
Fatigue damage prediction based on strain field estimates 
using a smoothed Kalman filter and sparse 
measurements 

U. Lagerblad1,2, H. Wentzel2, A. Kulachenko1 
1 KTH Royal Institute of Technology, Department of Solid Mechanics 

SE-100 44, Stockholm, Sweden 

e-mail: ulag@kth.se 

 
2 Scania AB, Truck Chassis Development 

SE-151 87, Södertälje, Sweden 

Abstract 
In this work, we address the problem of fatigue damage prediction in a truck component excited by road 

induced vibrations. The damage is computed from strains estimated from sparse measurements of the 

dynamic response. Two different fixed-lag smoothing algorithm are employed, an augmented Kalman filter 

extended with a fixed-lag smoother and a smoothed joint input-state estimation algorithm. The system is 

described with a finite element model, and due to the complexity of reproducing the system by the model, 

the resulting representation may contain a number of discrepancies. Nevertheless, both smoothing 

algorithms succeed in capturing the dynamic behaviour of the component, although the estimated strains are 

affected more by the large model error than the estimated acceleration are. Furthermore, it is shown that the 

proposed methodology of strain estimation and fatigue damage calculations correlate well with the observed 

failure of a component when tested in a full-scale fatigue test of a truck chassis. 

1 Introduction 

In the development and maintenance of engineering structures it is often important to estimate the fatigue 

damage that is likely to occur due to a certain loading or use conditions. Fatigue damage estimates can be 

based on knowledge of the strain history in the critical points of the structure; in general the critical points 

are not exactly known a priori. To continuously measure the entire strain field is impractical and, therefore, 

it is proposed to estimate the strain history in all critical points from a limited number of discretely positioned 

sensors (accelerometers and strain gauges) and a finite element model of the structure.  

This is a kind of inverse problem that has been extensively studied over the last decades [1-7]. Increased 

computing power enabled the use of more complex methods where larger arrays of data are used as inputs 

to the estimation algorithms, resulting in increased accuracy of the result. A high accuracy of the estimated 

strains is a prerequisite for damage calculations [8, 9]. In this work a specific problem is addressed, that of 

fatigue damage prediction based on strain history estimated from sparse measurements in a dynamic system 

with unknown inputs for which a finite element model exists. It is assumed that the dynamic system is well 

described as linear, and the model errors and the measurement noise are described as Gaussian white noise. 

It is investigated to perform the damage estimates using a recursive non-causal adaptive filter to estimate 

the strain field. This methodology has the potential to overcome both modelling errors and measurement 

noise inevitably present in the system. Two similar algorithms are employed in this work, an experimentally 

validated augmented Kalman filter extended with a fixed-lag smoother (AKF-FLS), and a smoothed 

algorithm for joint input-state estimations (SJISE) [10]. The accuracy and the computational cost of the 

algorithms are compared. 
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An experimental setup is used for the investigation. The structure subjected to strain field identification and 

subsequent fatigue estimation is a truck side skirt, which serves to reduce the aerodynamic resistance of the 

vehicle. Components attached to the chassis are in general excited by road-induced vibrations but the loads 

that act on the side skirt are not readily available for measurement because there are several attachment 

points with complex geometry. 

In-service vibration responses, both accelerations and strains, were measured in laboratory conditions in a 

test rig. The dynamic properties of the system were obtained from a finite element model. The finite element 

model was tuned so that the modal properties of the model were matching the modal properties of the 

experimental setup. This comparison was based on an operational modal analysis of the studied system.  

Both algorithms were first verified and tuned by estimating discretely measured acceleration and strain 

signals. The smoothers were then used to estimate the strain in several other positions on the component. 

These estimated strains were used to compute the damage and the result was compared to the outcome of a 

full-scale vibration fatigue test of the component.  

