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Abstract
This paper presents a method to reduce the effect of uncertainties on dynamic systems by means of active
control. In the proposed approach, pole placement is performed iteratively using an optimisation algorithm
with an objective function that includes the variance of the real and imaginary part of each of the system’s
pole. The method is advantageous in that control gains are calculated using the method of receptances,
which eliminates model form uncertainty since only measured receptance data is used. Moreover, variances
are extracted through a polynomial chaos expansion, which requires fewer samples as opposed to other tech-
niques. The method is demonstrated numerically on a simple multi-degree-of-freedom system. It is shown
that active control can be used in a way that not only places the poles of the system but also reduces their
spread. Furthermore, it is shown that it is possible to directly relate uncertainty in the poles to meaningful
physical based uncertainty in the structural parameters.

1 Introduction

With the rise of increasingly complex designs and manufacturing processes, structural parameters are often
difficult to predict computationally and can be highly sensitive to manufacturing defects. Consequently,
the performance of many systems exhibit uncertainty. In the case of dynamic systems with narrow stability
margins, potentially small parameter variations may lead to instability, which can severely damage or destroy
such systems. It is important, therefore, that the effects of uncertainty are sufficiently quantified and, where
possible, reduced or mitigated.

Classically, robust design optimisation (RDO) or reliability-based design optimisation (RBDO) have been
used to address the aforementioned issue. Both methods typically modify a system’s stiffness and damping
passively such that its stability margin is increased and the probability of instability is reduced [1]. Alterna-
tively, RDO and RBDO can be performed as feedback control to actively modify the system’s stiffness and
damping by means of pole placement.

Traditional pole placement requires knowledge of the M, C and K matrices of the system, which are usually
extracted from a numerical model. As a result, model-form uncertainty is introduced and therefore the
optimised system may not sufficiently represent the true system. Consequently, an alternative approach for
pole placement, which does not require direct knowledge of the system’s structural matrices, is desired so
that this further uncertainty is not introduced.

The method of receptances, first formalised by Ram and Mottershead [2,3], is a technique that enables partial
pole placement using only measured receptance data. The advantage of this method is that experimental data
is used directly and so there is no need to know or evaluate the M, C and K matrices. The method has
been implemented on various experimental set-ups [4] and has recently been extended to the more general

165



case of multiple-input-multiple-output (MIMO) systems [5]. Tehrani et. al. [6] first investigated the effect
of uncertainty on this technique by considering eigenvalue sensitivities and minimising them such that poles
were considered sufficiently robust. Whilst this approach successfully reduced the effects of uncertainty, it
only considered local sensitivities and did not consider the uncertainty across its full domain. Moreover,
the uncertainty was modelled as measurement error in the experimentally obtained receptances and did not
explicitly account for physical based uncertainties in the system itself, such as the structural parameters.

In this paper, a new optimisation method is implemented using the method of receptances. An algorithm
is used to recursively place the system’s poles such that the effect of uncertainty due to random structural
parameters is reduced. The uncertainty is modelled as a perturbation from a measured nominal system
and pole variances are extracted using a polynomial chaos (PC) expansion [7–9]. In this way, the global
uncertainties are minimised.

The remainder of this paper is divided as follows; first, the method is presented theoretically and is written in
a form that is applicable to any generic, linear dynamic system. Next, a simple numerical example is given,
which highlights the advantages of the proposed approach. Finally, the main conclusions are summarised
and some suggestions of future work are provided.

2 Theory

In this section, the method is presented theoretically. First, the method of receptances, which enables pole
placement using only measured receptances, is summarised. For simplicity, the method is shown using a
single-input controller, although this can easily be extended to the general MIMO case. Following this,
the effect of physical based uncertainties is introduced and the combined effect of the active controller and
the uncertainties is studied. Next, the optimisation approach is introduced together with an outline of how
to appropriately select an objective function and set of constraints. Finally, a summary of the method is
illustrated diagrammatically.

