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Abstract 
Stochastic subspace identification operational modal analysis is a recently-developed method in modal 

testing. In this method, determining the dimensions of the Hankel matrix in the projection procedure is an 

important step. In this paper, the number of rows of the Hankel matrix is recommended to be larger than a 

half period of Toeplitz matrix. There is no need to adopt excessive number of rows in the Hankel matrix, 

because the projection results would not vary significantly under high number of the matrix rows. Also, if 

computational power is limited, the projection results stabilize more quickly if the number of rows, number 

of columns and the sampling frequency are decreased as the same time. 

1 Introduction 

Traditionally, modal parameters including natural frequencies, damping ratios and mode shapes are 

identified by experimental modal analysis (EMA) [1]. However, EMA has some limitations [2], such as (i) 

difficulties in exciting large structures or structures in field testing, such as wind turbines, bridges or towers, 

and (ii) testing of structures under real conditions (such as machines under movement), which are different 

from laboratory conditions. 

Operational modal analysis (OMA), also known as output-only modal analysis, has been developed to tackle 

the issues above [3]. In this method, only the responses of the structure under ambient or natural excitation 

are required to identify modal parameters. OMA has been used in many applications.  For civil engineering 

structures, OMA has been applied to determine the dynamic properties of truss railway bridge [4], culvert 

for high speed train lines [5] and a statue [6]. OMA has also been applied to mechanical structures such as 

CNC machine tools [7], antenna reflector of spacecraft [8] and laminated glasses [9]. 

Stochastic subspace identification (SSI) and frequency domain decomposition (FDD) are two popular 

algorithms in OMA. Stochastic subspace identification is a time-domain identification method. This 

algorithm was developed since 1990s [10], and used to identify the dynamic parameters in civil engineering 

[11, 12]. Although SSI is often used in modal parameter identification, this algorithm has uncertainty caused 

by model order and stabilization diagram [13] and spurious poles [14].  

Choosing a suitable dimension of Hankel matrix is an important step in the SSI algorithm [16]. Priori et al. 

show how the user-defined parameters in SSI effect the identification results [15]. Reynders et al. indicate 

that the number of columns of Hankel matrix (denoted N in the discussion below) should be as large as 

possible [17], while Brincker and Ventura propose a minimum value of N as a function of system damping 

ratio and lowest frequency of interest [3]. On the number of rows of the Hankel matrix, it has been proposed 

the number of rows should be larger than 𝑓𝑠/2𝑓, where 𝑓𝑠 is the sampling frequency and 𝑓 is the lowest 

frequency of interest [17]. While large matrix sizes generally help statistical methods such as the SSI, this 

can lead to memory wasted and long computing time. Therefore, the objective of the current study is to 

determine the optimal values of the Hankel matrix, if these exist. 

In this study, the projection procedure which is used to filter noise in measured data of the Hankel matrix is 

analyzed by covariance estimate. Variation of the projection results under different matrix sizes is discussed. 
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Figure 1 Vertical milling machine to be tested: (left) actual object (right) arrangement of measurement points [7] 

2 Operational modal analysis and stochastic subspace 
identification 

In OMA, the structure is assumed to be excited by white noise, and subsequent mathematical treatment is 

based on this assumption. However, in real-world OMA tests, the excitation is not white noise. In OMA 

theory, the nonwhite input is assumed that the output from the imaginary filter which is loaded by white 

noise. The OMA system estimates a combined system including the physical structure and a loading filter 

(Figure 2). 

 

Figure 2 System identification in OMA  

2.1 State space model 

The governing equation of a 𝑛0 degrees of freedom system is given by 

𝐌�̈�(𝑡) + 𝐂∗�̇�(𝑡) + 𝐊𝐪(𝑡) = 𝐟(𝑡) (1) 

where 𝐌, 𝐂∗ and 𝐊 ∈ ℝ𝑛0×𝑛0 represent mass, damping and stiffness matrix of the system. �̈�(𝑡), �̇�(𝑡) and 

𝐪(𝑡) ∈ ℝ𝑛0×1 are the acceleration, velocity and displacement of the system. 𝐟(𝑡) ∈ ℝ𝑛0×1 is the external 

force. 

Define two state variables 𝐱1 and 𝐱𝟐, where 

𝐱1(𝑡) = 𝐪(𝑡) 

𝐱2(𝑡) = �̇�1(𝑡) 
(2) 
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The derivatives of the state variables are calculated using state differential equation. 

