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Abstract
The consideration of uncertainty becomes increasingly necessary for complex engineering structures. For
structural dynamic systems, the approach to model uncertainty often depends on the frequency of excitation.
For low-frequency vibration problems, parametric uncertainty model is normally used. Random field or
random variables can be used to model uncertain parameters and stochastic finite element method can be
used to propagate uncertainty. For high-frequency vibration problems, nonparametric uncertainty model is
normally used. Random matrix models, such as those based on Wishart random matrices, can be used for
this purpose. However, in the majority of practical engineering problems, both types of uncertainties need to
be modelled simultaneously as one expects a mixture of wavelengths. This paper proposes a new approach
to consider multiple wavelength-scales by combining parametric and nonparametric uncertainty models.

1 Introduction

Complex dynamic structures such as aircraft and helicopters contain many distinct substructures, and for
a given frequency of excitation, the wavelength of vibration in different substructures can be significantly
different. For example, in the context of an aircraft fuselage, the ring girders will have significantly longer
wavelength of vibration compared to the thin panels for a given frequency of excitation. For deterministic
systems many methods of substructuring, such as component mode synthesis, have proved to be very efficient
to compute the response of the assembled structure [1, 2, 3]. These methods retain degrees of freedom at
the interfaces, but reduce the internal component degrees of freedom by projecting on various subspaces
(for example the fixed interface modes). The reduced subsystem models are then used to build a model of
the complete system. The approach is useful because computing the eigensystems of a number of smaller
models is faster than computing a single eigensystem of a large model.

Mace and Shorter [4] used a perturbation method to evaluate the global modal properties and frequency
response functions due to uncertainty in the local modal properties. Giannini and Hanss [5] used component
mode synthesis and reduced order modelling to determine the fuzzy response of the assembled structure.
The model reduction required significant computation and they tried to maximise the number of uncertain
parameters at the joints and boundaries. Hinke et al. [6] extended substructuring methods by considering the
local modal uncertainty in components, evaluated using perturbation (first order sensitivity) methods.

Jensen et al. [7] formulated a reanalysis procedure for assembled structures and applied this to uncertainty
propagation. Sarsri et al. [8] presents a method using component mode synthesis and polynomial chaos
to obtain the stochastic frequency response functions for the assembled structure, by projecting the compo-
nent uncertainties onto a deterministic subspace. Chentouf et al. [9] considered both parametric and non-
parametric uncertainties within a component mode synthesis approach, where the subspace used to project
the substructure response accounted for the uncertainty. Pascual and Adhikari [10] considered the propa-
gation of combined parametric and non-parametric uncertainties for two cases: when both uncertainties are
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over the entire domain, and when different types of uncertainties occur over non-overlapping subdomains.
The examples used random matrix theory and polynomial chaos expansion.

A simplified situation with two non-overlapping domains containing two different wavelength-scale will be
considered. Domain 1 is related to long-wavelength vibration where uncertainty will be modelled by random
fields. Domain 2 is related to small-wavelength vibration where uncertainty will be modelled by random
matrices. Although a simple two-domain problem is considered, the proposed approach can be extended
to multiple domains. The global equation of motion of dynamic equilibrium will be partitioned into two
subdomains. Each subdomain is connected to each other by a certain common interface. The degrees of
freedom corresponding to this common interface glues two different subdomains with two different types of
uncertainty models. Once a smaller problem corresponding to this interface degrees of freedom is solved,
the solution for the two stochastic subdomains can be performed independently. This forms the basis of the
proposed numerical method.

2 Stochastic dynamical systems

The consideration of uncertainty becomes increasingly necessary for complex engineering structures. For
structural dynamic systems, the approach to model uncertainty often depends on the frequency of excitation.
For linear systems, this in turn is related to the wave-length scale of vibration.

For low-frequency vibration problems (longer wavelength), a parametric uncertainty model is normally used.
Random field or random variables can be used to model uncertain parameters and stochastic finite element
method can be used to propagate uncertainty. For high-frequency vibration problems (shorter wavelength), a
non-parametric uncertainty model is normally used. Random matrix models, such as those based on Wishart
random matrices, can be used for this purpose [11, 12]. In majority of practical engineering problems, one
expects a mixture of wavelengths.

Possible sources of uncertainty include

• parametric uncertainty - e.g. uncertainty in geometric parameters, friction coefficient, strength of the
materials involved.

