
Real-time assignment method of resonance frequency by 
change of coupling stiffness for improving road induced 
noise 

Masashi Komada1,3, Yuichi Matsumura2, Ichiro Kido2 Eiji, Nakatsugawa1 and Hironori Ozaki3 

 
1 Toyota Motor Corporation Vehicle Dynamics Technology Development Department 

1, Toyota-cho, Toyota, Aichi, 471-8572, Japan 

e-mail: masashi_komada@mail.toyota.co.jp 

 
2 Gifu University 

1-1, Yanagido, Gifu-shi, Gifu, 501-1193, Japan 

 
3 Graduate School of Gifu University 

1-1, Yanagido, Gifu-shi, Gifu, 501-1193, Japan 

Abstract 
This paper proposes a method for natural frequency assignment by semi-actively changing coupling 

stiffness matrix. This method can decide the coupling stiffness basically in one-time calculation to assign 

natural frequency. For two vibration systems connected with springs at multi-points, the compliance 

matrix which is sum of two system’s compliance matrixes and the inverse matrix of coupling stiffness 

matrix at coupling degrees of freedom becomes rank deficient at natural frequencies, and consequently the 

condition for resonance occurrence is equivalent that all column vectors of the matrix exist in a 

hyperplane. The coupling stiffness is obtained to meet this condition by inner product calculation between 

a column vector in the compliance matrix and the normal vector of a hyperplane at required frequency. In 

a feasibility study, the method was applied to two beams connected with three translational springs.  

1 Introduction 

In the vehicle development for noise and vibration, it is necessary to design the vibration characteristic of 

the body for various kinds of operational force. In recent years, it has become difficult to design the 

vibration characteristics of the vehicle body with many natural frequencies, while satisfying these severe 

requirements, as the demand for the improvement of the collision safety performance and weight 

reduction. In the future, the engine sound is eliminated by the electric motor drive vehicle, and the road 

induced noise is especially important. In addition to the change of road profile, the operational input to the 

vehicle is changed during the driving by the effect of nonlinearity of the tire and suspension, such as the 

amplitude dependence of tire rubber characteristics. Therefore, it is necessary to reduce the road induced 

noise in response to the changing input, instead of the conventional body structure optimization for further 

performance improvement requirements. The active noise control which reduces the sound pressure of the 

car in the opposite phase is an effective method. However, it is difficult to widely reduce the noise because 

the cost is high to achieve sufficient effect in a wide frequency band [1].  

From these background, assumed that the semi-active control is generally low in cost for active control, 

and considered that a sub system as a body part or an attachment module of the main body, we are 

researching a technique to reduce the road induced noise by controlling the coupling spring which 

connects the main and sub systems while suppressing the mass increase and cost of countermeasure. Road 

induced noise is wide band frequency phenomena and operational force to the body changes in response to 

road surface and vehicle speed, therefore it is necessary both to reduce the noise peak level and to make 
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the noise level smooth against target line in frequency range. If there is a steep peak in the noise but it’s 

not so high level, the peak is very noticeable for driver. Therefore, the purpose of this study is to smooth 

the interior sound pressure level of a vehicle in frequency range. For smoothing, it is necessary to control 

the vibration level of the body in response to the input from the suspension to the body. To achieve this, it 

can be considered that the method of controlling the anti-resonant frequency of the body's response point 

to assign close to the peak frequency of the input, and controlling the resonance frequency of the body to 

assign to lower level of input separating from the peak frequency of it. To further smooth the response, it 

is also possible to control the resonance level of the body. In this paper, we examine the control method of 

the resonance frequency. In addition, because there are several resonances in the tire and suspension and 

the body, it is desirable that the resonance control of the body can control multiple resonance at the same 

time. Therefore, for the development of this research in the future with the intention of increasing the 

control degree of freedom, the coupling spring between the main and sub systems is assumed to be a 

multi-degree-of-freedom connection. 

In semi-active control, it is necessary to determine the change of the characteristic of the coupling spring 

which is controlled. Conventionally, the following passive methods have been used to analyze vehicle 

noise and vibration problem and to make clear change amounts of dynamic characteristics of vehicle’s 

parts. First, we measure the actual vibration and frequency response function of the body and perform the 

transfer pass analysis [2-6]. Next, we focus on the main transfer path contribution, and analyze the 

experiment mode analysis of the body, the panel contribution analysis, and the analysis that considers the 

coupling between the body structure system and the room acoustic system [7]. In addition, the sensitivity 

analysis is performed on the transfer function of the body, and the stiffness addition and the mass addition 

to the parts where the influence is large are done by the reduction of the body sensitivity [8,9]. However, 

in order to obtain an optimal solution these methods need iterative computation and it is not suitable to 

calculate and apply the control to the phenomenon that the input changes at any moment. Therefore, in 

this paper, we propose a simple method that can calculate the coupling stiffness to shift the resonant 

frequency from peak frequency of input within a suitable calculation load for sequential computation. 