{
�̇�1(𝑡)

�̇�2(𝑡)
} = 𝐀 {

𝐱1(𝑡)

𝐱2(𝑡)
} + 𝐁𝐟(𝑡) 

𝐲(𝑡) = 𝐂 {
𝐱1(𝑡)

𝐱2(𝑡)
} 

(3) 

where 𝐲(𝑡) ∈ ℝ𝑀×1 is the output vector at 𝑀 measured degrees of freedom: 

𝐲(𝑡) = {

𝑦1(𝑡)
𝑦2(𝑡)

⋮
𝑦𝑀(𝑡)

} (4) 

and 

𝐀 = [
0 𝐈

−𝐌−1𝐊 −𝐌−1𝐂∗] , 𝐁 = [
0

𝐌−1] , 𝐂 = [−𝐌−1𝐊 −𝐌−1𝐂∗] (5) 

The natural frequencies and viscous damping ratios of the system (denoted 𝜔𝑖 and 𝜉i, respectively) can be 

sought from eigenvalues of matrix A. Matrix 𝐂 called output matrix, and it is related to the mode shapes of 

the system. 

2.2 Stochastic subspace identification 

To determine the modal parameters of the system, matrices 𝐀 and 𝐂 are determined from the measured 

responses [18]. Firstly, data matrix 𝐘 is constructed based on lumping the output vector at  𝑁𝑇  samples: 

𝐘1:𝑁𝑇
= [𝐲1 𝐲2  ⋯ 𝐲𝑁𝑇] (6) 

A block Hankel matrix 𝐇 ∈ ℝ2𝐼𝑀×𝑁 is created by shifting the output vector. 

𝐇 =
1

√𝑁
[

𝐲1 𝐲2 ⋯ 𝐲𝑁

𝐲2 𝐲3 ⋯ 𝐲𝑁+1

⋮ ⋮ ⋮
𝐲2𝐼 𝐲2𝐼+1 ⋯ 𝐲2𝐼+𝑁−1

] = [
𝐇𝑝

𝐇𝑓
] (7) 

The Hankel matrix is split into two block Hankel matrices of equal sizes. The upper half part of the Hankel 

matrix is called “the past” and denoted 𝐇𝑝. the lower half part of the Hankel matrix is called “the future” 

and denoted 𝐇𝑓. The total data shift in the Hankel matrix is 2𝐼 which is denoted “the number of block rows”. 

Based on the defined block Hankel matrices, the projection matrix of “future” data unto “past” data is 

defined as [18] 

𝐎 = 𝐓𝑓𝑝𝐓𝑝𝑝
+ 𝐇𝑝 (8) 

where 𝐓𝑓𝑝 and 𝐓𝑝𝑝 are block Toeplitz matrices defined as 

𝐓𝑓𝑝 = 𝐇𝑓𝐇𝑝
𝑇 , 𝐓𝑝𝑝 = 𝐇𝑝𝐇𝑝

𝑇 (9) 

𝐓𝑓𝑝 and 𝐓𝑝𝑝 are also called covariance matrices, which are discussed in the next section in detail. The values 

in these two matrices are represented the correlation of the output vectors with different time delay. The 

matrix 𝐎 is the response matrix of the system in lower noise level. In SSI theory, the projection matrix can 

be expressed by 

𝐎 = 𝚪𝑠𝐗0 (10) 
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where 𝚪𝑠 and 𝐗0 are observability matrix and Kalman states matrix. To determine observability matrix, the 

singular value decomposition is used on matrix 𝐎 

 𝐎 = 𝐔𝑛𝐒𝑛𝐕𝑛
𝑇 (11) 

The first 𝑛 singular values in the diagonal matrix 𝐒 is corresponding to 𝑛/2 modes. The estimate of the 

matrix 𝚪𝑠 and the matrix 𝐗0 is defined by 

�̂� = 𝐔𝑛√𝐒𝑛, �̂�0 = √𝐒𝑛𝐕𝑛
𝑇 (12) 

After the matrix �̂�𝑠 is sought, the system matrix 𝐀 can be found by solving a least squares problem. Natural 

frequencies and damping ratios can be found by calculating the eigenvalues of 𝐀 [3]. output matrix 𝐂 can 

be found by taking the first block row of the matrix �̂�𝑠. The mode shapes are found by  

 𝚽 = 𝐂𝚿 (13) 

where the matrix 𝚿 is the eigenvector of the matrix 𝐀. 

