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Abstract
Formulation of the Timoshenko elements is improved with the use of internal degrees of freedom (iDOF) rep-
resenting the local displacements, leading to a new finite element approach specially devoted to the numeric
analysis of the track dynamics. The dynamic formulation of the local displacement is proved to correct the
frequency content of the track model. Regarding time domain studies, this approach avoids the displacement
underestimation and shear discontinuity between elements, which are sources of inaccuracies and irregular
behaviour. Those rail sections located above the supports are modelled with Timoshenko element over elastic
foundation (TEEF), and the rest with conventional Timoshenko elements (TIM4). By using TEEF prompt
disruption of the contact force at support surpassing is avoided, and the frequency response of the track
around the ‘pinned-pinned’ frequency is corrected. Moreover the TEEF formulation is extended in order to
account for the sleeper pitch rotation, and evaluation of its influence over the track dynamics is performed.

1 Introduction

At railway vehicle operation the contact between rail and wheel originates forces with a marked dynamic
behaviour. This dynamic behaviour is normally attributed to irregularities at the contact profiles and varying
track stiffness. The latter is known as parametric excitation. Accurate evaluation of the contact forces is of
utmost importance for the study of railway track and vehicle dynamics. The former has a main role in the
assessment and prediction of rail corrugation [1], ballast settlement [2] and wheel-rail noise [3]. Because of
it, track modelling is a key point in the development of prediction tools, and since several decades ago up to
nowadays it has been the subject of numerous investigations.

In the review presented in Ref. [4], the track models are divided in two groups, depending on whether they
are devoted to the analysis in frequency or time domains. Normally, time domain simulations are preferable
to be performed with numeric or semi-analytic models, while frequency analysis can be computed efficiently
with analytic models. Numeric models based on finite elements techniques has been extensively used for the
analysis of non-linearities [5, 6, 7], distributed track supports [8, 9], transitions [10], ground vibration [11],
impact response [12] and sleeper voids [13]. In general terms, numeric models permit studying a wide range
of situations, but in some cases an elevated computational cost could make them unsuitable.
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In this work, a numeric methodology is presented in order to improve the description of some track compo-
nents at a reduced computational cost. The main components of the track that the model should describe are
rails, pads, sleepers and ballast. Depending on the frequency range of interest and the model goal, the level
of detail in the modelling of each component will vary. Usage of 3D finite elements on the representation
of sleepers and ballast involves a high computational cost, therefore it is restricted to studies focused on the
ground vibration [10], non-linear ballast behaviour [7] and coupling of the rails through the sleepers [14].
This paper is focused on the accurate modelling of rail and pads, which have been separately studied by
the current authors in previous work. The dynamics of ballast and sleepers are represented with simplified
models. Ballast is taken as a massless system and its flexibility and dissipative properties are introduced with
Kelvin-Voigt elements. This assumption implies a lack of accuracy at low frequencies, but it has a negligi-
ble effect on the medium-high frequency range. On the other hand, sleepers are modelled as rigid masses,
which, in spite of being a widely used simplification, neglects the existence of bending modes around 450
and 750 Hz, thus more research into this topic would be necessary in order to justify this simplification.

Regarding rail modelling, most time domain models use beam elements based on Euler-Bernoulli and Tim-
oshenko theories. The former is accurate in the rail modelling below 500 Hz, while the latter extends its
validity up to 1.5 kHz by accounting for shear deformation and rotational inertia. Beyond that limit, Timo-
shenko theory starts to lose accuracy, since it does not consider resonances involving section deformation,
although many track phenomena can be still analysed with enough precision. Nevertheless, Timoshenko
validity can be extended by implementing torsional and warping motions [15] or modelling the rail section
with several beams [16]. Finally, modelling with 3D elements encompasses a wide range of frequencies
[17], but the computational cost increases significantly. For all these reasons, Timoshenko beam remains as
a common choice at the rail modelling.