• model uncertainty - arising from the lack of scientific knowledge about the model which is a-priori
unknown.

• experimental error - uncertain and unknown errors percolate into the model when they are calibrated
against experimental results.

• computational uncertainty - e.g. machine precession, error tolerance and the so called h and p refine-
ments in finite element analysis

Parametric uncertainty is often used for low-frequency vibration problems, where only the first few vibration
modes (typically few tens) participate in the dynamical response of interest. Uncertainty models such as
random variables or random fields are used to represent uncertain parameters. Well established methods
such as the stochastic finite element method (polynomial chaos, perturbation methods, spectral methods)
exist in the literature.

The discretised equation of motion of a linear dynamical system can be expressed as

Mü(t) + Cu̇(t) + Ku(t) = f(t) (1)

where M ∈ Rn×n is the mass matrix, C ∈ Rn×n is the damping matrix, K ∈ Rn×n is the stiffness matrix, u
is the response vector, and f is the forcing vector. Transforming to the frequency domain gives

A(ω)u = f (2)
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Figure 1: Domain decomposed into subdomains

where the dynamic stiffness matrix is given by

A(ω) = −ω2M + iωC + K ∈ Cn×n (3)

For the parametric uncertainty models, the dynamic stiffness matrix can be expressed as

A(θ1) = A0 +

M∑

i=1

ξi(θ1)Ai (4)

where A0 is the baseline model, and ξi(θ1) are random variables.

Non-parametric uncertainty is often used for high-frequency vibration problems, where many vibration
modes (typically hundreds) participate in the dynamical response of interest. Uncertainty models such as
random matrices can be used to represent the uncertain system matrices. Thus, a system matrix (and hence
the dynamic stiffness) could be expressed as

A(θ2) = Wn(δA,A0) (5)

where A0 is the baseline model, θ2 ≡ δA is a dispersion parameter, and Wn is a Wishart random matrix of
dimension n.

3 Domain decomposition for multi-frequency scale problems

Domain decomposition was developed to solve a boundary value problem by splitting it into smaller bound-
ary value problems on subdomains, as shown in Figure 1. The problems on the subdomains are independent,
which makes domain decomposition methods suitable for parallel computing. These methods were orig-
inally developed for the numerical solution of partial differential equations (not explicitly for uncertainty
quantification), and excellent and powerful computational tools are available.

To demonstrate the approach, only two domains are considered and the domains are assumed to have very
different stiffnesses. Thus Domain 1 is flexible and corresponds to long wavelength responses, and in contrast
Domain 2 is stiff with short wavelength responses, as shown in Figure 2. The analysis will subdivide the
domain Ω into two non-overlapping domains, Ω1 and Ω2, as shown in Figure 3, with corresponding dynamic
stiffness matrices

Domain 1 : A1(θ1) = A1
0 +

M∑

i=1

ξi(θ1)A1
i (dimension n1)− parametric uncertainty (6)

Domain 2 : A2(θ2) = Wn2(δA,A2
0) (dimension n2)− nonparametric uncertainty (7)
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Figure 2: Decomposition into two subdomains of different stiffnesses

The equations of motion in the frequency domain of the complete system (i.e. over the whole domain Ω)
was given in Eq. (2), and can be partitioned as




[A1
II ]m1×m1 0 [A1

IΓ]m1×mΓ

0 [A2
II ]m2×m2 [A2

IΓ]m2×mΓ

[A1
ΓI ]mΓ×m1 [A2

ΓI ]mΓ×m2 [A1
ΓΓ + A2

ΓΓ]m2×m2







u1
I

u2
I

uΓ



 =





f1
I

f2
I

f1
Γ + f2

Γ



 (8)

where the subscripts I and Γ correspond to internal and interface degrees of freedom, respectively, and the
generalised coordinates for both subdomains have been reordered to group internal and interface degrees of
freedom together. The number of interface degrees of freedom is mΓ, and the numbers of internal degrees
of freedom in subdomains 1 and 2 are m1 and m2, respectively. From the definitions in Eqs. (6) and (7) we
have n1 = m1 +mΓ and n2 = m2 +mΓ.