For a simple method, we think it is important to grasp the vibration coupling relation between the two 

systems of the main system and the sub system. In the coupling analysis of the vibration system, there is a 

study using the transfer function synthesis method [10,11]. They define the kernel compliance matrix that 

contains information of the vibration coupling relation at connection points, and they proposed a method 

to analyze coupling relation by making the kernel compliance matrix a diagonal using eigenvalues and 

eigenvectors Furthermore, in order to derive analytical solution of the relation between them, the coupling 

degree of freedom is reduced to two degrees of freedom, and it is applied to the analysis of one resonance 

that the tire and the suspension are coupled.  

  From above, in this paper, it is intended to smooth the response of the frequency domain to the two 

vibration systems combined with multiple degrees of freedom, it is assumed a semi-active control, to 

create a simple method of assigning a coupled resonance to a target frequency. Therefore, the coupling 

springs which connect the main and sub systems are independent of each other. In particular, the coupling 

spring is connected at only one degree of freedom of the same connection point of the two systems, and 

not to connect it across the connection point. This means that the matrix of the coupling stiffness in the 

kernel compliance matrix becomes a diagonal matrix, and the column vectors in the kernel compliance 

matrix can be controlled independently. In addition, we clarify the condition expression of the resonance 

generation by analyzing the relation of these column vectors as a geometric vector. By using this condition 

expression, we propose a method which can easily calculate the coupling stiffness to assign the resonance 

to the target frequency by changing only one coupling stiffness. We also propose a method to use this 

method for structural design semi-active control systems. 
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2 Assignment Method of Resonance Frequency of Coupled Two 
Systems 

In this chapter, firstly, the condition of resonance generation is cleared by the analysis for coupling 

relation between two systems connected at multi-points, then, simple method for assigning the resonance 

frequency using coupling spring is explained. 

2.1 Condition of resonance generation for coupled two systems 

2.1.1 Equation about coupling relation of two systems 

Fig.1 shows vibration system diagram. Main system A and sub system B are connected at multi-points 

with coupling springs. Main system A assumes body and sub system B assumes part of the body or 

attachment module. Coupling stiffness is control object. Character 1 and 3 in main system A mean each 

input region and response region. Character 2 in main system A and sub system B mean connection region. 
 

 

Figure 1: Vibration System diagram. Main system A and sub system B are coupled at multi-point with 

coupling springs. Here F(ω) indicates input force. X(ω) indicates response of main system A. 

Input region, connection region and response region are respectively indicated by 1, 2 and 3. 

 

Based on the sub-structuring method, the response X in region 3 by operational force F in region 1 can be 

written as 

𝑿 = {𝑮31
A − 𝑮32

A (𝑮22
A + 𝑮22

B +𝑲−1)
−1

𝑮21
A } 𝑭 (1) 

𝑮 is compliance matrix. The left of lower subscripts of matrix shows response region, the right of lower 

subscripts shows input region and upper subscript shows main or sub system．𝑮22
A  is the compliance 

matrix of main system A at connection region and 𝑮22
B  is the compliance matrix of sub system B at 

connection region. 𝑲−1 is the inverse matrix of coupling stiffness matrix. The sum of 𝑮22
A ，𝑮22

B  and 𝑲−1 

named kernel compliance matrix 𝑮𝑘𝑒𝑟  [10] and the kernel compliance matrix is a matrix that 

quantitatively expresses the vibration coupling between the main system A and the sub system B through 

coupling spring. Further, sum of 𝑮22
A  and 𝑮22

B  is expressed by 𝑮22
AB and 𝑲−1 is replaced by 𝑱 named as 

coupling stiffness compliance matrix. Using 𝑮22
AB and 𝑱, the kernel compliance matrix 𝑮𝑘𝑒𝑟 is defined as, 

 
(2) 

If the coupling degrees of freedom of main system A and sub system B are  𝑛, the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 is represented by 𝑛 × 𝑛 matrix as follows. When each coupling spring connects only between 

the degree of freedom in the same direction of the two systems at same connection point, the coupling 

n Points 1 

2 

X(ω) 

3 

F(ω) 
Main System A 

2 

･･･ k 

Sub System B 
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stiffness matrix 𝑲−1 becomes a diagonal matrix, then coupling stiffness compliance matrix 𝑱 is also a 

diagonal matrix which diagonal elements are the inverse of coupling stiffness. 