The performance of conventional Timoshenko elements with four DOF and cubic shape functions [18]
presents some drawbacks. These are due to underestimation of the local deformation [19] and shear dis-
continuities at the element nodes. Some studies have dealt with this problem, by using TIM7 elements [20]
together with moving DOF [21], modifying the contact stiffness [22] and implementing local displacement
of the element [23]. In Ref. [23] the local displacement of conventional Timoshenko elements is formulated
with two approaches, one static and another dynamic, both based on the analytic solution of a clamped-ends
Timoshenko beam loaded by a point force. The dynamic approach is proved to correct the hindrances of
TIM4 elements and the frequency content of the track at a lower number of DOF modelling the rail.

The accurate modelling of the rail-pads is also addressed in this work. Most track models using beam theories
represent rail-pads with a vertical Kelvin-Voigt interaction between the rail and the sleeper, i.e. neglecting
the fact that the rail is not supported at a concentrated point but over a certain length. It involves misdirection
of the frequency response around the ‘pinned-pinned’ frequency, and in time domain, it leads to a prompt
disruption of the contact force each time a support is surpassed. The correction of the frequency response
is tackled by some models with rotational stiffness and damping constraining rail bending at the support
positions [24, 25]. However, rotational interaction does not achieve a total correction of the frequency
domain response, and it has a null impact on the contact force disruption at time domain response. Both
inaccuracies can be removed with a distributed model of support [8, 9]. In Ref. [8] several elements are used
to model the rail length over the support, while in Ref. [9] it is modelled by using one element derived from
the Timoshenko beam equation over elastic foundation.

The proposed methodology joins the work presented in Refs. [9, 23]. In Ref. [23] the total displacement
is seen as the superposition of two systems, which are denoted as global and local. Here the global system
corresponds to that presented in Ref. [9], and it is enhanced with the implementation of the local displace-
ments for TEEF and TIM4 element. Instead of addressing the local displacement as a system superposition,
here it is directly introduced as internal element DOF. This is an analogous development to the previously
proposed, but its implementation is more compact and generic. Moreover, in Ref. [24] the sleeper rotation
along its longitudinal axis (sleeper pitch motion) is accounted for, but no further assessment of its influence
is performed. Here the TEEF formulation is extended in order to account for that motion, and the impact on
the track dynamics is studied. The paper is divided as follow: the second section makes some comments of
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the general features of the model. The third section extends the TEEF formulation to account for the sleeper
pitch motion. The fourth section establishes the formulation of the iDOF. Fifth and sixth sections study the
frequency and time domain results of the model, respectively. And finally, conclusions are commented in
seventh section.

2 Description of the track model

The global system is associated to the common FE modelling, and it contains those DOF representing vertical
displacement and bending rotation of the rail, as well as the motion of sleepers. In this paper, those DOF are
denoted as external since they might define the displacement field of several elements. On the other hand,
local system accounts for the displacements inside the finite element, which are out of the accuracy range of
the global system. It is represented by DOF whose motion only contribute directly to the displacement field
of the elements in which they are implemented, and therefore they are denoted as iDOF.

The global system used in this work is directly taken from Ref. [9]. The modelling of the global system is
presented schematically in Fig. 1 (a), in which TEEF elements are used at the support positions and TIM4
elements between supports. In Ref. [9] the description of the local displacement is performed with a static
approach. In this work, the dynamic behaviour of the local system is accounted for by using the methodology
proposed in Ref. [23] for the TIM4 element, and extending it for the TEEF. The dynamic approach is based
on a modal superposition of the vibration modes corresponding to a clamped-ends Timoshenko beam, which
should also introduce the viscoelastic foundation for the TEEF, as it shown by Fig. 1 (b). In order to account
for the total flexibility of the local system an infinite number of vibration modes would be necessary. Apart
from increasing the number of iDOF, a high number of vibration modes would force to reduce the time-step
length to an unacceptable size. This problem is circumvented by applying the mode acceleration method
[26] in an analytical way, resulting in a residual flexibility, Fres =K−1res. The parameters of the track are taken
from Ref. [24], which are gathered in Tab. 1.