This equation of motion can be rearranged into following explicit forms (interior and interface problems):

[A1
II ]{u1

I} = {f1
I } − [A1

IΓ]{uΓ} (9)

[A2
II ]{u2

I} = {f2
I } − [A2

IΓ]{uΓ} (10)

[[A1
ΓΓ]− [A1

ΓI ][A1
II ]−1[A1

IΓ]︸ ︷︷ ︸
S1

+ [A2
ΓΓ]− [A2

ΓI ][A2
II ]−1[A2

IΓ]︸ ︷︷ ︸
S2

]{uΓ} (11)

= [{f1
Γ} − [A1

ΓI ][A1
II ]−1]{f1

I }︸ ︷︷ ︸
F1

] + [{f2
Γ} − [A2

ΓI ][A2
II ]−1]{f2

I }︸ ︷︷ ︸
F2

]

The coefficient matrix S = S1 + S2 is known as the Schur complement matrix.

4 Computational approach for uncertainty propagation

To demonstrate the stochastic domain decomposition on two subdomains, we consider the two system ma-
trices, one with parametric uncertainty and one with non-parametric uncertainty. For the domain with para-
metric uncertainty (long wavelength scale),

[A1(θ1)]n1×n1 =

[
A1
II(θ1) A1

IΓ(θ1)
A1

ΓI(θ1) A1
ΓΓ(θ1)

]
= A1

0 +
M∑

i=1

ξi(θ1)A1
i (12)
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Figure 3: Decomposition into two ideal subdomains

with n1 = m1 +mΓ. For the domain with nonparametric uncertainty (short wavelength scale),

A2(θ2)n2×n2 =

[
A2
II(θ2) A2

IΓ(θ2)
A2

ΓI(θ2) A2
ΓΓ(θ2)

]
= Wn2(δA2 ,A

2
0) (13)

with n2 = m2 +mΓ.

For the stochastic interface problem we have a system of (densely) coupledmΓ complex stochastic equations
given by

[S1(θ1) + S2(θ2)]uΓ(θ1, θ2) = F1(θ1) + F2(θ2) (14)

where

S1(θ1) = A1
ΓΓ(θ1)− A1

ΓI(θ1)[A1
II(θ1)]−1A1

IΓ(θ1) (15)

F1(θ1) = f1
Γ − A1

ΓI(θ1)[A1
II(θ1)]−1f1

I (16)

and

S2(θ2) = A2
ΓΓ(θ2)− A2

ΓI(θ2)[A2
II(θ2)]−1A2

IΓ(θ2) (17)

F2(θ2) = f2
Γ − A2

ΓI(θ2)[A2
II(θ2)]−1f2

I (18)

Solving the interface problem we obtain uΓ(θ1, θ2). This can used to calculate the interior solutions as

u1
I(θ1, θ2) = [A1

II(θ1)]−1[f1
I − A1

IΓ(θ1)uΓ(θ1, θ2)] (19)

u2
I(θ1, θ2) = [A2

II(θ1)]−1[f2
I − A2

IΓ(θ1)uΓ(θ1, θ2)] (20)

The most computationally intensive parts of the solution process is the calculation of [A1
II(θ1)]−1 and

[A2
II(θ1)]−1 which involves the solution of m1 and m2 coupled complex stochastic equations. However,

existing computational methods for uncertainty propagation, mode reduction and substructuring can be used,
for example component mode synthesis [6].

4.1 Modal solutions

One approach to solve the stochastic interior problem for parametric uncertainty is to consider the modal
decomposition, and recognise that only the lower modes will contribute significantly to the response. Recall
that in the frequency domain

AII(ω, θ) = −ω2MII(θ) + iωCII(θ) + KII(θ) (21)

Assuming proportional damping model, we have

[AII(ω, θ)]−1 =
m∑

k=1

φk(θ)φT
k (θ)

ω2
k(θ)− ω2 + 2iζkωk(θ)

(22)
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Here ζk are the modal damping factors, which have been assumed to be deterministic in this case for sim-
plicity, but could also be random. The eigenvalues and eigenvectors are obtained from

KII(θ)φk(θ) = ω2
kMII(θ)φk(θ), k = 1, 2, · · · (23)

Any existing methods for the random eigenvalue problem can be used (for example perturbation, polynomial
chaos, Neumann series, . . .).