   

(3) 

Here, 𝑱(: , 𝑗)=1/kj .In addition, the kernel compliance matrix 𝑮𝑘𝑒𝑟  consists of the following  𝑛 × 1 

column vector 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑗 = 1, ⋯ , 𝑛.  

   

(4) 

Here, in accordance with the notation of the literature [12], the 𝑗 column vectors in 𝑮𝑘𝑒𝑟, 𝑮22
AB and  𝑱 of eq.  

(2) are respectively represented as 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑮22
AB(: , 𝑗) and 𝑱(: , 𝑗). 

2.1.2 Condition of resonance generation 

We clarify the condition of the resonance that the main system A coupled with the sub-system B through 

coupling spring by the analysis of the kernel compliance matrix 𝑮𝑘𝑒𝑟. The resonance frequency is called 

the coupled resonance frequency of the resonance that the main system A and the sub-system B are 

coupled. 

In the case of the non-damping system, the coupled resonance occurs in the condition that the kernel 

compliance matrix 𝑮𝑘𝑒𝑟 has zero eigenvalues. 𝑮𝑘𝑒𝑟
−1  has the infinity eigenvalues, and the response of all 

systems is an infinite level. The conditional expression with zero eigenvalues is det(𝑮𝑘𝑒𝑟) = 0, which is 

used to determine the coupling stiffness value. However, in the case of multi-degree-of-freedom 

connection in this paper, since the computation of the determinant is complicated, we derive the condition 

of resonance in the form of a simple expression by analyzing the column vectors of the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 as geometric vectors. 

In the condition that 𝑮𝑘𝑒𝑟 has zero eigenvalues, at least one column vector is dependent on the column 

vector 𝑮𝑘𝑒𝑟(: , 𝑗) that constitutes the kernel compliance matrix, and the rank deficient of the matrix occurs. 

The dependency of the column vectors in the case of coupled resonance is shown in Fig. 2 as an example 

of a 3×3 kernel compliance matrix. In this example, since the column vector of the kernel compliance 

matrix is a number vector of three dimensions, the starting point is the coordinate origin, and the first to 

third line components of 𝑮𝑘𝑒𝑟(: , 𝑗) are drawn in the standard base. Here, the base vector of the standard 
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base is represented by 𝒆1 = [1,0,0]𝑇 , 𝒆2 = [0,1,0]𝑇 , 𝒆3 = [0,0,1]𝑇. Fig. 2 shows that the zero eigenvalue 

is one, and three column vectors exist on the same plane. In Fig. 2 (a) (c), we saw this plane from a slant, 

it is unclear that there are three vectors in the plane, but in Fig. 2 (b) seen from the side of this plane, three 

vectors can be confirmed to be aligned. In the case of two zero eigenvalues, three vectors exist on the 

same line and can be expressed in one-dimensional space. 
 

 

Figure 2: Relation among three column vectors 𝑮𝑘𝑒𝑟(: , 𝑗), 𝑗 = 1,2,3. In this case study, the size of the 

kernel compliance matrix 𝑮𝑘𝑒𝑟 is 3×3 and it has zero eigenvalue. If one column vector is 

dependent on other two column vectors, then three vectors are on a same plane. Here, 

viewpoint is indicated by azimuth angle θAz and is elevation angle θEl. 
 

Therefore, it is necessary for the n×n kernel compliance matrix to have one or more zero eigenvalues if 

the coupling point is n degrees of freedom. One column vector of the kernel compliance matrix is 

dependent on other 𝑛 − 1 column vectors. This is equal that n column vectors constituting the kernel 

compliance matrix exist on the 𝑛 − 1  dimensional hyperplane. Therefore, the condition for coupled 

resonance generation is that one column vector 𝑮𝑘𝑒𝑟(: , 𝑗) and normal vector n of the 𝑛 − 1 dimensional 

hyperplane spanned by the remaining 𝑛 − 1column vector 𝑮𝑘𝑒𝑟(: , 𝑖),  are under orthogonal condition. 

This is expressed by the following equation. 

𝒏𝑇 ⋅ 𝑮𝑘𝑒𝑟(: , 𝑗) = 0 (5) 

Here, we describe one of the ways to obtain the normal vector n of the 𝑛 − 1 dimensional hyperplane. If 

the kernel compliance matrix 𝑮𝑘𝑒𝑟 has zero eigenvalues, determinant of 𝑮𝑘𝑒𝑟 is 0： det(𝑮𝑘𝑒𝑟) = 0. The 

following equation is obtained when the determinant of 𝑮𝑘𝑒𝑟  is expanded with cofactor expansion 

regarding  j column. 

