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Abstract
Periodic structures have recently received significant attention in the field of vibro-acoustics. Based on
periodic resonant structures, stop band materials can be attained. The purpose is to generate structures with
particular dynamic behavior in order to attenuate wave propagation within certain frequency ranges. To
transfer the promising results achieved in science during the last years to a broad band of applications in
industry, it is necessary to quantify the influence of uncertainties in periodic structures. In this study, the
influence of geometrical and material uncertainties on periodic structures is investigated. Therefore, a finite
element model of an epoxy plate with beam resonators is developed. The behavior of stop band material
with uncertain input parameters is studied based on non-sampling stochastic methods. The results are used
to show the necessity of taking uncertainties in periodic structures into account. The performed stochastic
simulations are suitable to define manufacturing tolerances for the production of stop band material.

1 Introduction

Acoustic metamaterials received growing attention in recent years. Due to their possibility to gain acoustic
properties which can not be found in nature, they are useful in applications with vibroacoustic issues. In
particular, the possibility to attain structures with band gap behavior is used. In analogy to photonic crystals,
a phononic crystal by locally resonant material is presented by [1]. High sound transmission loss can be
achieved at certain frequencies with a three dimensional lattice of rubber coated lead spheres in epoxy. In the
study [2], flexural waves in thin plates with spring-mass resonators are investigated. It is shown that wave
propagation can be attenuated by locally attached spring-mass resonators. The sound transmission loss of
similar structures have been considered in [3]. Replacing a single resonator in each unit cell with multiple
smaller appropriately damped resonators can broaden the frequency band of increased sound transmission
loss in a metamaterial-based plate significantly. The effect of periodic, tuned resonators with regard to
vibroacoustics is investigated in the studies [4,5]. The stop band behavior of a sandwich plate with a stepped
resonator has been explained in [6]. It has been shown that the sound transmission of the sandwich plate is
significantly reduced within the stop band of the structure. The studies [7, 8] investigate the attenuation of
structural vibrations in a duct by applying locally resonant metamaterials. It is shown that the combination
of different resonator configuration in one structure can lead to combined stop bands if they are appropriate
designed. Resonant stop band material is suitable to reduce mechanical cross-coupling in phased array
transducers as shown in [9]. Another approach to realize acoustic metamaterial is using very thin membrane
with adjustable concentrated masses, known as membrane-type acoustic metamaterials [10, 11]. Further
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investigations on different aspects of acoustic metamaterial can be found in [12–18].

All in all, the results found in literature show that stop band materials based on periodic structures are a
suitable solution for vibroacoustic applications. Nonetheless, real industrial applications of these structures
are quite small. One reason for this is the missing evaluation of the influence of uncertainties. One of the few
works addressing seismic metamaterials with the focus of robust-to-uncertainties optimal design is presented
by [19]. The study [20] investigates the influence of point defects in a phononic crystal Timoshenko beam.
In [21], the influence of point defects in periodic crystal thin plates is investigated. In all those studies,
however, the impact of parameter uncertainty e.g. manufacturing tolerances has been ignored. An effective
method to overcome such drawback is to use stochastic analysis, as introduced in this paper.

Uncertainty quantification in such material can be investigated using two techniques, i.e. sampling and non-
sampling based methods. Monte Carlo simulation plays a major role in the former method in which large
number of samples of uncertain parameters are required to realize the structure responses [22, 23]. Though
even the method is straightforward to use, it suffers the lack of convergence for large uncertainty and ineffec-
tive in terms of computational time for large number of parameter realizations. The latter, in contrast, shows
reasonable accuracy and computational efficiency for representation of parameter uncertainty. The method is
based on a radically different approach, namely constructing the functional dependence expressed in terms of
spectral decomposition with unknown coefficients and orthogonal polynomial basis [24–30]. Among various
available non-sampling techniques, the generalized Polynomial Chaos (gPC) expansion method has received
considerable attention, particularly for non–Gaussian random variables. The gPC is able to represent uncer-
tainties in parameters as an expansion of orthogonal polynomials of standard random variables. Here, in this
paper, this method is applied to adjust uncertain parameters in acoustic metamaterials. The results show that
uncertainty in topology of resonators leads to a randomly distributed band gap. Based on this results, manu-
facturing tolerances of the periodic structure can be tolerated to attain a band gap within a certain frequency
band.

This work is structured as follows: initially, we focus on theoretical background employed in this study.
The finite element model is presented in section 3. The band gap behavior and the results of the uncertainty
quantification are given in section 4. Finally, a conclusion is drawn.