4.2 Perburbation solutions

If the uncertainty has only a small effect on the system matrices, perturbation methods may be used, where
the second and higher order terms in the uncertainty are neglected. Thus, using Eq. (12), the inverse in Eqs.
(15) and (16) becomes

[A1
II(θ1)]−1 ≈ [A1

0,II ]−1 −
M∑

i=1

ξi(θ1)[A1
0,II ]−1A1

i,II [A1
0,II ]−1 (24)

and hence to first order Eqs. (15) and (16) become

S1(θ1) ≈ A1
0,ΓΓ − A1

0,ΓI [A1
0,II ]−1A1

0,IΓ

+

M∑

i=1

ξi(θ1)
{

A1
0,ΓI [A1

0,II ]−1A1
i,II [A1

0,II ]−1A1
0,IΓ − A1

i,ΓI [A1
0,II ]−1A1

0,IΓ − A1
0,ΓI [A1

0,II ]−1A1
i,IΓ

}

(25)

F1(θ1) ≈ f1
Γ − A1

0,ΓI [A1
0,II ]−1f1

I +

M∑

i=1

ξi(θ1)
{

A1
0,ΓI [A1

0,II ]−1A1
i,II [A1

0,II ]−1 − A1
i,ΓI [A1

0,II ]−1
}

f1
I (26)

5 Numerical example: Coupled Euler-Bernoulli beams

The example consists of two coupled Euler-Bernoulli beams with stochastic elasticity, shown in Fig. 4. We
study the deflection of the beam under the action of a point harmonic load on the interior of beam 1. The
parameters of the beams are:

x

z

Figure 4: The example Euler-Bernoulli beam

L1 = 1, EI10 = 1/3, ρA1 = π2/12, ζ1 = 0.04

L2 = L1, EI20 = EI10/103, ρA2 = ρA1, ζ2 = ζ1/2
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Here L, EI0, ρA and ζ denote the length, bending rigidity, mass density and the constant modal damping
factor for both the beams.

The behaviour of the underlying deterministic system is considered first. The natural frequencies of the two
Euler-Bernoulli beams are shown in Figure 5. Due to the difference in the stiffness values, beam 1 has less
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Figure 5: Natural frequencies of the two Euler-Bernoulli beams.

number of natural frequencies compared to beam 2 within a given frequency range (100 Hz in this case).
The deterministic frequency response functions of the two beams in isolation (in the cantilever configuration
with a point load at the end) are shown in Figure 6.

Now we consider the dynamics of the stochastic system. The following points should be noted for the
stochastic case:

• The bending modulus of the first beam is modelled by two Gaussian random variables (a discretised
random field with standard deviation σa = 0.2). The stiffness matrix is of the form

K1(θ1) = K0 + ξ1(θ1)K1
1 + ξ2(θ1)K1

2

• For the second beam, an Wishart random matrix model with δ = 0.2 is considered.

• The mass matrix and the damping factors are deterministic for both beams.

• First-order perturbation is used for the interior random eigenvalue problems. A 1000-sample Monte
Carlo Simulation (MCS) is used for the interface problem.

• For the numerical calculation we used n1 = 60, n2 = 328. In the domain decomposition approach,
m1 = 58, m2 = 336 and mΓ = 2.
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Figure 6: The deterministic frequency response functions of the two beams in isolation (in the cantilever
configuration with a point load at the end).

The mean and the standard deviation of the coupled stochastic system at the driving point is shown in Fig-
ure 7. The mean and the standard deviation of the coupled stochastic system at the tip of the cantilever is
shown in Figure 8. For both caseS we can observe that the mean response includes the characteristicS of
both beams.

6 Conclusions

This paper investigates a new approach to consider multiple wavelength-scales by combining parametric
and nonparametric uncertainty models. The main idea was to decompose the overall domain into two non
overlapping sub-domains and subsequently utilise Schur complement matrices. The main features of the
paper include:

• The objective was to consider large and small wavelength-scale vibrations simultaneously in conjunc-
tion with relevant stochastic models.

• A parametric uncertainty model is considered for large wavelength-scale vibrations (low frequency).
Random field/random variable models can be used for this purpose.

• A non-parametric uncertainty model is considered for small wavelength-scale vibrations (high fre-
quency). Random matrix models can be used for this purpose.

• The domain decomposition method (originally proposed for parallel computation of deterministic
boundary problems) is used to ‘combine’ the two domains with two different uncertainty models.
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Figure 7: Response statistics of the coupled stochastic system at the driving point.
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Figure 8: Response statistics of the coupled stochastic system at the tip of the cantilever.
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• A simple numerical example with two wavelength-scale domains is used to illustrate the idea.

Future studies will considerer more physically realistic examples and reduced computational methods.
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