2 Method 

In order to estimate the response in a complex component, a model of the system is needed. It needs not 

only to be accurate, but also to efficiently describe the dynamic behaviour of the system without getting to 

large. A minimized model complexity is essential for the computational cost of filtering algorithms. Here, 

a detailed finite element model is reduced and described by its modal parameters in a well-defined frequency 

interval. The finite element model is tuned to match the modal parameters with those from an operational 

modal analysis. Accelerations and strains were measured during a laboratory experiments of a truck side 

skirt simulating road induced vibrations from realistic driving conditions. The measured response was then 

used as input to the two smoothing algorithms estimating the strain in the structure from which the fatigue 

damage could be calculated. 

2.1 System state-space description   

Consider a linear time invariant system described by the discrete time modally reduced equation of motion 

 �̈�𝑘 + 𝚪�̇�𝑘 + 𝛀𝐪𝑘 = 𝚽𝐒f𝐟𝑘 (1) 

where 𝐪𝑘 is a vector of 𝑛𝑁 modal displacements where 𝑛𝑁 denotes the number of participating modes. The 

matrix 𝛀 ∈ ℝnN×𝑛𝑁 contains the eigenfrequencies ω𝑖 arranged diagonally in ascending order and the mass 

normalized eigenvectors are arranged as columns in 𝚽 ∈ ℝ𝑛𝑑𝑜𝑓×𝑛𝑁 where 𝑛𝑑𝑜𝑓 is the number of degrees of 

freedom of the system. In addition, assuming proportional damping, the matrix 𝚪 ∈ ℝ𝑛𝑁×𝑛𝑁 contains the 

diagonal elements 2ω𝑖ξ𝑖 where 𝜉𝑖 is the modal damping ratio for mode 𝑖. The system is excited by 𝑛𝑓 

external forces 𝐟𝑘 acting in positions described by 𝐒f ∈ ℝ𝑛𝑑𝑜𝑓×𝑛𝑓. Furthermore, let the 𝑛𝑧 measured 

responses 𝐳𝑘 be connected to the modal parameters as 

 𝐳𝑘 = 𝐒𝑎𝚽�̈�𝑘 + 𝐒𝑣𝚽�̇�𝑘 + 𝐒𝑑𝚽𝐪𝑘. (2) 

By collecting the modal displacements and velocities into the state vector 𝐱𝑘  

 𝐱𝑘 = [
𝐪𝑘

�̇�𝑘
] (3) 

the equation of motion (1) and the measurement equation (2) can be reformulated to a state-space description 

of the system as 

 
𝐱𝑘+1 = 𝐀𝐱𝑘 + 𝐁𝐟𝑘 + 𝐰𝑘

𝐳𝑘 = 𝐂𝐱𝑘 + 𝐃𝐟𝑘 + 𝐯𝑘 .
 (4) 

The time invariant state matrices 𝐀 and 𝐁 are calculated as 
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𝐀 = exp ([
𝟎 𝐈

−𝛀𝟐 −𝚪
] Δ𝑡)

𝐁 = (𝐀 − 𝐈) [
𝟎 𝐈

−𝛀𝟐 −𝚪
]

−1

[
𝟎

𝚽T𝐒f
]
 (5)  

whereas the measurement matrix 𝐂 is defined as 

 𝐂 = [𝐒𝑑𝚽 − 𝐒𝑎𝚽𝛀2 𝐒𝑣𝚽 − 𝐒𝑎𝚽𝚪] (6) 

and the direct feed-through matrix 𝐃 is given by 

 𝐃 = [𝐒𝑎𝚽𝚽T𝐒f]. (7) 

The noise processes 𝐰𝑘 and 𝐯𝑘 which accounts for model errors and measurement noise, respectively, are 

assumed to be zero mean and white with known covariance according to 

 𝐄 [(
𝐰𝑘

𝐯𝑘
) (𝐰𝑘

T 𝐯𝑘
T)] = [

𝐐x 𝐒
𝐒 𝐑𝑣

] 𝛿𝑘−𝑙  . (8) 