2 Theoretical background

In the following section, the theoretical background for methods employed in this work are presented briefly.
First, the generalized polynomial chaos expansion is presented for representation of uncertain parameters.
Afterwards, the calculation of dispersion relations in periodic structures is described. Therefore, the Bloch
theorem is applied. Structures with two dimensional periodicity are investigated.

2.1 Discretization of random parameters

Using finite element method to numerical simulation of periodic structures under uncertainty requires to
discretize uncertain parameters. In this way, it is common to employ truncated expansions to discretize ran-
dom input parameters and structure responses. The generalized Polynomial Chaos (gPC) expansion permits
such a discretization. The idea is that a uncertain quantity of interest can be approximated by summation of
polynomials with random independent variables having deterministic coefficients. The uncertainty produces
a new dimension which is sought as a set of orthogonal functions. The classical gPC expansion employs
Hermite polynomials with multidimensional random variables as a trial basis for the probability space to
represent uncertainty. Using this approach, the random parameter P (ξ) is approximated using truncated
expansion as [25]

P (ξ) ≈
N∑

i=0

piΨi(ξ) , and N =
(n+ k)!

n!k!
− 1 (1)
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where pi are deterministic unknown coefficient functions, k is the maximum order of the expansion, n
denotes the random dimensionality and Ψi are a set of orthogonal polynomials in terms of the random
variable ξ with the orthogonality relation of

〈Ψi,Ψj〉 = E[Ψi,Ψj ] = E[Ψ2
i ]δij = h2

i δij (2)

in which hi is the norm of the polynomial. The unknown deterministic coefficients can be determined using
Galerkin projection as

pi =
〈P (ξ),Ψi(ξ)〉
〈Ψi(ξ)2〉 , i = 0, 1, 2, . . . (3)

where 5
〈P (ξ),Ψi(ξ)〉 = E[P (ξ),Ψi(ξ)] =

∫

Ω
P (ξ)Ψi(ξ)f(ξ)dξ (4)

here, f is the probability density function (PDF) corresponding to the random variable ξ and Ω denotes
the random domain. While the first few coefficients of parameters with small uncertainty range seem to
be enough for accurate gPC representation, higher order expansion is used to accurate representation of
parameters having large uncertainty. Details of numerical simulation using the gPC expansion are given in
many works, cf. [25, 26, 28–31].

2.2 Dispersion in periodic infinite structures

Periodic structures can be characterized with its dispersion relations. Thus, the wave propagation in such
structures is described. In order to obtain the dispersion relations, an approach employing the Bloch theorem
is applied [32]. For this purpose, the structure is described by a unit cell (UC) representing the fundamental,
repeated unit of the structure [33]. For time harmonic waves with angular frequency ω a response variable
ψ can be expressed by

ψ = Wei(ωt−kxrx−kyry), (5)

with W describing the wave mode through the thickness of the structure.

q1 q2

rx
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z
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(a) one-dimensional periodicity (b) two-dimensional periodicity

rx

ry

Figure 1: Generalized displacements q in wave finite element method.

Accordingly, the generalized displacements q = [q1 q2]T in an element with one dimensional periodicity,
cf. Fig. 1 (a), are related to each other as [34]

q2 = λxq1, (6)
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with
λx = e−ikx·rx , (7)

where rx and kx represent the length of the periodic lattice and the wavenumber in the direction of periodicity,
respectively. The generalized displacements can by described dependent on q1

q = ΛRq1 with ΛR = [I λxI]
T . (8)

The equation of motion in the absence of damping
[
K− ω2M

]
q = f , (9)

can then be expressed as [
K− ω2M

]
ΛRq1 = f . (10)

With the assumption of zero forces at the node q1

ΛLf = 0 with ΛL =
[
I λ−1

x I
]

(11)

the eigenvalue problem can be reduced to

ΛL

[
K− ω2M

]
ΛRq1 = 0. (12)

This eigenvalue problem can be solved for ω which is a function of the wavenumber kx. The solutions for
ω(kx) characterize the free wave propagation in the periodic structure. This approach can be applied easily
to two-dimensional periodicity, cf. Fig. 1 (b). Therefore, the vector with generalized displacements changes
to

q = [q1 q2 q3 q4]T . (13)

Consequentially, the reducing matrices are given by

ΛR = [I λxI λyI λxλyI]
T and ΛL =

[
I λ−1

x I λ−1
y I λ−1

x λ−1
y I
]
, (14)

with
λx = e−ikx·rx and λy = e−iky·ry . (15)

A detailed elaboration of the theory, known as wave finite element method, can be found in [34] and [35].