Table 1: Parameters for the track (Ref. [24]). UIC60 rail type.

Young’s modulus (GPa) E 210 Shear modulus (GPa) G 80.8
Cross-sectional area (cm2) A 76.9 Mass density (kg/m) ρ 60.3
Shear coefficient κ 0.4 Inertia moment (cm4) I 3055
Pad stiffness (MN/m) Kp 350 Pad damping (kNs/m) Cp 48
Ballast stiffness (MN/m) Kb 70 Ballast damping (kNs/m) Cb 47
Sleeper spacing (m) l 0.6 Sleeper mass (kg) Ms 160
Wheel mass (kg) Mw 550 Contact coeff. (GN/m3/2) Kc 118.6
Support length (m) Ls 0.16 Sleeper rotational inertia (kgm2) Is 1.586
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Figure 1: Track modelling using global (a) and local (b) systems. The rail sections above the supports use
TEEF and the rest are represented with TIM4 elements.

3 Shape functions of the element DOF

3.1 External DOF

The shape functions associated to the external DOF (eDOF) of TIM4 and TEEF are the static solutions of
the corresponding equilibrium equations. For the TIM4 element the shape functions read
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where x is the spatial coordinate, L is the element length and Φ = 12EI/GAκL2. The derivation can be
found in Ref. [18], as well as the elementary mass and stiffness matrices. The shape functions of the TIM4
are gathered in NTM. On the other hand, shape functions of the TEEF are derived following the procedure
presented in Ref. [9], in which the differential equation to solve is

wIV − kd
κAG

wII + kd
EI

w = qs
EI

, (5)

where roman numerals denote the spatial derivative, and qs is the distributed shear load due to the sleeper
movement. The shape functions of the TEEF, NEF, are obtained by imposing unitary displacement at the
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DOF of interest and vanishing value at the rest. NEF accounts for the potential energy absorbed by the
elastic foundation, therefore it results in a lower deformation along the element than NTM, for a same force
or displacement applied at a nodal position. The difference between NEF and NTM is shown in Fig. 2. As
the distributed pad stiffness increases the difference becomes larger.
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Figure 2: Difference between shape functions of the TEEF with respects to those from TIM4 for different
distributed stiffness. The element length is 0.5 m. Distributed stiffness: (-⋅-) 0.1 GN/m2, (−−) 0.2 GN/m2,
(-×-) 0.3 GN/m2, (-∗-) 0.4 GN/m2, (-○-) 0.6 GN/m2, (-+-) 1 GN/m2. Parameters from the UIC60 rail. [9]

In the TEEF formulation the vertical and pitch motions of the sleeper cause deformation of the rail section
as it is schematically shown in Fig. 3. In Ref. [9] the sleeper is assumed to be infinitely rigid to the pitch
motion, and only the vertical motion is accounted for by defining qs = kdws. Here the sleeper pitch, θs, is
introduced through its inertia, Is, and the distributed shear load,

qs = kdws + kd (x −Ls/2) sin θs ≈ kdws + kd (x −Ls/2) θs. (6)

The shape functions for both sleeper motions are obtained substituting Eq. (6) into Eq. (5), imposing unitary
displacement at the study sleeper DOF, and vanishing values at the rest. The shape functions for the sleeper
movement are displayed in Fig. 4. The vertical and pitch motions of the sleeper will be the fifth and sixth
DOF of the TEEF, respectively. The interaction of the sleeper with the rail through the elastic foundation is
noticeable for the case of the vertical motion, on the contrary, the shape function of the sleeper pitch motion
shows an negligible coupling between sleeper pitch and rail displacement. Although these results affect only
the formulation of the TEEF, they point out an overall low influence of the sleeper pitch motion.