2.1.1 Augmented state-space description 

Instead of using the state vector (3), an augmented state vector 𝐱𝑘
a = [𝐪𝑘 �̇�𝑘 𝐟𝑘]T can be used. This result 

in the augmented state and measurement equations as 

 
𝐱𝑘+1

a = 𝐀a𝐱𝑘
a + 𝐰𝑘

a

𝐳𝑘 = 𝐂a𝐱𝑘
a + 𝐯𝑘

  (9) 

where the augmented state and measurement matrix are formulated as 

 𝐀a = [
𝐀 𝐁
𝟎 𝐈

],      𝐂a = [𝐂 𝐃].  (10) 

It is assumed that the process noise 𝐰𝑘
a is described by its covariance 𝐐a = [

𝐐x 𝟎
𝟎 𝐐f

]. 

2.2 Smoothing algorithms 

Two different smoothing algorithms are employed, an augmented Kalman filter extended with a fixed lag 

smoother and a smoothed joint input-state estimation algorithm.  

2.2.1 The augmented Kalman filter extended with a fixed-lag smoother  

The augmented Kalman filter extended with a fixed-lag smoother (AKF-FLS) consists of two steps. First, a 

regular Kalman filter is applied to the augmented system described by Equation (9), which is then followed 

by the fixed-lag smoothing algorithm. The Kalman filter needs to be initialized with an initial augmented 

state estimate vector �̂�0|−1
a  and its error covariance 𝐏0|−1

(0)
. Here, the Kalman filter is formulated as a one-

step a priori filter 

 

𝐊𝑘
(0)

=  𝐀a𝐏𝑘|𝑘−1
(0)

𝐂aT (𝐂a𝐏𝑘|𝑘−1
(0)

𝐂aT + 𝐑𝑣)
−1

𝐏𝑘+1|𝑘
(0)

= 𝐀a𝐏𝑘|𝑘−1
(0)

(𝐀a − 𝐊𝑘
(0)

𝐂a)
T

+ 𝐐a

�̂�𝑘+1|𝑘
a = 𝐀a�̂�𝑘|𝑘−1

a + 𝐊𝑘
(0)

(𝐳𝑘 − 𝐂a�̂�𝑘|𝑘−1
a ).

 (11) 
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This initialize the smoothing algorithm with Kalman gain 𝐊𝑘
0  and error covariance 𝐏𝑘

0. For a predefined time 

lag 𝐿, the smoothing algorithm is repeated for 𝑖 = [1: 𝐿 + 1]:  

 

𝐊𝑘
(𝑖)

=  𝐏𝑘|𝑘−1
(𝑖−1)

𝐂aT (𝐂a𝐏𝑘|𝑘−1
(0)

𝐂aT + 𝐑𝑣)
−1

𝐏𝑘+1|𝑘
(𝑖)

= 𝐏𝑘|𝑘−1
(𝑖−1)

(𝐀a − 𝐊𝑘
(0)

𝐂a)
T

�̂�𝑘+1−𝑖|𝑘
a = �̂�𝑘+1−𝑖|𝑘−1

a + 𝐊𝑘
(𝑖)

(𝐳𝑘 − 𝐂a�̂�𝑘|𝑘−1
a ).

 (12) 

This gives, in the last step, the estimated augmented state vector �̂�𝑘−𝐿|𝑘
a , containing both estimated states 

and forces. 

2.2.2 The smoothed algorithm for joint input-state estimations  

The smoothed algorithm for joint input-state estimations (SJISE) consist of two steps: input estimation and 

state estimation. The algorithm is based on the state-space formulation of Equation (4). The smoother is 

described in detail in Maes et al. [10], and is here only outlined in brief. The algorithm is initialized using 

an initial state �̂�[0|𝐿−1] and its error covariance 𝐏x[0|𝐿−1].  