3 Variation of the projection results in data-driven SSI under 
different matrix sizes 

In OMA, the system is assumed to be excited by white noise. Therefore, removing noise in responses is an 

important step before the modal parameters identification. In data-driven SSI, the projection is used to filter 

noise in system responses. However, the efficacy of filter is influenced obviously by dimensions of the 

Hankel matrix. In this section, the Hankel matrix would be projected by true random method and theoretical 

method. In theoretical method, length of response signals is assumed approaching to infinity. Therefore, 

projection procedure would not be influenced by number of columns of the Hankel matrix. The variation of 

projection results under different number of rows of the Hankel matrix can be found. In true random method, 

projection procedure is carried out by Equation (8). Under limited length of response signals, noise cannot 

be filtered perfectly. This method is used to analyzed the stability of the projection procedure under different 

number of columns of the Hankel matrix. 

3.1 Random variables and signals 

If the system is excited by random input, the measured responses are also random numbers. In the SSI 

algorithm, the projection procedure is based on probability processing. 

 

Assume a stochastic vector 𝑥(𝑡). The mean value of 𝜇𝑥 is denoted as the expectation of 𝑥(𝑡) 

E[𝑥(𝑡)] = ∫ 𝑥𝑝(𝑥)𝑑𝑥
∞

−∞

= 𝜇𝑥 (14) 

where 𝑝(𝑥) is the probability density function of 𝑥(𝑡). By time average assumption [3], 𝑝(𝑥) is assumed as 

1/𝑇, where 𝑇 is the time length of the vector. The expectation of 𝑥(𝑡) can be expressed by  

E[𝑥(𝑡)] =
1

𝑇
∫ 𝑥(𝑡)𝑑𝑡

𝑇

0

 (15) 

In random vibration, the measured signals are assumed as zero mean. Therefore, the variance is defined as 

𝜎𝑥 = E[(𝑥(𝑡))
2
] =

1

𝑇
∫ (𝑥(𝑡))

2
𝑑𝑡

𝑇

0

 (16) 

Considering another stochastic vector 𝑦(𝑡), the covariance between 𝑥(𝑡) and 𝑦(𝑡) is given by  
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𝑐𝑜𝑣[𝑥(𝑡), 𝑦(𝑡)] = E[𝑥(𝑡)𝑦(𝑡)] =
1

𝑇
∫ 𝑥(𝑡)𝑦(𝑡)𝑑𝑡

𝑇

0

 (17) 

3.2 Analysis of Hankel matrix projection 

In the SSI algorithm, the projection of future data unto past data is sought using Eq. (8). In the ideal situation 

where measurement noise is absent (that is, 𝑣(𝑛) = 0) and the value of I being sufficiently high, 𝐎 = 𝐇f 

and 𝐓𝑓𝑝𝐓𝑝𝑝
+  becomes a predictive filter: 

 𝐲(𝐼 + 𝑘 − 1 + 𝑙) = (𝐇f)𝑘𝑙 = ∑ (𝐓𝑓𝑝𝐓𝑝𝑝
+ )

𝑘𝑗
(𝐇𝑝)𝑗𝑙

𝐼
𝑗=1 = ∑ (𝐓𝑓𝑝𝐓𝑝𝑝

+ )
𝑘𝑗

𝐲(𝑗 − 1 + 𝑙)𝐼
𝑗=1  (18) 

Therefore, any difference, hence variability of the projection matrix O is a result of measurement noise 𝑣(𝑛).  

Apparently, number of the rows of the Hankel matrix 𝐼 should be as large as possible, because more period 

of the response vector can be covered in Toeplitz matrices. The period in Toeplitz matrix depends on natural  

and sampling frequency of the response vector. To determine the variability of the projection matrix under 

different dimensions. Matrices 𝐓𝑝𝑝 and 𝐓𝑓𝑝 are analyzed by probability processing. The measured response 

(denoted �̂�) is the sum of system response 𝑦 and measurement noise: 

 �̂�(𝑛) = 𝐲(𝑛) + 𝐯(𝑛) (19) 

From Equation (17), the correlation function is defined as 

𝐑(𝜏) = E[�̂�(𝑡)�̂�(𝑡 + 𝜏)] =
1

𝑇
∫ �̂�(𝑡)�̂�(𝑡 + 𝜏)𝑑𝑡

𝑇

0

 (20) 

In discrete-time domain with multiple measurement points, Equation (20) can be expressed as 

𝐑(𝑘) =
1

𝑁
∑ �̂�(𝑛)�̂�𝑇(𝑛 + 𝑘)

𝑁

𝑛=1

= E[�̂�(𝑛)�̂�𝑇(𝑛 + 𝑘)] (21) 

By Equation (7) and (21), matrix 𝐓𝑝𝑝 and 𝐓𝑓𝑝 can be expressed in terms of expected values: 

𝐓𝑝𝑝 =

[
 
 
 
 
 
 