3.2 Internal DOF

The formulation of the iDOF is based on the vibration modes of a clamped-ends Timoshenko beam, which are
used as shape functions. Following, the mathematical development is presented accounting for the presence
of a viscoelastic foundation. The derivation is analogous to that presented in Ref. [23] whether kd and cd are
assumed vanishing. The dynamic equilibrium of the section reads

κAG(∂θ(x, t)
∂x

− ∂
2w(x, t)
∂x2

) + ρA∂
2w(x, t)
∂t2

= −kdw(x, t) − cdẇ(x, t), (7)

EI
∂2θ(x, t)
∂x2

+ κAG(∂w(x, t)
∂x

− θ(x, t)) − Iρ∂
2θ(x, t)
∂t2

= 0. (8)

Assuming a modal solution in the form

w(x, t) =W (x)est ; θ(x, t) = Θ(x)est, (9)
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Figure 3: Qualitative representation of the interaction between the rail and sleeper through the elastic foun-
dation for vertical (a) and pitch (b) motions.
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Figure 4: Shape functions of the vertical (a) and pitch (b) motions of the sleeper for several values of the
distributed pad stiffness. Distributed stiffness: (-×-) 0.5 GN/m2, (-∗-) 1.0 GN/m2, (-○-) 2.5 GN/m2, (-+-)
5.0 GN/m2. Parameters from the UIC60 rail.

the differential equations (7) and (8) become

κAG (ΘI −W II) + (ρAs2 + kd + cds)W = 0, (10)

EIΘII + κAG (W I −Θ) − IρΘs2 = 0, (11)

which is a coupled system of differential equations. It can be merged as

W IV − [s
2ρ

E
( E
κG

+ 1) + kd + cds
κAG

]W II + [s
2ρ

E
(s

2ρ

kG
+ A
I
+ kd + cds

κAG
) + kd + cds

EI
]W = 0. (12)

In turn, the bending rotation can be expressed in terms of the vertical displacement as

Θ = EI

κAG + Iρs2 [W I (κAG
EI

− ρAs
2 + kd + cds
κAG

) +W III] =D1 (D2W
I +W III) . (13)

The Eq. (12) has an homogeneous solution formed by four exponential terms,

W = P1e
λ1x + P2e

−λ1x + P3e
λ2x + P4e

−λ2x, (14)

3260 PROCEEDINGS OF ISMA2018 AND USD2018



where λi are the characteristics roots of the differential equation (12). The coefficients Pi are obtained by
imposing the clamped-ends boundary conditions, W = Θ = 0, at x = 0 and x = L, which lead to

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

eλ1L e−λ1L eλ2L e−λ2L

C1 −C1 C2 −C2

C1e
λ1L −C1e

−λ1L C2e
λ2L −C2e

−λ2L

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

P1

P2

P3

P4

⎤⎥⎥⎥⎥⎥⎥⎥⎦

= ΛP = 0, (15)

where C1 = (λ31 +D2λ1)D1 and C2 = (λ32 +D2λ2)D1. Those values of s that make det(Λ) = 0, are the
natural frequencies of the vibration modes.

For the local modes of the TEEF, the presence of viscous forces at the equation leads to complex values of
the natural frequencies, s = β + iα. The value of s is rearranged to express it in terms of an absolute natural
frequency, ω = ∣s∣, and a damping coefficient, ζ = (1 − β2/ω2)1/2. The Tab. 2 gathers the natural frequencies
and damping coefficients of the first five local vibration modes, for several stiffness of the foundation and a
constant value of the distributed viscous damping. The vibration modes are distinguished by means of the
number of periods composing the modal shape, and the dominant type of strain involved in their motion. The
data shows that distributed foundation has a low impact on the highest modes, in fact only the first vibration
mode varies significantly. An extreme case is the mode involving dominant bending strain, which has a null
sensitivity to the foundation presence. In spite of the small differences between vibration modes of TIM4
element and TEEF, for the shake of coherence the proper vibration modes are used at the formulation of
iDOF. Since the damping is kept constant, the value of ζ does not show noticeable changes.