 
(6) 

Here, 𝐶𝑖𝑗 is (i, j) cofactor of 𝑮𝑘𝑒𝑟 . The right side of Eq. (6) is inner product of the column vector 

𝑮𝑘𝑒𝑟(: , 𝑗) and the vector [𝐶1𝑗, 𝐶2𝑗, ⋯ , 𝐶𝑛𝑗]
T composed of cofactor of 𝑮𝑘𝑒𝑟 . Therefore, vectors 

[𝐶1𝑗, 𝐶2𝑗, ⋯ , 𝐶𝑛𝑗]
 T can be regarded as the normal vector n of equation (5). In other words, the normal 

vector n of the 𝑛 − 1 dimensional hyperplane can be determined from the cofactor of 𝑮𝑘𝑒𝑟. 

In this way, the normal vector n of the 𝑛 − 1 dimensional hyperplane is important to the condition of the 

coupled resonance, but also includes information to determine the level of the response. The purpose of 

this paper is to propose the method to assign a resonant frequency, but for future research, here, we simply 

arrange the relationship between the response level and the normal vector n. When the 𝑮𝑘𝑒𝑟 has a zero 

eigenvalue and the eigenvector 𝜳 corresponding to a zero eigenvalue 𝑮𝑘𝑒𝑟 ⋅ 𝜳 = 0 is established [10]. For 

this expression, the following equation is obtained when considering that 𝑮𝑘𝑒𝑟 is a symmetric matrix. 

ji 

VEHICLE NOISE AND VIBRATION (NVH) 4415



𝜳𝑇𝑮𝑘𝑒𝑟 = 𝟎,  ∴ 𝜳𝑇 ⋅ 𝑮𝑘𝑒𝑟(: , 𝑗) = 0 (7) 

Therefore, from the formulation (5) and (7), the relation between the normal vector n of the 𝑛 − 1 

dimensional hyperplane and eigenvector Ψ of 𝑮𝑘𝑒𝑟is the following expression. 

𝒏 = 𝜳 (8) 

Here, from the equation (1), since the internal force vectors generated at the connection points of the main 

system A and sub system B are represented by 𝑮𝑘𝑒𝑟
−1 𝑮21

A 𝑭1
A, the eigenvector 𝜳 and the eigenvalue of 𝑮𝑘𝑒𝑟 

are proportional to the internal force vector [10]. Therefore, from the equation (8), the normal vector n is 

also proportional to the inner force vector generated at the connection points. In addition, the internal force 

vector of the connection point is one of the factors which determines the response level because it acts on 

the compliance matrix 𝑮32
A  of the main system A of the equation (1). From the above, the normal vector n 

is important for the control of the response level. 

2.2 Control method for assigning a coupled resonance frequency by coupling     
stiffness change 

2.2.1 Calculation method to identify a coupling stiffness 

In order to assign a coupled resonant frequency to the target frequency, the column vector 𝑮𝑘𝑒𝑟(: , 𝑗) is 

controlled based on Eq. (5). The simply method by controlling the column vector 𝑮𝑘𝑒𝑟(: , 𝑗) independently 

is explained.  

For controlling the column vector 𝑮𝑘𝑒𝑟(: , 𝑗), it is necessary to change the vector of  j column of 𝑮22
AB or 

coupling stiffness compliance matrix 𝑱 from the equation (4). For example, if you change 𝑮22
AB to change 

the sub system B, all the elements of the column vector 𝑮22
AB(: , 𝑗) are changed and 𝑮𝑘𝑒𝑟(: , 𝑗) cannot be 

independently controlled. On the other hand, when focusing on coupling stiffness compliance matrix 𝑱 is a 

diagonal matrix, it is possible to control only the diagonal component of 𝑮𝑘𝑒𝑟  by changing coupling 

stiffness because the coupling stiffness which is the diagonal component of matrix 𝑱 can be changed 

independently. The column vector 𝑮𝑘𝑒𝑟(: , 𝑗) in Eq. (5) contains only the coupling stiffness 𝑘𝑗 , if you seek 

the normal vector n at target frequency you want to assign the coupled resonance, coupling stiffness 𝑘𝑗  

can be obtained from eq. (5). In other words, it is possible to assign coupled resonance to a target 

frequency by changing only the coupling stiffness.  

Next, we show a procedure for determining a specific coupling stiffness for assigning the coupled 

resonant frequency to any frequency using a single coupling stiffness. 

 When the coupling stiffness 𝑘𝑖 at connection point  𝑗 is changed only Δ𝑘𝑖, assume that vector 𝑱(: , 𝑗)of j 

column in the coupling stiffness compliance matrix 𝑱 and the kernel compliance matrix 𝑮𝑘𝑒𝑟 changes to 

𝑱′(: , 𝑗)  and 𝑮𝑘𝑒𝑟
′ (: , 𝑗)  respectively. The relation between 𝑱′(: , 𝑗)  and 𝑮𝑘𝑒𝑟

′ (: , 𝑗)  is represented by the 

following equation. 