E[�̂�0�̂�0
𝑇] E[�̂�0�̂�1

𝑇] ⋯ E[�̂�0�̂�𝐼−1
𝑇 ]

E[�̂�1�̂�0
𝑇] E[�̂�1�̂�1

𝑇] ⋮

⋮ ⋱ ⋮

E[�̂�𝐼−1�̂�0
𝑇] ⋯ ⋯ E[�̂�𝐼−1�̂�𝐼−1

𝑇 ]]
 
 
 
 
 
 

, 𝐓𝑓𝑝 =

[
 
 
 
 
 
 

E[�̂�𝐼�̂�0
𝑇] E[�̂�𝐼�̂�1

𝑇] ⋯ E[�̂�𝐼�̂�𝐼−1
𝑇 ]

E[�̂�𝐼+1�̂�0
𝑇] E[�̂�𝐼+1�̂�1

𝑇] ⋮

⋮ ⋱ ⋮

E[�̂�2𝐼−1�̂�0
𝑇] ⋯ ⋯ E[�̂�2𝐼−1�̂�𝐼−1

𝑇 ]]
 
 
 
 
 
 

 (22) 

where �̂�𝑗 means �̂�(𝑛) with time delay of 𝑗 samples. Combining Eq. (19) and (21), the correlation function 

𝐑 is calculated as 

𝐑(𝑘) = E[𝐲(𝑛)𝐲𝑇(𝑛 + 𝑘)] + E[𝐲(𝑛)𝐯𝑇(𝑛 + 𝑘)] + E[𝐯(𝑛)𝐲𝑇(𝑛 + 𝑘)] + E[𝐯(𝑛)𝐯𝑇(𝑛 + 𝑘)] (23) 

The correlation matrix is related with the number of columns of the Hankel matrix. In the current study, the 

correlation function is calculated using two approaches, and they are used to evaluate the influence of 

different parameters: 

• In the first approach, Eq. (23) is determined analytically assuming 𝐲(𝑛)  and 𝐯(𝑛)  being 

independent of each other, and the number of matrix columns 𝑁 → ∞. This approach is used to 

study the variability of matrix projection on 𝐼 and the sampling frequency (denoted 𝑓𝑠). 

• In the second approach, a finite amount of pseudorandom values 𝐯(𝑛) are taken to calculate the 

predictive filter 𝐓𝑓𝑝𝐓𝑝𝑝
+ . The approach is used to calculate the variability of matrix projection on N. 
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3.2.1 Projection matrix assuming independent random signals 

Assuming 𝐲(𝑛) and 𝐯(𝑛) are independent random variables, the cross-covariance between the two variables 

vanishes: 

E[𝐲(𝑛)𝐯𝑇(𝑛 + 𝑘)] = E[𝐯(𝑛)𝐲𝑇(𝑛 + 𝑘)] = 0 (24) 

Additionally, if 𝐯(𝑛) is assumed to be a normally-distributed random variable, Eq. (25) holds: 

E[𝐯(𝑛)𝐯𝑇(𝑛 + 𝑘)] = {
𝜎2, 𝑘 = 0
0, 𝑘 ≠ 0

 
(25) 

Therefore, the block Toeplitz matrices �̂�𝑝𝑝 and  �̂�𝑓𝑝 can be expressed as 

�̂�𝑝𝑝 = 𝐓𝑝𝑝 + 𝜎2(𝐯(𝑛))𝐈 

�̂�𝑓𝑝 = 𝐓𝑓𝑝 
(26) 

4 Numerical studies and results 

To find the variation of the projection result under different values of 𝐼, three response vectors including 

white noise are assumed by Equation (19), and 

�̂�(𝑛) = sin (𝑓
2𝜋𝑛

𝑓𝑠
) + 𝐯(𝑛) (27) 

Measurement noise vector is given by ‘randn’ in MATLAB® where σ2(𝐯(𝑛)) = 1. This signal simulates 

the response of a veryly-lightly-damped system. 

4.1 Projection assuming independent random signals 

Dependence of projection variability on sampling frequencies is first studied assuming 𝑁 → ∞  in 

determining matrices �̂�𝑝𝑝 and  �̂�𝑓𝑝, which are constructed according to Eq. (26). The N-sample measured 

signal is generated according to Eq. (27), and quality of projection is defined as the correlation coefficient 

(0 ≤ 𝛼 ≤ 1) between the first row of matrices 𝐎 and the counterpart in 𝐘𝐹. In a noiseless measurement, 

𝐎 = 𝐇f and the coefficient is equal to 1. Therefore, a higher correlation coefficient means better projection 

performance. 