Input estimation:  (13) 

𝐏xw[𝑘] = ∑ ((∏(𝐀 − 𝐊𝐿[𝑘−𝑗]𝒪𝐿)

𝑖−1

𝑗=1

) ((�̆�2𝑛𝑁
− 𝐊𝐿[𝑘−𝑖]𝒩𝐿)𝐐𝐿

𝑖 − 𝐊𝐿[𝑘−𝑖]𝐒𝐿
−𝑖T

))

min (𝑘,𝐿)

𝑖=1

 

𝐏xv[𝑘] = ∑ ((∏(𝐀 − 𝐊𝐿[𝑘−𝑗]𝒪𝐿)

𝑖−1

𝑗=1

) ((�̆�2𝑛𝑁
− 𝐊𝐿[𝑘−𝑖]𝒩𝐿)𝐒𝐿

𝑖 − 𝐊𝐿[𝑘−𝑖]𝐑𝐿−1
𝑖 ))

min (𝑘,𝐿)

𝑖=1

 

�̅�[𝑘] = 𝒪𝐿𝐏x[𝑘|𝑘+𝐿−1]𝒪𝐿
T + 𝐑𝐿+1

0 + 𝒩𝐿𝐐𝐿
0𝒩𝐿

T + 𝒩𝐿𝐒𝐿
0 + 𝐒𝐿

0T
𝒩𝐿

T + 𝒪𝐿𝐏xw[𝑘]𝒩𝐿
T + 𝒩𝐿𝐏xw[𝑘]

T 𝒪𝐿
T

+ 𝒪𝐿𝐏xv[𝑘] + 𝐏xv[𝑘]
T 𝒪𝐿

T 

𝐌L[𝑘] = �̆�
𝑛𝑓

(𝓗𝐿
T�̅�[𝑘]

−1
ℋ𝐿)

†
𝓗𝐿

T�̅�[𝑘]
−1

 

𝐟[𝑘|𝑘+𝐿] = 𝐌𝐿[𝑘](𝐳𝐿[𝑘] − 𝒪𝐿�̂�[𝑘|𝑘+𝐿−1]) 

𝐏p[𝑘|𝑘+𝐿] = 𝐌𝐿[𝑘]�̅�[𝑘]𝐌𝐿[𝑘]
T  

State estimation:  (14) 

�̅�[𝑘] = 𝐀𝐏x[𝑘|𝑘+𝐿−1]𝒪𝐿
T + �̆�2𝑛𝑁

𝐐𝐿
0𝒩𝐿

T + �̆�2𝑛𝑁
𝐒𝐿

0 + 𝐀𝐏xw[𝑘]𝒩𝐿
T + �̆�2𝑛𝑁

𝐏xw[𝑘]
T 𝒪𝐿

T + 𝐀𝐏xv[𝑘] 

�̅�[𝑘] = 𝐀𝐏x[𝑘|𝑘+𝐿−1]𝐀
T + 𝐐 + 𝐀𝐏xw[𝑘]�̆�2𝑛𝑁

T + �̆�2𝑛𝑁
𝐏xw[𝑘]

T 𝐀T 

𝐊𝐿[𝑘] = �̅�[𝑘]�̅�[𝑘]
−1 − (�̅�[𝑘]�̅�[𝑘]

−1ℋ𝐿 − �̆�)(𝓗𝐿
T

�̅�[𝑘]
−1 ℋ𝐿)

†
𝓗𝐿

T
�̅�[𝑘]

−1  

�̂�[𝑘+1|𝑘+𝐿] = 𝐀�̂�[𝑘|𝑘+𝐿−1] + 𝐊𝐿[𝑘](𝐳𝐿[𝑘] − 𝒪𝐿�̂�[𝑘|𝑘+𝐿−1]) 

𝐏x[𝑘+1|𝑘+𝐿] = 𝐊𝐿[𝑘]�̅�[𝑘]𝐊𝐿[𝑘]
T − 𝐊𝐿[𝑘]�̅�[𝑘]

T − �̅�[𝑘]𝐊𝐿[𝑘]
T + �̅�[𝑘] 

For the definition of gain matrices and extended noise covariances, the reader is referred to [10]. The SJISE 

gives the smoothed input force estimate 𝐟[𝑘|𝑘+𝐿] and state estimate �̂�[𝑘+1|𝑘+𝐿] separately. 
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2.3 Experiments 

The dynamic system studied in this work is the load carrying structure of a truck side skirt, see Figure 1. 