 
(9) 

Here， 

 

(10) 

Now, before coupling stiffness change, in target frequency to generate the coupled resonance, if 𝒏 is the 

normal vector of 𝑛 − 1 dimension hyperplane composed by 𝑛 − 1  column vectors in 𝑮𝑘𝑒𝑟  except for 
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column vector 𝑮𝑘𝑒𝑟(: , 𝑗)  related to the connection point j, the conditional expression of the coupled 

resonance occurs is the following equation from eq. (5) (9). 

𝒏𝑇 ∙ 𝑮𝑘𝑒𝑟
′ (: , 𝑗) = 𝒏𝑇 ∙ {𝑮22

AB(: , 𝑗) + 𝑱′(: , 𝑗)} = 0   ∴  𝒏𝑇 ∙ 𝑱′(: , 𝑗) = −𝒏𝑇 ∙ 𝑮22
AB(: , 𝑗) (11) 

Here, 𝑱′(: , 𝑗) = [0, ⋯ , 𝑱′(𝑗, 𝑗), ⋯ , 0]𝑇，𝒏 = [𝑛1, ⋯ , 𝑛𝑗, ⋯ , 𝑛𝑛]
𝑇
, the following equation is obtained 

when the target frequency is 𝜔𝑇. 

 

(12) 

Compliance 𝑱′(𝑗, 𝑗) is transferred to stiffness by the relation of 𝑱′(𝑗, 𝑗) = 1 (𝑘𝑗 + Δ𝑘𝑗)⁄ . 

 

(13) 

We can easily calculate the coupling stiffness which can assign coupling resonance to target frequency 

𝜔𝑇. 

2.2.2 The way to select of coupling stiffness to change 

Next, we show the way for selecting coupling stiffness which should be controlled from multiple 

coupling stiffness. The ratio of the coupling stiffness (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  is calculated from the following 

equation, and this ratio of the coupling stiffness that the value is closest to 1 is chosen. When the ratio is 

closer to 1, the amount to change by semi-active control is small. It is useful for the reduction of the power 

for control and the responsiveness of control. In this paper, (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  is called the change ratio of 

coupling stiffness. 

 

(14) 

From the above, the procedure to assign the coupled resonance frequency to target frequency by changing 

a coupling stiffness is as follows. 

1: In the target frequency 𝜔𝑇, calculate the amount of coupling stiffness required to assign the coupled 

resonance frequency by Eq. (13) for all coupling stiffness. 

2: Calculate the change ratio of coupling stiffness (𝑘𝑗 + Δ𝑘𝑗) 𝑘𝑗⁄  by Eq. (14) and select a coupling 

stiffness which the change ratio is closest 1. 

2.2.3 The amount of change in the column vector 

To analyze the kernel compliance matrix 𝑮𝑘𝑒𝑟 as a geometric vector, we explain the relationship between 

the change of the column vectors of  𝑮𝑘𝑒𝑟  and the compliance matrix 𝑱. When coupling stiffness is 

changed by Δ𝑘, the amount of change in the column vectors of the compliance matrix 𝑱 is expressed as 

Δ𝑱(: , 𝑗). In this case, the change in the column vectors of the kernel compliance matrix can be written as 

 
(15) 

𝑱′(𝑗, 𝑗) = −
𝒏𝑇 𝜔=𝜔𝑇

∙ 𝑮22
AB (: , 𝑗) 

𝜔=𝜔𝑇

𝑛𝑗  𝜔=𝜔𝑇

 

𝑘𝑗 + Δ𝑘𝑗 = −
𝑛𝑗  𝜔=𝜔𝑇

𝒏𝑇 𝜔=𝜔𝑇
∙ 𝑮22

AB (: , 𝑗) 
𝜔=𝜔𝑇
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Here 

 

(16) 

From equation (16), we can understand that in the case of Δ𝑘𝑗 → ±∞, Δ𝑱(𝑗, 𝑗) is asymptotic to −1/𝑘𝑗, in 

the case of Δ𝑘𝑗 → −𝑘𝑗 ± 0,  Δ𝑱(𝑗, 𝑗) is asymptotic to ±∞.  

3 Application to Beam Structure 

In this chapter, we apply the theory of the preceding chapter to the beam structure, and assign the 

coupled resonance frequency by changing the coupling stiffness. The relation between the coupled 

resonance frequency and eigenvalue, and the dependency among column vectors in the kernel compliance 

matrix are confirmed as a geometric vector. Finally, we analyze the relationship between coupling 

stiffness and coupled resonance frequency, and describe the way to utilize it for structural design of 

coupling spring. 