Table 2: Natural frequencies (kHz) of the vibration modes for several distributed pad stiffness. Element
length 16 cm and parameter from UIC60 rail. cd = 300 kNs/m.

period/element length
kd = 0 kd = 1 GN/m2 kd = 2.5 GN/m2 kd = 5 GN/m2

Kp = 0 Kp = 160 MN/m Kp = 400 MN/m Kp = 800 MN/m

Half period (shear)
ω (kHz) 6.279 6.312 6.362 6.444

ζ 0.063 0.063 0.062 0.061

1 period (shear)
ω (kHz) 12.408 12.424 12.448 12.488

ζ 0.031 0.031 0.030 0.030

1 period (bending)
ω (kHz) 17.111 17.111 17.112 17.113

ζ 0.001 0.001 0.001 0.001

3/2 period (shear)
ω (kHz) 18.894 18.905 18.922 18.950

ζ 0.021 0.021 0.021 0.021

2 period (shear)
ω (kHz) 25.283 25.291 25.303 25.324

ζ 0.016 0.016 0.016 0.016

Once the frequencies of the vibration modes are obtained, the coefficients Pi defining the modal shape are
derived from Eq. (15). Since ΛP = 0 is an indeterminate system, one of the terms in P should be assumed
in order to calculate the rest. In this way non-normalized expressions of W and Θ are derived. Usually,
normalization is achieved by imposing a unitary value of the modal mass. In this case, the presence of
distributed damping leads to complex modal shapes which make difficult their accurate normalization. Since
one of the component is much larger than the other, the largest one is taken as real and the normalization is
done with respect to it.
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4 Formulation of the Timoshenko element with internal DOF

Once the static shape functions of the eDOF and the vibration local modes have been obtained, they are
gathered as the elementary shape functions in N(e) = [Next Nint], where the superscripts ‘ext’ and ‘int’
refer to external and internal DOF, respectively. The stiffness and mass matrices are defined as

K(e) = ∫
L

BT
bEIBbdx + ∫

L
BT

shGAκBshdx + kd∫
L

N(e)
T
N(e)dx, (16)

M(e) = ρA∫
L

N(e)
T
N(e)dx + ρI ∫

L
N
(e)
b

T
N
(e)
b dx, (17)

where Nb is the bending rotation interpolation vector, Bb and Bsh are the vectors which transform nodal
displacements into bending and shear strains, respectively. For a certain i-th DOF the generic expressions of
the previous vectors are

Nbi =
EI

κAG + Iρω2
[N (e)i

I
(κAG
EI

− ρAω
2 + kd + cdω
κAG

) +N (e)i
III

] , (18)

Bbi =
dN

(e)
bi

dx
, (19)

Bshi =
dN

(e)
i

dx
−N (e)bi . (20)

Since the shape functions of the eDOF are derived statically, ω = 0 ∀ i ∈ ext. In a similar way, if the
matrices are derived for the elements without elastic foundation, TIM4, kd is set at 0. For the case of the
stiffness matrix it becomes

K(e) = [ Kext Kcross

Kcross Kint ] = [K
ext 0

0 diag (ω2)] . (21)

The resulting K(e) shows that external and internal DOF are uncoupled statically, which is obvious since
global system reaches exact solutions for static loads acting at the external nodes. The terms associated to
the internal nodes representing the local system become a diagonal matrix due to the orthogonality between
vibration modes and, because of normalization of the modal masses, each term equals the squared natural
frequency of the associated vibration mode. The mass matrix results in

M(e) = [ Mext Mcross

Mcross Mint ] = [ Mext Mcross

Mcross I
] . (22)

In this case there is a coupling between the external and internal DOF, meaning that dynamic loads at external
nodal positions cause response of the iDOF. The normalization of the vibration modes leads to the identity
matrix, I, at the iDOF representing the local system. In this modelling the damping is provided by ballast,
pads, and also, a certain level of modal damping, ζ, is associated to the iDOF. Therefore, regarding the beam
elementary matrices, the one corresponding to damping is defined as

C(e) = cd∫
L

N(e)
T
N(e)dx + diag (2ζ ○ω) , (23)

where cd is the distributed damping due to the pad, which becomes vanishing at TIM4 elements.