Accelerometers and strain gauges were mounted on the component and the accelerations and the strains 

were measured on the Scania test track in Södertälje, Sweden.  

 

Figure 1: A truck side skirt and an illustration of the global coordinate system. 

Due to the slender shape of the side skirt, the vibrations in the y-direction are dominant. These accelerations 

were reproduced on the load carrying structure of a side skirt mounted in the vibration test rig presented in 

Figure 2. The response was measured with a sample rate of 1000 Hz. Due to prior knowledge of the dynamic 

behaviour of the side skirt, it is known that vibrations over 50 Hz give only a very small contribution to the 

motion and, consequently, to the strain in the component. Hence, for the frequency interval of interest, 1000 

Hz gives a sufficient resolution of the participating modes. Acceleration was measured at five positions and 

strain at four positions, these are visualized in Figure 3. 

 

Figure 2: The side skirt mounted in the test rig. 
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Figure 3: Position of the 5 accelerometers (marked with blue dots) and the 4 strain gauges (marked with 

red lines). 

2.4 Finite element model 

The rig structure and the side skirt were modelled in the finite element pre-processor HyperMesh 2017, and 

the modal parameters up to 50 Hz were then calculated with Abaqus CAE 2017. The stiffness of the finite 

element model was modified in order to make the computed modes match those of an operational modal 

analysis (OMA) [11] of the test rig and side skirt structure. The OMA was performed by exciting the test 

rig with a noise signal with evenly distributed power in the interval 0.2-60 Hz. The measured acceleration 

response was imported into the software LMS TestLab. The eigenmodes, frequencies and damping were 

computed using the PolyMAX method, a poly-reference least-squares complex frequency-domain method 

[12, 13]. Both the computed modes and the modes from the OMA are presented in Table 1. The comparison 

of modes were done by studying the modal assurance criterion [14] and the eigenfrequencies. There is a 

rather big difference between the two simulations as can be seen when comparing the modes from the finite 

element model and the OMA. Mode 1-2 and 5-6 show a decent correlation, both when it comes to frequency 

and shape of the modes. However, mode 3 and 4 shows very poor conformance. While the finite element 

simulation shows a combined motion in y and z, does the OMA catch a joint motion of the rig structure and 

the side skirt. This results in response estimations being performed with a large model error. The correctness 

of the model is also affected if a strain gauge is placed where the strain gradient is high since it is difficult 

to exactly match its position in the finite element model. 

 

 

Figure 4: The finite element model of the test rig and side skirt. 
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Table 1: To the left, modes from finite element computations of the system up to 50 Hz. To the right, 

modes from an operational modal analysis up to 50 Hz. 

3  Results 

With a system model obtained from the finite element calculations and measured dynamic response from 

the test rig, the smoothers were first verified by estimating acceleration 𝑎5 and strain 𝑠2 based on the other 

sensors described in Figure 3. After that, the smoothers are challenged to estimate the strains in positions 

on the side skirt structure where strain measurements were not possible. These strains are then used to 

calculate the fatigue damage in the structure and the result is compared to the outcome from a full-scale 

vibration rig test of the structure. 

3.1 Tuning of filters 

In order to adapt the two smoothers to each specific model and measurement setup, they need to be tuned. 