3.1 Analysis model and its vibration characteristics 

A schematic diagram and the specifications of the analysis model are shown in Fig. 3. The main system 

A and sub-system B are respectively lengths of 1.0 m and 0.3 m. In order to take advantage of the mutual 

interference between elastic vibration modes of main and sub systems, the two beams are spring-coupled 

in three places. The degree of freedom of the coupling stiffness is only in the x-direction translation, and 

the coupling stiffness is k1，k2，k3 = 250 N/mm, and the specifications of beam: Young’s modulus = 

2.058×1011 Pa, Density = 7.8×103 kg/m3, Second moment of area = 6.75×10-11 m4, Cross-section area = 

9.0×10-5 m2. The frequency response characteristics of the main system A and sub system B were 

determined by the finite element method, and the frequency response characteristics of the coupled system 

were determined using the equation (1). In Fig. 4, the rightmost x-directional response displacement of the 

main system A for the leftmost x-direction excitation is shown as a blue line, and the frequency response 

characteristics of only main system A are indicated by the green dashed line. At about above 70 Hz, the 

resonance frequency of main system A is changed by the addition of sub-system B, and it is understood 

that both are strongly coupled. Especially, the influence of the sub-system B is large for all systems above 

280Hz.  

 

Figure 3: Analysis model diagram. Main system A and sub system B are modeled by beam elements. 

The number of connection DOFs is three and DOF of connection points is only x direction. 

Coupling stiffness: k1，k2，k3 = 250 N/mm. Specifications of beam: Length of Main System 

A = 1.0 m; Length of Sub System B = 0.3 m, Density = 7.8×103 kg/m3, Young’s modulus = 

2.058×1011 Pa, Second moment of area = 6.75×10-11 m4, Cross-section area = 9.0×10-5 m2 
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Figure 4: Magnitude and phase of the compliances of the whole system. Solid line: main system A with 

sub system B which is coupled with springs. Dashed line: only main system A.  

3.2 Relation between eigenvalues and column vectors in the kernel matrix 

We confirm the relation between the eigenvalues and the column vectors of the kernel compliance matrix 

at the coupled resonance frequency. To clarify the size of eigenvalues, Fig. 5 shows the singular value of 

the kernel compliance matrix. In the resonance frequency, it is understood that one singular value is 

minimized (almost 0) corresponding to the zero eigenvalue. The singular value does not become 

completely 0 because of the effect of the frequency resolution of the analysis and because of a small 

damping in calculation. The relation between the three column vectors constituting the kernel compliance 

matrix 𝑮𝑘𝑒𝑟 at resonance frequency 283.9 Hz and non-resonant frequency 250.0 Hz is shown in Fig. 6. 

From Fig. 6 (a), three column vectors exist in the same plane at the resonance frequency, and one vector 

can be confirmed to be dependent on the other two vectors. On the other hand, from Fig. 6 (b), it can be 

confirmed that three column vectors do not exist in the same plane at the non-resonance frequency. 
 

 

Figure 5: Three singular values of Gker of Fig. 4. One singular value almost equals zero at each 

resonance frequency.  
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(a) Relation among three column vectors Gker (:, j ) at resonance frequency: 283.9Hz 

 

(b) Relation among three column vectors 𝑮𝑘𝑒𝑟(: , 𝑗) at non-resonant frequency: 250.0 Hz 

 

Figure 6: Relation among the kernel matrix’s column vectors 𝑮𝑘𝑒𝑟(: , 𝑗). Column vectors 𝑮𝑘𝑒𝑟(: ,1), 

𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟(: ,3) are respectively plotted with blue, red and orange arrow. Normal 

vector n12 to the hyperplane spanned by 𝑮𝑘𝑒𝑟(: ,1)  and vector 𝑮𝑘𝑒𝑟(: ,2)  is plotted with 

purple arrow. (a) Three vectors at resonance frequency 283.9 Hz exist in a same plane. (b) 

Three vectors at non-resonance frequency don’t exist in a same plane. 

 

3.3 Calculation of coupling stiffness and its change ratio 

3.3.1 Coupling stiffness 

Next, we show an example of assigning a coupled resonance frequency to the target frequency by 

changing one of the three coupling stiffness k1, k2 and k3. 