5 Frequency-domain validation of the model

After defining the elementary matrices, the track system matrices are assembled for mass, M, damping, C,
and stiffness, K, which are used to obtain the track frequency response as

H(ω) = (−ω2M + iωC +K)−1. (24)
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The Fig. 5 shows the impact of using iDOF on the track response. The track is modelled with 101 bays to
ensure an accurate prediction of the amplitude at the ‘pinned-pinned’ frequency. Each bay is modelled with
1 TIM4 element for the bay and 1 TEEF for each support. Regarding the iDOF, TEEF includes one DOF
associated to a vibration mode at 6351.8 Hz with a damping coefficient of 0.063. On the other hand, TIM4
element includes 3 iDOF with the highest vibration mode occurring at 6620.4 Hz. No internal damping has
been implemented at TIM4 element iDOF. This configuration of iDOF corrects predictions of the response
according to Timoshenko theory up to about 6 kHz, coinciding with the value of the highest vibration modes
of the iDOF. As compared with the proposed formulation, using only eDOF leads to a general stiffening
of the model unless the number of elements is increased. Deviation between both approaches becomes
noticeable above around 200 Hz in Fig. 5, with the most significant inaccuracies around the ‘pinned-pinned’
frequency.
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Figure 5: Frequency response of the track with only eDOF (orange) and introducing iDOF (black). The rail
response for mid-span (—) and above sleeper (−−) excitations are plotted, as well as the sleeper response
(− ⋅ −). Track modelled with 101 bays. 1 TEFF and 1 TIM4 element at each bay.
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Figure 6: Impact of the damping values on the frequency response of the track model around the ‘pinned-
pinned’, depending on the support modelling. (a) Influence of the damping value at the rotational interaction
for concentrated model of support. (b) Influence of several distributed pad damping values for the TEEF.

The response around the ‘pinned-pinned’ frequency resembles that of a very poorly damped resonance.
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Figure 7: Influence of TEEF formulation including the sleeper pitch motion at the track response. Rail
excitation at the mid position between supports. (a) Vertical response of the rail and sleepers with pitch and
vertical motions (solid line) and with only vertical motion (dashed line). (b) Rotation of the sleeper.

Conventional modelling of support with only vertical Kelvin-Voigt elements tends to exaggerate it. The rec-
tification based on including also rotational Kelvin-Voigt elements acts at the response through the rotational
damping, while the associated stiffness has a negligible influence. Fig. 6 (a) shows the impact of the rota-
tional damping at the response amplitude around the ‘pinned-pinned’ frequency. The value cr = CpL

2
s /12

is obtained from integration of the distributed damping over the support length, and it is used in Ref. [24].
Taking the solution of TEEF with Cp = 48 kNs/m2 as reference, cr should be 3 times higher to obtain the
correct value of the ‘pinned-pinned’ resonance, however that increment is not still enough to correct the un-
derestimation of the anti-resonance amplitude. This fact has a significant importance since the anti-resonance
determines in a large extend the amplitude of the contact force, which means that concentrated interaction
support modelling results in overestimation of the contact forces around the ‘pinned-pinned’ frequency. In
this simulations internal damping is not introduced at the TIM4 iDOF, which could be another way to correct
in some level the response.

The resonance amplitude estimated by the TEEF has a less marked dependency on the pad damping, as it
is shown in Fig. 6 (b). It leads to the conclusion that ‘pinned-pinned’ resonance is geometrically restricted
by the TEEF, which partially constrains the formation of that mode. On the contrary, rotational damping
reduces the amplitude of a pure ‘pinned-pinned’ resonance, whose shape is not significantly affected by
rotational stiffness. In relative terms, the damping introduced through TEEF equally affects the amplitudes of
both resonance and anti-resonance, while the rotational damping has a lower influence at the anti-resonance
amplitude.