2.1 Active control using measured receptances

Consider a linear, n degree-of-freedom dynamic system with single-input state feedback. The equation of
motion is written in the form

(Ms2 + Cs+ K)x(s) = b(sfT + gT )x(s), (1)

or more compactly,

Z(s)x(s) = b(sfT + gT )x(s), (2)

where Z ∈ Cn×n is the dynamic stiffness matrix; M, C, K ∈ Rn×n are the mass, damping and stiffness
matrices respectively; b ∈ Rn is the force distribution vector; and f , g ∈ Rn are vectors of control gains.
Pre-multiplying (1) by the receptance matrix,

H(s) = (Ms2 + Cs+ K)−1, (3)

gives that

x(s) = H(s)b(sfT + gT )x(s). (4)

In order to calculate the control gains necessary to shift the system’s poles from the set {λ1, λ2, ..., λ2n} to a
new arbitrary set {µ1, µ2, ..., µ2n}, the method of receptances is implemented.
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Denoting

rs = H(s)b, (5)

(4) becomes

x(s) = rs(sf
T + gT )x(s). (6)

Substituting each desired closed-loop pole into (6) yields

wk = rµk(µkf
T + gT )wk, k = 1, 2, ..., 2n, (7)

where wk is the eigenvector corresponding to the kth eigenvalue. Since wk may be scaled arbitrarily, it is
selected such that

(µkf
T + gT )wk = 1, ∀k. (8)

Substituting (8) into (7) gives that

wk = rµk , (9)

and thus (8) becomes

rTµk(µkf + g) = 1, k = 1, 2, ..., 2n, (10)

which can be solved to find the gain vectors f and g. It is important to note that the set of desired closed-
loop poles must be closed under conjugation in order for the control gains to be strictly real and therefore
physically realisable.

2.2 Uncertainty modelling

Suppose now that the system represented by (2) is subject to uncertainty in one or more of its structural
parameters. The equation of motion is now written in the form

Z(s,θ)x(s) = b(sfT + gT )x(s), (11)

where θ ∈ Rm is a vector ofm random parameters. The uncertainty may be modelled as a perturbation from
a nominal system, and so

Z(s,θ) = Zn(s) + Zr(s,θ), (12)

where the subscripts n and r represent the nominal and random contributions to the dynamic stiffness matrix
respectively. Substituting (12) into (11) and rearranging gives that

[Zn(s) + Zr(s,θ)− b(sfT + gT )]x(s) = 0. (13)

Pre-multiplying (13) by the nominal receptance matrix Hn yields

[I + Hn(s)Zr(s,θ)−Hn(s)b(sfT + gT )]x(s) = 0, (14)
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and thus the closed-loop, random poles are governed by the characteristic equation

det[I + Hn(s)Zr(s,θ)−Hn(s)b(sfT + gT )] = 0. (15)

The effect of the controller and the uncertainty on the system’s poles, governed by (15), can be considered
successively. First, the open-loop poles are shifted to a new set of closed-loop poles by the term

Hn(s)b(sfT + gT ). (16)

Since (16) is independent of the vector of random parameters, the closed-loop poles are non-random and are
denoted the ‘nominal, closed-loop poles’ hereinafter. Next, the term

Hn(s)Zr(s,θ) (17)

acts to shift the poles again. Here, however, the term contains the vector of random parameters and thus the
shift is random. In the case that

E[Zr(s,θ)] = 0, (18)

the closed-loop random poles will be spread about the closed-loop nominal poles and will form so-called
clusters. As will be shown later, the size and shape of the pole clusters is a function of the location of the
closed-loop nominal poles. That is to say that the pole clusters may be modified by selecting different control
gains. It is hypothesized, therefore, that there exists some optimum control gains such that the pole clusters
are minimised in terms of size, shape, or both. In order to find this optimum controller, it is necessary to
numerically quantify the geometry of pole clusters.