The target frequency is 250 Hz, and a coupled resonance is generated by moving the three column 

vectors shown in Fig. 6 (b) to the same plane. The value after the change of the coupling stiffness obtained 

from equation (13) is shown in table 1. For the coupling stiffness in table 1, the frequency response 

characteristics of all systems is shown in Fig. 7. For example, in Fig. 7 (a), the coupling stiffness k2 is 

changed from 250 N/mm to 119 N/mm, and the other coupling stiffness k2 and k3 are using the initial 

value of 250 N/mm. From Fig. 7, it is possible to assign resonance to the target frequency of 250 Hz by 

change one coupling stiffness 𝑘𝑗 . In addition, focusing on the response level of 200Hz-280Hz, when the 

coupling stiffness k2 is changed, the anti-resonance frequency occurs below 250Hz, when the coupling 
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stiffness k3 are changed, the anti-resonance frequency is generated more than 250Hz. For this factor 

analysis, the normal vector 𝒏 described in section 2-1-2 is important. 
 

Coupling stiffness 

𝑘𝑗 + Δ𝑘𝑗  [N/mm] 

𝑘1 + Δ𝑘1 𝑘2 + Δ𝑘2 𝑘3 + Δ𝑘3 

76.1 119 74.1 

 

Table 1. The coupling stiffness to assign the coupled resonance to 250 Hz. 

 
 

 

(a) k2 is changed, Solid line (changed): k2 = 119 N/mm, dashed line(initial): k2 = 250 N/mm 

 

 

(b) k3 is changed, Solid line (changed): k3 = 74.1 N/mm, dashed line(initial): k3 = 250 N/mm  

Figure 7: Frequency response function of the whole structure. Solid line: kj is changed to assign the 

coupled resonance to 250 Hz by Eq. 13. Dashed line: kj is initial value.  

 

Next, Fig. 8 shows the column vectors of the kernel compliance matrix at 250 Hz, as shown in Fig. 7 (b), 

which changed the coupling stiffness k3. For 𝑮𝑘𝑒𝑟(: ,3), we plotted the 𝑮𝑘𝑒𝑟
′ (: ,3) and Δ𝑱(: ,3) using the Eq.  

(15) (16). From Fig. 8 (b), it can be confirmed that the initial state of the column vector 𝑮𝑘𝑒𝑟(: ,1), 

𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟(: ,3) do not exist in the same plane. In Fig. 8 (b), it also confirmed that a new column 

vector𝑮𝑘𝑒𝑟
′ (: ,3) is generated by adding Δ𝑱(: ,3) to the initial state of the column vector 𝑮𝑘𝑒𝑟(: ,3), and 

three column vectors 𝑮𝑘𝑒𝑟(: ,1), 𝑮𝑘𝑒𝑟(: ,2) and 𝑮𝑘𝑒𝑟
′ (: ,3) exit in the same plane. 

 

VEHICLE NOISE AND VIBRATION (NVH) 4421



 

Figure 8: Relation among the kernel matrix’s column vectors 𝑮𝑘𝑒𝑟(: , 𝑗)  and coupling stiffness 

compliance vectorΔ𝑱(: ,3). Initial vector 𝑮𝑘𝑒𝑟(: ,3) is changed to vector 𝑮𝑘𝑒𝑟
′ (: ,3) by adding 

vectorΔ𝑱(: ,3) . Δ𝑱(: ,3)  is calculated from Eq.16. These figures show that three vectors, 

𝑮𝑘𝑒𝑟
′ (: ,3), 𝑮𝑘𝑒𝑟(: ,1) and 𝑮𝑘𝑒𝑟(: ,2), exist in one plane at resonance frequency 250 Hz by 

the change of coupling stiffness k3. 

3.3.2 Calculation of the change ratio of coupling stiffness 

We select a coupling stiffness to change after the calculation of the change ratio of coupling stiffness 

(𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  from eq. (14). The change ratio of the coupling stiffness for the target resonance 

frequency of 250 Hz is shown in table 2. The change ratio of coupling stiffness of k2 is closest to 1, 

therefore coupling stiffness k2 is selected to change.  
 

Change Ratio of Coupling Stiffness  

(𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  

(𝑘1 + Δ𝑘1)/𝑘1 (𝑘2 + Δ𝑘2)/𝑘2 (𝑘3 + Δ𝑘3)/𝑘3 

0.304 0.476 0.296 
 

Table 2: The coupling stiffness by eq.14 to assign the coupled resonance to 250 Hz. 

3.4 Relation analysis between the coupling stiffness and the assignment range 
of resonant frequency for the structural design of coupling spring  

We analyze the assignment range of resonance frequencies by changing the coupling stiffness and 

propose to utilize it for the structural design for coupling spring to realize the coupling stiffness necessary 

for semi-active control. 