Fig. 7 (a) and (b) show results for the track model considering the sleeper rotational inertia. The impact
on the track dynamics at medium-high frequency range is negligible as compared with the model assuming
no pitch motion, and it has a noticeable influence over sleeper responses only around 100 Hz. In Fig. 7 (a)
the vertical displacements of several sleeper are displayed, where the rotation of the sleeper creates a small
anti-resonance at 130 Hz. In Fig. 7 (b) is observed that the anti-resonance at the vertical sleeper motion, is
caused by a resonance at the pitch motion. At the ‘pinned-pinned’ frequency, the rotation of the sleeper is
amplified but the response at the rail remains the same. In general terms, the effect of the sleeper rotation
is almost imperceptible at the contact position, and it arises only at a certain distance from the excitation.
Therefore, it only could affect the coupling between wheelsets, but even so the impact on the response does
not seem to be enough to involve significant differences.
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6 Time-domain response

The procedure of the time domain simulations is similar to that followed in Refs. [9, 23]. Direct numerical
integration of the equation of motion is based on the Newmark method. The convergence is reached with an
iterative Newton-Raphson scheme. The contact force between wheel and rail is established with a non-linear
Hertzian spring

fc =
⎧⎪⎪⎨⎪⎪⎩

Kcδ
3/2 + Ccδ̇ δ > 0

0 δ ≤ 0
, (25)

where δ is the interpenetration between wheel and rail surfaces, Kc is the Hertzian coefficient and Cc is the
contact damping that is assumed vanishing in this case. If the Eq. (25) is developed as in Ref. [23] the
definition of a contact element is reached, which couples wheel and rail and makes possible the resolution
of the equation of motion. The simulations were performed using four elements per bay, with one of them
being a TEEF whether distributed support is implemented. 61 bays are used to model the track. Five bays
use iDOF, two at each side of the central one. Each element of those bays use three iDOF.

The time domain simulations are performed with the parameters from Tab. 1, assuming that both wheel and
rail are perfectly smooth and the excitation is only parametric. The wheel is subjected to its own weight
and a constant external load of 100 kN. Fig. 8 (a) and (b) display the contact force response for two speeds,
24 and 36 m/s. The latter speed makes the sleeper passing frequency, V /l, matches with the first wheel-
track resonance around 60 Hz, (in Fig. 5 first resonance occurs at 90 Hz but the wheel mass shifts it to a
lower frequency) leading to a higher amplitude of the response. Using conventional Timoshenko elements
with only eDOF results in completely unrealistic response, which can be corrected in a large extend by
representing the local displacement of the element with a purely static approach, as in Ref. [9]. However, the
discontinuity of shear at the element boundary causes a still noticeable discontinuity, which is only removed
with the implementation of iDOF and residual flexibility.

The track response of the model with only TIM4 elements, thus concentrated supports, together with iDOF
is also shown in Fig. 8. In spite of iDOF reduce to a negligible level the discontinuities at the element
boundaries, the concentrated supports induce the prompt disruption of the solution at their positions. That
unrealistic solution is corrected by using TEEF with iDOF, in which only a slight change of slope is no-
ticeable at the contact forces, when the wheel surpasses the nodes of the TEEF. The resulting response is
smoothed and close to be sinusoidal, in accordance with the excitation type and the structure nature.

