frequencies resultant from the variability in 

contact interface material properties was investigated. The results show that although the distribution of the 

contact parameters is normal, the distribution of the natural frequencies is more like a beta distribution. 

Finally, uncertainty in the parameters of a simplified joint model was identified by using the maximum 

likelihood method. 
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