2.3 Pole placement optimisation

One way in which the pole clusters can be quantified is by the variance in their real and imaginary parts.
Classically, the variances are found by performing a Monte Carlo simulation. This approach, however,
often requires a large number of samples to obtain accurate estimations of the variances and is therefore
computationally expensive. Alternatively, a polynomial chaos approach can be used, which significantly
reduces the number of samples required.

PC expansions are used to form a surrogate model of a random dependent variable that is a function of
one or more random independent variables. When the independent variables follow a normalised Gaussian
distribution, the expansion is a sum of weighted multidimensional Hermite polynomials and is written

y(θ) =
∞∑

i=0

aiΨi(θ), (19)

where y ∈ R is the dependent variable, ai ∈ R are constants of the expansion and Ψi is the ith Hermite
polynomial. In practice, the expansion is truncated to the first P terms and so

y(θ) u
P−1∑

i=0

aiΨi(θ). (20)

The coefficients of the expansion can be obtained in two ways: intrusive and non-intrusive methods. In this
work, a non-intrusive method is used; a linear regression is performed to fit the expansion to a given set of
data obtained through sampling.
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Once the coefficients have been found, it is relatively straightforward to obtain the output statistics. The
mean is given by

E[y(θ)] = a0. (21)

Similarly, the variance is

Var[y(θ)] =
P−1∑

i=1

a2iE[Ψ2
i (θ)], (22)

In this application, there are 4n expansions; one for the real and imaginary part of each pole. Of course, in
the case where all of the poles are strictly non-real, it is unnecessary to construct an expansion for each pole.
Instead, the property of symmetry about the real axis of the complex plane means that only 2n expansion
need be constructed.

Now that expressions for the mean and variance of the pole clusters have been obtained, it is possible to
modify their size and shape using an optimisation approach. For each pole, a local objective function

ρi = αiVar[Re(µr,i)] + βiVar[Im(µr,i)], i = 1, 2, ..., 2n (23)

is defined, where αi, βi ∈ R are weighting constants and µr,i is the rth random, closed-loop pole. This
serves to weight the relative importance of the variance of the real and imaginary part of each pole. Now, a
global objective function

σ =
2n∑

i=1

γiρi (24)

is written, where γi ∈ R are weighting constants. The global objective function now considers the relative
importance of each pole and is to be minimised by iteratively placing the nominal, closed-loop poles. By
appropriate selection of weighting constants, it is possible to modify not only the size of the pole clusters, but
also their orientation in the complex plane. This will be demonstrated in the numerical example presented
later.

In practice, the positions of the nominal, closed-loop poles are limited by the maximum control authority.
Furthermore, large deviations from the initial set of nominal poles used in the optimisation may lead to non-
physical natural frequencies and damping in the system. Consequently, constraints on the nominal poles are
used.

For each pole, an upper and lower limit is defined such that

xlow ≤ Re(µi) ≤ xhigh, i = 1, 2, ..., 2n, (25)

and

ylow ≤ Im(µi) ≤ yhigh, i = 1, 2, ..., 2n. (26)

These constraints appear on the complex plane as rectangular boxes that the nominal poles must be placed
within.
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2.4 Method summary

The optimisation approach may now be summarised as follows:

Select a set of nominal, closed-loop poles such that the objective function (24) is minimised subject to con-
straints (25) and (26).

A more detailed overview of the method is given in figure 1.

Choose the initial set of desired closed-loop, nominal poles.

Set constraints on the nominal poles.

Define the optimisation’s objective function.

Re-place the closed-loop, nominal poles subject to the constraints.

Sample the system’s poles N times.

Construct a PC expansion for the real and imaginary part of each pole.

Extract the variance for the real and imaginary part of each pole.

Evaluate the objective function

U
p

d
at

e

Figure 1: Method overview.