In two dimensional periodicity, ω(kx, ky) is a function of the wavenumbers kx, ky. Thus, the eigenvalue
problem has to be solved for any combination of the wavenumbers in order to obtain a dispersion surface.
Due to the periodicity of the structure, only the first Brillouin zone (BZ) needs to be considered to identify
band gaps [33]. In case of symmetric unit cells, the calculation of the band gap can be reduced to the contour
of a part of the BZ, the so called irreducible Brillouin zone (IBZ). Thus, the computational effort to identity
band gaps can be reduced.

3 Finite element model

The spectral discretization method explained in previous section allows us to investigate the impact of un-
certainties in geometrical parameters of periodic structures on the stop band via a finite element model.
Therefore, a unit cell representing the generic model is considered. By applying the Bloch theorem, this
structure in assumed to be repeated infinitely in x and y direction, cf. Fig. 2. The UC consists of a plate like
structure with an added beam resonator. The applied geometry is equal to the example presented in [36]. The
simulations are carried out with commercial software Comsol Multiphysics [37]. The finite element model
is meshed with hexagonal elements with quadratic formulation. In order to obtain a model with a small
amount of degrees of freedom and little mesh dependency of the results, a mesh convergence study is carried
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Figure 2: Finite element model used for the uncertainty quantification in periodic structures with contour of
the irreducible Brillouin zone ΓXM

out. The guidelines given in [38] are applied. The error induced by the mesh can be denoted to less then
than 2% error for the band gap when changing the element edge length to halve. An epoxy material with
Young’s modulus E = 2500 MPa, Poisson’s ratio ν = 0.3, and mass density ρ = 1.14 g

cm3 is considered.
The material model is assumed to have linear elastic behavior in accordance to Hooke’s law. As the unit
cell is repeated infinitely, the analysis with uncertain inputs in this unit cell can be interpreted as analysis
of different specimens wherein one specimen all periodic structures are identical. This may be useful, to
identify the influence of manufacturing tolerances which are caused by processes repeated after producing
one specimen. However, the changes due to the uncertainty have to be identical for each unit cell within the
periodic structure.

The above mentioned FEM model is considered then as black-box to investigate the impact of parameter
uncertainty on the band gap. To this end, the band gap is considered as random output approximated using the
gPC expansion with unknown deterministic coefficients. The stochastic non-intrusive method is employed,
cf. [39], where a set of collocation points are generated in the random domain. The FEM model is then
executed for realizations of samples of band gap at each collocation point. Once the realizations are known,
a least-square minimization procedure is used to calculate the unknown deterministic coefficients. This leads
to a closed form for the band gap depending to uncertainty in the random input parameters. The results are
presented in the following section.

4 Numerical results

The influence of uncertain input parameters on the band gap is investigated with parameters having a prede-
fined probability density function. In this study, the uncertainty in parameters are assumed to be characterized
by beta distributions owing the fact that the parameters are defined within positive range. The boundary val-
ues of uncertain input parameters and shape factors of the employed beta distributions, α and β, are given in
Table 1.
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Table 1: Range of input uncertain parameters with associated distribution shape factors Beta(α, β).

Uncertain parameter boundary values distribution factors
Plate thickness [0.9 mm, 1.1 mm] Beta(4, 4)

Resonator length [4.5 mm, 5.5 mm] Beta(4, 4)

Resonator radius [3.15 mm, 3.85 mm] Beta(6, 6)

Young’s modulus [2250 MPa, 2750 MPa] Beta(4, 4)

In a first step, the deterministic solution of the unit cell model is calculated. Fig 3 shows the dispersion
curves in a band diagram. The calculation along the contour of the IBZ is suitable due to the symmetry of
the unit cell. Referring to the nomenclature of crystallography, for details see [40, 41], the unit cell of this
study represents a p4mm lattice. In [42], the probability to obtain the full band gap on the contour of the IBZ
is denoted to 99.46% for a p4mm lattice. In order to characterize the band gap behavior, the band gap center
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Figure 3: Bravais lattice with the contour of the irreducible Brillouin zone ΓXMΓ and the dispersion curves
of the unit cell with highlighted band gap center position BGp and band gap width BGw.

position BGp and the width of the band gap BGw are analyzed as output values cf. Fig 3. The calculation is
easily done by

BGp =
BGub +BGlb

2
, (16)

withBGlb andBGub being the lower and upper frequency boundary of the band gap, respectively. The band
gap width BGw is defined by

BGw = BGub −BGlb. (17)