That means assigning values to 𝐐x and 𝐐f in the AKF-FLS, and to 𝐐x in the SJISE. The measurement noise 

covariance 𝐑𝑣  is assumed to be known and to be diagonal, here 𝐑𝑣 = 𝐈. No other input forces other than 

those in 𝐟𝑘 are present, the process noise and the measurement noise are therefore assumed to be uncorrelated 

resulting in 𝐒 = 𝟎 (see Equation (8)). Both 𝐐x and 𝐐f are assumed to be constant and to be diagonal. The 

tuning process can be seen as an optimization process to find the best trade-off between filter adaptability 

and noise sensitivity. The AKF-FLS is tuned by studying the smoothing norm ‖𝐟‖
2
 and the error norm 

‖𝐳 − �̂�‖2. These two quantities are calculated off-line for a wide range of values on 𝐐x and 𝐐f. A generalized 

L-curve method [15] is then utilized where first the minimum error norm for each value of 𝐐x is plotted, see 

Figure 5 (a). The 𝐐x which gives the best trade-off between adaptability and stability is found in the L-

corner, this value is marked with a red circle. Secondly, the smoothing norm is plotted versus the error norm 

for the selected value of 𝐐x, see Figure 5 (b). In this figure some of the values of 𝐐f are marked with 

numbers. It can be seen that both the smoothing norm and the error norm are relatively unaffected by changes 

in 𝐐f in the range of 1014 − 1016, resulting in the assigned value 𝐐f = 𝐈 ∙ 1016. 

The SJISE only needs to be assigned a value on 𝐐x. Again, both the smoothing norm and the error norm are 

computed for a wide range of values on 𝐐x. The smoothing norm and the error norm are plotted separately 

versus 𝐐x, see Figure 6, and the encircled covariance, 𝐐x = 𝐈 ∙ 10−6, in the L-corner has been selected. 

 

Mode  

no. 

Finite element model OMA 

Frequency Shape Frequency Shape Damping 

1 11.27 Hz 1st bending mode y of side skirt 10.65 Hz 1st bending mode y of side skirt 0.7% 

2 16.64 Hz 1st twisting mode y of side skirt 17.80 Hz 1st twisting mode y of side skirt 1.3% 

3 32.98 Hz Simultaneous 1st bending mode  

y, 1st bending mode  z 

26.20 Hz 1st bending mode y of side skirt 

together with oppositely directed 

motion of rig structure 

1.5% 

4 34.16 Hz Simultaneous 2nd bending mode 

y, 1st bending mode  z 

32.47 Hz 1st bending mode y of side skirt 

together longitudinal x motion of 

rig structure 

1.2% 

5 39.17 Hz 2nd bending mode y of side skirt 38.35 Hz 2nd bending mode y of side skirt 0.9% 

6 44.25 Hz 2nd twisting mode y of side skirt 44.76 Hz 2nd twisting mode y of side skirt 0.4% 
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Figure 5: Tuning of AKF-FLS. In (a) the minimum error norm versus 𝐐x and in (b) the smoothing norm 

versus the error norm for the encircled value of 𝐐x where some of the values of 𝐐f are marked with 

numbers. 

 

Figure 6: Tuning of SJISE. In (a) the error norm for different values of 𝐐x and in (b) the smoothing norm 

for different values of 𝐐x. An upper cut-off value of 107 and 109, respectively,  has been used in order to 

visualize the result. 

3.2 Acceleration and strain estimation 

With filter parameters as described in Section 3.1, acceleration 𝑎5 and strain 𝑠2 were estimated by the two 

smoothers. The test signal was 77 seconds long using the time step Δ𝑡 = 10−3 s. A time lag of 𝐿 = 30 was 

used in both estimations. The estimated signals are compared to the actual measured quantities in the 

frequency domain as a power spectral density (PSD), see Figure 7. Here it can be seen that the acceleration 

is estimated with high accuracy in the entire studied frequency domain, except at the highest eigenfrequency 

𝜔6 = 44.25 Hz and above. However, it is worth noting that the power ratio drops significantly over 40 Hz. 

Acceleration estimates from the AKF-FLS and from the SJISE are similar.  

The strain estimates differ more, both between the two filters and between the filters and the measured 

strain. The large model error, especially in the frequency range 20 − 35 Hz, affects the accuracy of the 

estimated strains negatively. Figure 7 clearly shows that the strains are poorly estimated between 20 and 30 

Hz.  