7 Conclusions

Internal DOF are proved to extend the validity range of the Timoshenko element up to any required fre-
quency. The methodology was previously stated to enhance the performance of conventional Timoshenko
elements, but here it is further developed for the Timoshenko element over elastic foundation (TEEF), which
is used to model the rail dynamics at the support positions. Moreover, the methodology is exposed in a
compact way with the definition of internal and external DOF. This study has also addressed the impact of
pad damping at the response around the ‘pinned-pinned’ frequency. For concentrated support modelling,
the rotational damping should be overestimated by a factor of 3 in order to match the amplitude of the res-
onance with that obtained from TEEF, and even so, the anti-resonance is not totally corrected. It points
out that TEEF formulation not only damps the ‘pinned-pinned’ mode but it also constrains its propagation.
Besides, the work deals with the sleeper pitch motion concluding that it has a negligible impact on the rail
dynamics, and only response of sleepers far from excitation are slightly affected. Finally, the performance of
the methodology is tested for time domain simulations, showing that track modelling based on TEEF with
iDOF is able to smooth the contact force response at the support positions, likewise it makes negligible the
discontinuity at the element boundaries by addressing the shear continuity problem.
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Figure 8: Time domain response of the contact force for smooth surfaces. Speed: 24 (a) and 36 m/s (b).
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track dynamic analysis, Veh. Syst. Dyn., Vol. 56, No. 4 (2017), pp. 529-552.

[10] M. Shahraki, C. Warnakulasooriya, K.J. Witt, Numerical study of transition zone between ballasted
and ballastless railway track, Transp. Geotech., Vol. 3 (2015), pp. 58-67.

[11] A. El Kacimi, P.K. Woodward, O. Laghrouche, G. Medero, Time domain 3D finite element modelling
of train-induced vibration at high speed, Comput. Struct., Vol. 118 (2013), pp. 66-73.

[12] I. Grossoni, S. Iwnicki, Y. Bezin, C. Gong, Dynamics of a vehicle-track coupling system at a rail joint,
Proc. Inst. Mech. Eng. F J. Rail Rapid Transit, Vol. 229, No. 4 (2015), pp. 364-374.

[13] A. Lundqvist, T. Dahlberg, Load impact on railway track due to unsupported sleepers, Proc. Inst. Mech.
Eng. F J. Rail Rapid Transit, Vol. 21 (2005), pp. 67-77.

[14] M. Oregui, Z. Li, R. Dollevoet, An investigation into the vertical dynamics of tracks with monoblock
sleepers with a 3D finite-element model, Proc. Inst. Mech. Eng. F J. Rail Rapid Transit, Vol. 230, No.
(2016), pp. 891-908.

[15] D. Kostovasilis, D.J. Thompson, M.F.M. Hussein, A semi-analytical beam model for the vibration of
railway tracks, J. Sound Vib., Vol. 393 (2017), pp. 321-337.

[16] T.X. Wu, D.J. Thompson, A double Timoshenko beam model for vertical vibration analysis of railway
track at high frequencies, J. Sound Vib., Vol. 224, No. 2 (1999), pp. 329-348.

[17] J. Martı́nez-Casas, J. Giner-Navarro, L. Baeza. F.D. Denia, Improved railway wheelset-track interaction
model in the high-frequency domain J. Comput. Appl. Math, Vol. 309, (2017), pp. 642-653.

[18] J.S. Przemieniecki, Theory of Matrix Structural Analysis, McGraw-Hill, New York (1968).

[19] J.C.O. Nielsen, A. Igeland, Vertical dynamic interaction between train and track influence of wheel and
track imperfections, J. Sound Vib., Vol. 187 (1995), pp. 825-839.

[20] R.E. Nickel G.A. Secor, Convergence of consistently derived Timoshenko beam finite elements, Int. J.
Numer. Methods Eng., Vol. 5 (1972), pp. 243-253.

[21] K. Koro, k. Abe, M. Ishida, T. Suzuki, Timoshenko beam finite element for vehicle-track vibration
analysis and its application to jointed railway track, Proc. Inst. Mech. Eng. F J. Rail Rapid Transit, Vol.
218, No. 2 (2004), pp. 159-172.

[22] S.C. Yang, Enhancement of the finite-element method for the analysis of vertical train-track interac-
tions, Proc. Inst. Mech. Eng. F J. Rail Rapid Transit, Vol223, No. 6, (2009), pp. 609-220.

[23] B. Blanco, A. ALonso, N. Gil-Negrete, L. Kari, J.G. Giménez, Implementation of Timoshenko element
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