Caused by the beam resonator, the periodic structures has a resonant stop band. The band gap center position
is obtained at BGp = 12988 Hz and with a band gap width BGw = 2738 Hz for the deterministic model. In
a parameter study, the influence of different geometrical parameters to the band gap behavior of the structure
is analyzed. Therefore, plate thickness, resonator length, resonator radius, and the Young’s modulus are
changed in a range from 90% to 110% with regard to the nominal values. The results are shown in Fig. 4.
It can be seen that the band gap behavior is sensitive to geometrical changes of the investigated parameters.
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However, the band gap width and band gap center position behave differently. The change of band gap
center position is almost linear for all three parameter within the investigated ranges. The relation between
plate thickness and resonator radius, and band gap center position are characterized by a positive gradient of
nearly the same value. In contrary, resonator length and band gap center position are related by a negative
gradient. Regarding the band gap width, a similar behavior is found for plate thickness and resonator radius.
However, in this case the influence of changes of the resonator radius has higher impact then of the plate
thickness. A particular relation is obtained for the sensitivity to changes of the resonator length. Especially
when reducing the resonator length, the influence decreases. Furthermore, an extrema is obtained at a band
gap width of 2790 Hz.
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Figure 4: Parameter study to identify the influence of plate thickness, resonator radius, and resonator length
to band gap center position and band gap width.

In Fig. ??, the results for the uncertainty quantification in a unit cell are given. The belonging mean value
and standard deviation are given in Table 2. The obtained PDFs for the band gap center position are similar
for the three parameters considered as single uncertain inputs. This is due to the similar magnitude of the
gradient obtained is the parameter study. Concerning the band gap width, the lower influence of the plate
thickness compared to the resonator radius results in a lower standard deviation. As in case of the parameter
study, a particular behavior is obtained in the PDF for the band width BGw when the resonator length is
considered as an uncertain input parameter. The accumulation at a band gap width of 2790 Hz is related
to the extrema which is found in the parameter study. In a secondary investigation, a unit cell with two
uncertain input parameters, resonator length and radius, is considered. The resulting PDFs show similar
mean values for band gap center position and band gap width compared to the investigations with only
one uncertain input parameter. However, taking two uncertain input parameters into account results in an
increased standard deviation for both, band gap center position and band gap width. Furthermore, the PDFs
show nearly symmetrical behavior.
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(a) Uncertain input: plate thickness
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(b) Uncertain input: resonator radius
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(c) Uncertain input: resonator length
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(d) Uncertain input: radius and length of resonator
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(e) Uncertain input: Young’s modulus

Figure 5: Probability density functions of band gap width and band gap position for various uncertain inputs
parameters in a unit cell.

As mentioned above, the unit cell is assumed to be repeated infinitely. Thus, the results can be interpreted
as an uncertainty quantification in periodic structures where the uncertainty arises between different speci-
mens but parameters of the periodic structure are equal within the one specimen. Taking this into account,
a scenario where the thickness varies between each specimen seem most likely. Assuming a molding manu-
facturing processes, uncertainties are induced by the closing and opening process between every fabricated
specimen. However, depending the manufacturing process also resonator length and resonator radius could
be changed between each specimen. In such a case, the given model of a unit cell is suitable to quantify the
influence of uncertainties to the band gap behavior.
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Table 2: Mean value and standard deviation from uncertainty quantification in a unit cell. The values are
given for the band gap position BGp and the band gap width BGw.

uncertain input mean value [Hz] standard deviation [Hz]

plate thickness
BGp 12979 380
BGw 2733 52

resonator radius
BGp 13001 329
BGw 2732 88

resonator length
BGp 13000 359
BGw 2702 100

resonator length & radius
BGp 13021 498
BGw 2700 139

Young’s modulus
BGp 12986 216
BGw 2738 46

5 Conclusion

The authors presented a study on uncertainty quantification in periodic structures. Fur this purpose, a generic
model consisting of a plate like structure with an added beam resonator is investigated. Due to the resonant
behavior of the periodic structure, a band gap is achieved where no free wave propagation possible. This
band gap is characterized by the band gap center position and the band gap width. In stochastic analysis,
the influence of uncertainties in the geometrical and material parameters is investigated. Thus, a spectral
discretization method, namely the generalized polynomial chaos expansion, is employed to consider the
uncertain parameters in stochastic finite element simulation. The authors conclude that applying the gPC
expansion to a unit cell is suitable to quantify the influence of uncertainties which arise between different
specimens. Based on the calculated PDFs and statistical moments, manufacturing tolerance for periodic
structures can be defined in order to obtain a band gap behavior within certain requirements.
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