(a) (b) 

(a) (b) 
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A detail of one second of the estimated time signals is shown in Figure 8. As with the PSD, it can be seen 

that the acceleration estimates are very accurate while the strain estimated does not really capture the right 

dynamic behaviour. The difference between estimates from the smoothers appears to arise from the non-

optimal tuning of the filters. The relation between measurement noise 𝐑𝑣  and model error 𝐐x establish how 

much the smoothers should trust the measurements versus the model. Since 𝐐x is not chosen the same for 

both algorithms, the estimates may differ.  

 

 

Figure 7: Comparison of measurements and estimates from AKF-FLS and SJISE in the frequency domain. 

 

 

Figure 8: Detail of measured and estimated acceleration and strain time signals. 
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3.2.1 Fatigue damage calculation 

To further evaluate the accuracy of the strain estimates, the corresponding fatigue damage was calculated. 

The Palmgren-Miner linear damage hypothesis [16] is a frequently used method to calculate the fatigue 

damage accumulation for structures subjected to variable amplitude stress time histories. The linear damage 

accumulation law  

∑
𝑛𝑖

𝑁𝑖

𝑘

𝑖=1

 

is assumed, where 𝑛𝑖 is the number of cycles at stress level 𝜎𝑖 and 𝑁𝑖 is the number of cycles to failure at 

this stress level. The relation between 𝜎𝑖 and 𝑁𝑖 is described by an S-N curve, typically generated from 

laboratory testing of simple specimens subjected to uniaxial loading. For small amplitudes, the fatigue life 

is often very large and the number of cycles to failure is set to infinity. The stress amplitude below which 

the fatigue life is endless is called the endurance limit 𝜎∞. In this work, the simple S-N curve described by 

Equation (16) is used. 

 𝑁(𝜎) =  {𝐾−1𝜎−𝛽 ,
∞,

 
    𝜎 > 𝜎∞

    𝜎 ≤ 𝜎∞
 (16) 

Here, 𝐾 and 𝛽 are material parameters and depends on both the material and geometry of the object studied. 

To count the numbers of cycles at each stress level, 𝑛𝑖, the rainflow counting algorithm included in the open 

access MATLAB toolbox WAFO2017 [17] has been used. The strain is transformed into stress using 

Hooke’s law with Young’s modulus 𝐸 = 207 GPa and Poisson’s ratio 𝜈 = 0.3. The mean stress is set to 

zero. The computed damage 𝐷 is presented in Table 2. The damage was calculated from only one test cycle 

of 77 seconds, which makes the actual number irrelevant. The damages were therefore normalized so that 

the measured strain equals 𝐷𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 1, in order to facilitate a comparison of the estimated strain signals. 

Both smoothers underestimate the damage by about 25%. The cause of this is most likely the large model 

error discussed in Section 2.4. 

 

 𝐷𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝐷𝐴𝐾𝐹−𝐹𝐿𝑆 𝐷𝑆𝐽𝐼𝑆𝐸  

Relative damage 1 0.75 0.73 

Table 2: Damage computed from measured and estimated strain in sensor 𝑠2. 

3.2.2 Computational cost of the acceleration and strain estimations 

The acceleration and strain responses were estimated using a range of values on the time lag 𝐿 and the 

calculation time was recorded. Calculations were performed in MATLAB using a workstation with Intel® 

Xeon® E5-1650 v3 3.5 GHz, 1 thread. The calculation time were then averaged over the 77000 time steps, 

and the result is presented in Figure 9. The calculation time increases linearly with the lag L for the AKF-

FLS, but has a quadratic growth for the SJISE, which is also shown in [10]. Figure 9 visualizes that it is 

possible to run the AKF-FLS online even for a lag of 𝐿 = 40 since the calculation time for each time step 

is smaller than the simulation time step Δ𝑡. In contrast, the SJISE passes this limit already at a lag of 𝐿 = 7. 

(15) 
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Figure 9: The calculation time per time step as a function of the lag L. The AKF-FLS is shown in red, the 

SJISE in green and Δ𝑡 as a dashed black line. 