3 Numerical example

Consider the mass, spring, damper system shown in figure 2 with parameters as given in table 1.

The nominal receptance matrix is given by

Hn(s) =




1.3s2 + 0.5s+ 3700 −0.5s− 1700 0
−0.5s− 1700 2.4s2 + s+ 5400 −0.5s− 1700

0 −0.5s− 1700 0.9s2 + 0.5s+ 3700



−1

, (27)

and the set of open-loop poles is

λ = {−0.4362± 67.2677i,−0.2359± 54.7128i,−0.0066± 33.5330i}. (28)
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Figure 2: 3 DoF system.

Parameter Value Unit
m1 1.3 kg
m2 2.4 kg
m3 0.9 kg
c1 0.5 kg/s
c2 0.5 kg/s
k1 2000 N/m
k2 2000 N/m
k3 2000 N/m
k4 1700 N/m
k5 1700 N/m

Table 1: Nominal system parameters.

The mass m2 is subject to uncertainty that has a distribution

m2 ∼ N (2.4, 0.2). (29)

The effect of the uncertainty can be modelled as a perturbation from the nominal system, in accordance with
(12), using

Zr =




0 0 0
0 mrs

2 0
0 0 0


 , (30)

where

mr ∼ N (0, 0.2). (31)

Suppose that it is desired to shift the nominal, open-loop poles to a new set of nominal, closed-loop poles
µ = {µ1, µ2, ..., µ6}, which satisfies the constraints given in table 2.

If it is required that the real part variances of the poles µ5 and µ6 are as small as possible, the objective
function is defined as

σ = Var[Re(µ5)]. (32)

Note that since µ5 and µ6 are a conjugate pair, it is unnecessary to include both in the objective function.
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Pole Re(µi)min Re(µi)max Im(µi)min Im(µi)max
µ1 -0.55 -0.45 63 67
µ2 -0.55 -0.45 -67 -63
µ3 -0.3 -0.2 53 57
µ4 -0.3 -0.2 -57 -53
µ5 -0.2 -0.1 33 37
µ6 -0.2 -0.1 -37 -33

Table 2: Closed-loop pole constraints.

Using a differential evolution algorithm [10, 11], the optimum set of closed-loop nominal poles are found
such that (32) is minimised subject to the above constraints. Using

µinit = {−0.5± 65i,−0.25± 55i,−0.15± 35i} (33)

as the initial set of nominal poles, the optimum set was found to be

µfinal = {−0.45± 64.78i,−0.2± 57i,−0.1± 33i}, (34)

which reduces to the objective function from 6.98 × 10−4 to 4.45 × 10−4. A comparison of the initial
and optimum closed-loop poles is shown in figure 3, which includes a visualisation of the nominal pole
constraints shown by the rectangular boxes. It is clear that the optimisation successfully reduced the spread
of the real part of the rightmost poles. In order to do so, not only has it moved the pole of interest, but also
the other nominal poles. Indeed, it is shown here that the distributions of all of the pole clusters are related
to the location of the set of nominal, closed-loop poles. Consequently, it is important when performing pole
placement under uncertainty to consider the combined effect of all nominal poles.

Figure 3: Optimised pole clusters in the top-left quadrant of the complex plane.
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4 Conclusions

This paper has presented a method that uses active control to reduce the effects of uncertainty on dynamic
systems. As has been shown, the set of closed-loop nominal poles directly affects the random spread of poles,
known as pole clusters. By coupling pole placement with a global optimisation algorithm based on pole
variances, the pole clusters can be modified according to specified criteria. The method is advantageous in
that the method of receptances is used, which uses only measured receptance data and so does not introduce
modelling error. Furthermore, it is possible to directly relate the effect of physical-based uncertainty in
structural parameters to uncertainty in a system’s poles. Future developments will see this method applied
experimentally to various systems and will consider the case of uncertainty governed by stochastic processes
that are non-stationary.
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