In the simulations below, 𝑓 =  5 Hz and 𝑓𝑠  = 100 Hz. Although �̂�(𝑛)  is a finite-length signal with a 

pseudorandom component, the correlation coefficient does not vary significantly on N (Figure 3). The 

correlation coefficient increases monotonically with I, but the rate of increment is periodic. It is found that 

the periodic of increment variation depends on the period of the signal, in terms of number of samples. By 

testing the projection performance using three other frequencies 𝑓 = {10, 20, 25} Hz, Table 1 shows that 

correlation coefficient variation under different values of 𝐼 has a period of 𝑓𝑠/2𝑓0. In practice, it means there 

are “sweet spots” of values taken in SSI-OMA: for example, under 𝑓 = 5 Hz, a value of I=30 has to be taken 

if the identification results of I=20 are found to be unsatisfactory. 

The next parameter to be studied is sampling frequency. In the simulations, 𝑓𝑠 ={100, 300, 500} Hz. Under 

a higher value of 𝐼 where 𝐼 𝑓𝑠⁄ > 1 𝑓⁄ , Figure 4 shows that the performance of projection improves with 

higher sampling frequency. However, if the value of I is constrained (for example, due to insufficient 

computing power to calculate pseudoinverse �̂�𝑓𝑝) it may be beneficial to use a low sampling frequency. 
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Figure 3 Correlation coefficient under different values of N, 𝑓𝑠 = 100 Hz 

 

Signal frequency 

𝑓𝒔 (Hz) 

Period of the Toeplitz 

matrix (samples) 

Period of correlation 

coefficient (samples) 

5 20 10 

10 10 5 

20 5 2.5 (2 or 3) 

25 4 2 

Table 1 Period of correlation coefficient variation 

 

Figure 4 Correlation coefficient under different sampling frequencies 

4.2 Hankel matrix projection with real noise signal 

In SSI theory [17], the number of columns of Hankel matrix 𝑁 is preferably approaching infinity. Because 

the correlation between response and noise would approach to zero. In practice, the length of response data 

is always finite, thus sampled covariances (Eq. (21)) are used to determine 𝐓𝑓𝑝 and 𝐓𝑝𝑝  (Eq. (22)). To 

determinate the variation of the projection result under various values of 𝑁, a response vector is constructed 
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using Equation (19) and (27), with 𝑓 = 5 Hz and 𝑓𝑠 = 100 Hz. Figure 5 shows the first and last rows of 

𝐓𝑓𝑝𝐓𝑝𝑝
+  in Equation (8). It is found that 𝐓𝑓𝑝𝐓𝑝𝑝

+  gradually converge to the analytical counterpart if the value 

of 𝑁 is increased. However, the entries would still be perturbed by noise for N as high as 10000. 

To find the dependence of stability of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under joint variation of 𝑁, I and 𝑓𝑠, correlation coefficient of 

𝐓𝑓𝑝𝐓𝑝𝑝
+  under 4000 ≤ 𝑁 ≤ 15000  and 20 ≤ 𝐼 ≤ 100 are calculated. Stabilization diagram is shown as 

Figure 6. It is found that 𝐓𝑓𝑝𝐓𝑝𝑝
+  would be stable if value of 𝑁 is increased under the same value of 𝐼. Figure 

6 also shows that stability would not vary significantly under different sampling frequencies. Because 

sampling frequency influences the period of Toeplitz matrices 𝐓𝑝𝑝 and 𝐓𝑓𝑝. Therefore, the dimensions of 

the Toeplitz matrices are related to sampling frequency. However, the values in the Toeplitz matrices are 

the correlation of the signals. The similarity of the signals would not be influenced by sampling frequency. 

  

Figure 5 Entries of first (left) and last (right) rows of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under I = 20 and various values of N, 

compared with analytical counterpart (Eq. (27)) 

  

(a) (b) 

Figure 6 Stabilization diagram of 𝐓𝑓𝑝𝐓𝑝𝑝
+  under sampling frequencies (a) 100 (b) 500 Hz. Red dots 

indicates the correlation coefficient is higher than 0.99 
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5 Conclusions 

In this study, it is found that projection results would not vary significantly if the value of 𝐼 ≥ 𝑓𝑠/2𝑓0 . 

Because longest response period be covered in Toeplitz matrices. Also, if computational resources are 

limited, it is beneficial to reduce both the number of rows (N) and the sampling frequency such that the 

projection results can be stabilized. It is also found that the matrix 𝐓𝑓𝑝𝐓𝑝𝑝
+  in projection procedure would be 

gradually stabilize if the value of 𝑁 is increased, but the results are still affected by noise. 
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