3.3 Damage calculation and comparison to failures 

The side skirt structure studied was fatigue tested in a vibration test rig simulating the entire truck chassis. 

This test simulated the entire life of the side skirt with a test signal measured on the Scania test track. In 

addition to the load carrying structure of the side skirt shown in Figure 2, the plastic covering was also 

included.  During the test, a fatigue crack was initiated at the bottom of the upper hole in the vertical member 

of the steel front structure, see Figure 10. The crack grew until the vertical member was completely broken. 

However, the lower hole remained unaffected during this fatigue test. Since the failure occurred in the 

vicinity of a hole where another part was mounted onto the component, a measurement of the strain with a 

strain gauge was not possible. It would therefore beneficial if the strains could be estimated at these locations 

when designing for fatigue . 

With measurements from the sensors 𝑎1 – 𝑎4 and 𝑠1 – 𝑠4 (see Figure 3), the complete strain tensor in four 

different nodes around the holes marked in Figure 10 was estimated, see Figure 11. The smoothers were run 

with the same covariances as described in Section 3.1, and with the same time lag 𝐿 = 30.  

 

Figure 10: The front structure of a side skirt after a completed vibration shake rig test. The vertical 

structural member is broken at the upper hole but unaffected at the lower one, both marked with red 

rectangles. 
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Figure 11: The mesh around the upper hole with the two nodes where strain is estimated marked with red 

circles. The bottom hole looks very much the same and the two nodes are located correspondingly. 

The equivalent von Mises stress was calculated from the estimated strain tensors. The damage was then 

computed following the methodology described in Section 3.2.1. The damages computed from estimates by 

both the AKF-FLS and the SJISE are presented in Table 3. 

Position 𝐷𝐴𝐾𝐹−𝐹𝐿𝑆 𝐷𝑆𝐽𝐼𝑆𝐸  

Upper hole, top 0.82 0.79 

Upper hole, bottom 0.65 0. 67 

Lower hole, top 0.24 0.18 

Lower hole, bottom 0.09 0.10 

Table 3: The damage calculated in four different nodes from strains estimated by the AKF-FLS and the 

SJISE. 

The result shows a clear distinction between the damage accumulated around the upper and the lower hole. 

However, a higher damage is estimated at the top of the upper hole rather than in the bottom of the hole 

where the crack initiated. In comparison with the accuracy of the strains and damages estimated in Section 

3.2; this difference lies within the expected precision of the proposed method. The exact number is also 

influenced by both the tuning parameters of the filters and by the material parameters following the damage 

calculations. Nevertheless, this result indicates that both smoothing algorithms are useful when estimating 

the total strain state in a complex component from a limited number of sensors with an accuracy good 

enough to use for fatigue damage calculations, when compared to observed failure of a component tested in 

a full-scale fatigue test. 

4 Conclusion 

In this paper we present fatigue damage estimations in a truck component excited by road induced 

vibrations. The damage is computed from strains estimated from sparse dynamic response measurements, 

accelerations and strains. The system is assumed to be linear in the frequency range of interest and the model 

parameters are obtained from a finite element model. The strains are estimated with two different smoothing 

algorithms; an augmented Kalman filter extended with a fixed-lag smoother and a smoothed joint input-

state estimator. The first simulation showed a comparison between estimated response and the actual 

measured quantities, and both algorithms succeeds equally well in estimating the strains. The damage 

computed from the estimated strain differs about 25% from the measured one, likely due to a large model 

error. Both algorithms perform well when predicting the damage in a side skirt subjected to a full-scale 

fatigue life vibration test. The result indicates that both smoothing algorithms are useful when estimating 

the total strain state in a complex component from a limited number of sensors with an accuracy good 

enough to use for fatigue damage calculations.  

We also studied the calculation time needed for the two algorithms. The AKF-FLS shows a linear increase 

in calculation time with respect to the time lag 𝐿, while the computational time for the SJISE grows 

quadratically.  
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