The relation between the change ratio of coupling stiffness and coupled resonant frequency is shown in 

Fig. 9 to confirm the assignment range of coupled resonant frequencies. Each of the three line-types is a 

case of changing a coupling stiffness. For example, the legend (𝑘1 + Δ𝑘1)/𝑘1 is the case that the only 

coupling stiffness 𝑘1 is changed, but 𝑘2 and 𝑘3 did not changed.  The initial resonant frequency is shown 

on the right vertical axis so that the resonance frequency and the initial resonant frequency can be 

understood after the coupling stiffness change. It is noted that there is a region that is not plotted under the 

influence of the analysis resolution. From Fig. 9, if the change ratio of coupling stiffness is controlled 

between -1 ~ 2, the resonance can be assigned to the desired frequency below 500Hz by changing only 

one coupling stiffness. On the other hand, there is a region where the coupled resonance frequency is 

hardly assign even if the coupling stiffness is changed, and the tendency is different at each coupled 

resonance. Therefore, there is a difference in the change ratio of coupling stiffness which is necessary for 

the assignment of the resonance frequency, and the following relationship is arranged. Below 150Hz: the 

change ratio of coupling stiffness = about -0.1 ~ 0.3, 150Hz ~ 300Hz: the change ratio of coupling 
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stiffness = about 0 ~ 1, 300Hz ~ 400Hz: the change ratio of coupling stiffness = about 0 ~ 2, 400Hz ~ 

500Hz: the change ratio of coupling stiffness = about-1 ~ 1. In addition, the sensitivity of the resonance 

frequency change for the change ratio of coupling stiffness is different at each coupled resonance. The 

sensitivity below 200Hz tends to be higher than the sensitivity above 200Hz. This information will be 

calculated at the stage when the compliances of the body are obtained, and it is factored into the 

performance requirements of the coupled spring structural design of the semi-active control system. In 

addition, we assume the assignment frequency range for smoothing from the relation between the 

frequency of the suspension transmitted force and the resonance frequency of the vehicle body predicted 

at the vehicle development stage and reflect it into the coupling spring structure design. 

When the coupled resonant frequency of the coupling stiffness k2 is changed, from the intersection of the 

dashed line of Fig. 7 (𝑘2 + Δ𝑘2)/𝑘2 and the horizontal axis of the change ratio of coupling stiffness 0.476 

( 𝑘2 + Δ𝑘2 = 119 N/mm in Fig. 7 (a)), the resonance generated at 250 Hz is found to have occurred by 

shifting the initial resonant frequency 283.9 Hz. Similarly, other resonance frequencies are related to the 

following. The ratio of the initial resonant frequency (Hz) and the resonant frequency (Hz) after k2 change 

is 16.1/16.0, 43.7/43.5, 77.7/77.7, 139.6/139.4, 200.8/198.6, 283.9/249.7, 317.7/287.9, 327.7/327.7, 

367.1/362.0, and 488.6/488.2.  
 

 

Figure 9: Relation between the change ratio of coupling stiffness (𝑘𝑗 + Δ𝑘𝑗)/𝑘𝑗  and resonance 

frequency calculated from Eq. 14. Blue solid line: only k1 is changed. Green dashed line: 

only k2 is changed, Red dot chain line: only k3 is changed.  
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Conclusion 

For smoothing the response in the frequency domain of two vibration systems coupled with multiple 

degrees of freedom, we developed a method of assigning the coupled resonance frequency to the target 

frequency without repeated calculation assuming the use it in semi-active control. 

 

(1) This method is based on moving the column vectors constituting the kernel compliance matrix to the 

same hyperplane in order to occur rank deficient the kernel compliance matrix at the target 

frequency. Using the normal vector of this hyperplane, we clarified that the condition expression of 

the resonance generation is equivalent that inner product of the normal vector and the column vector 

equals to zero. As a result, the amount of change of the column vector can be obtained without 

repeated calculation. 

(2) In order to change the column vectors shown in the above (1) independently by the semi-active 

structure change, we proposed that only the coupling stiffness with independent freedom from each 

other connecting the two systems can be changed. If the structure of the sub system itself is changed, 

each column vector changes at the same time, but if the coupling stiffness is changed, only the 

diagonal component of the kernel compliance matrix is changed, and each column vector can be 

manipulated individually. We realized a method to assign the coupled resonance to the target 

frequency by changing one of the coupling stiffness by using the conditional expression of the 

resonance generation of the above (1). It is possible to calculate the coupling stiffness using only the 

compliance of the connection point and the normal vector of the above (1). We propose a method to 

select a coupling stiffness which should be controlled from multiple connection points using the all 

calculated coupling stiffness. 

(3) As a numerical example, we applied this method to two beam structures which were connected in 

three places by a translational one-degree-of-freedom spring and confirmed the validity of this 

method. We analyzed the assignment range of the coupled resonance frequency for the ratio of the 

initial coupling stiffness and the changed coupling stiffness, then we propose to use this result as a 

performance requirement for the structural design of the coupling spring in semi-active control 

system. 
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