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Abstract

In a probabilistic context, improvement of vibroacoustic models prediction capabilities requires an
adapted indicator to compare measurements with the predictions. The likelihood is used to perform such
comparisons as soon as the probability of a given result may be estimated. Vibroacoustic analysis mainly
relies on complex matrix-valued Frequency Response Functions that can be easily measured and computed.
The likelihood of such matrices is investigated. A two stage statistical reduction is proposed in order to
separate statisticaly independent components with random complex amplitudes. Their probability may
be computed independently. The joint probability density fonction of the real and imaginary parts of
each independent random variables is estimated using a nonparametric stochastic model implemented in
MSC/NASTRAN and the Monte Carlo simulation method. The proposed statistical reduction presents many
interesting properties including data reduction or related to the physical behavior of the studied system.

1 Introduction

In the automotive industry, computational vibroacoustic models are used for designing automobiles against
noise.(see for instance [4, 15, 2]). However, the computational vibroacoustic models can have high dimen-
sion: the one considered in this paper has fifteen million of degrees-of-freedom (DOFs) for the structural
part and the coupled acoustic cavity has about eight million of DOFs. This high dimension of the computa-
tional vibroacoustic model brings some difficulties that are mostly overpassed introducing the reduced-order
computational vibroacoustic model (ROM) contructed with a modal projection.
Since automobiles are an industrial product, they are subjected to manufacturing uncertainties. Considering
the use of simulation during the design process, unvoidable future changes may also be considered as un-
certainties. Due to the introduction of simplifications in the modeling process, there are uncertainties in the
computational vibroacoustic model, which have to be taken into account. The nonparametric probabilistic
approach of uncertainties was introduced ten years ago to handle any kind of uncertainties in large computa-
tional vibroacoustic models such as the automotive ones.
In the vibroacoustic analysis, FRFs are widely used to control the structure-borne noise transmission in the
case of multiple transmission paths. The advantage of the matrix-valued FRF is that, even for such complex
structures such as automobiles, it always provides a simple linear relationship between one vector-valued in-
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put (excitation) and one vector-valued output (observation). The computational vibroacoustic model allows
an easy computation of FRF matrices for a given set of sampled frequencies. The FRF complex matrices
can also be measured experimentally. FRF matrices can also be processed as a results of the stochastic com-
putational vibroacoustic model using the realizations. In order to compare experimental measurements with
the results given by the stochastic computational vibroacoustic model, we propose an approach based on the
likelihood [11, 14], which was introduced in [5, 13]. In this work, we use the likelihood for quantifying the
”distance” between the experiments and the stochastic computational vibroacoustic model. For this purpose,
the quantity of interest is the complex matrix-valued FRF, [FRF] = {ω 7→ [FRF(ω)]}. Both the parame-
ters uncertainties and the model uncertainties induced by the modeling errors are taken into account by the
nonparametric probabilistic approach of uncertainties [12, 4, 13, 9]. The principle of this approach consists
in replacing the generalized matrices of the reduced-order vibroacoustic computational model by random
matrices whose probability distributions are constructed [14] using the maximum entropy principle from
Information Theory. A set of realizations of the random FRF matrices is obtained using the Monte-Carlo
method [10]. Since the statistical estimates of the quantities of interest require a relatively large number of
realizations to obtain convergence, the required storage space may be tremendous.
The proposed approach aims to quantifying the consistency of the stochastic comptational vibroacoustic
model – described by a set of realizations – with the measurements. It is based on two successive statistical
reductions that are constructed using Independent Component Analysis (ICA) [7]. These statistical reduc-
tions hopefully lead us to a high-data compression.
In this paper, we will first introduce the nonparametric probabilistic approach of uncertainties together with
the FRFs computations. Then, the two statistical reductions will be presented and applied to a computational
vibroacoustic model of a car. The ”distance” between the predictions and the experiments is then computed
using the likelihood function. Finally, some observations will be discussed and assessed.

2 Brief summary of the nonparametric probabilistic approach of un-
certainties for computational vibroacoustic models

A computational vibroacoustic model is often constructed at early design stage in order to predict the re-
sponse of the real system, which will be, later, manufactured from the design. The modeling process in-
troduces two kinds of uncertainties : the system parameters uncertainties and the model uncertainties. To
achieve some predictability, these uncertainties have to be taken into account. However, the usual parametric
probabilistic approach does not consider the model uncertainties. We will use the nonparametric probabilis-
tic approach of uncertainties [12, 4, 9, 14] which takes into account both kind of uncertainties. Let us now
introduce all the notations that will be used along this paper. The nominal values (chosen as the mean values)
of the generalized are replaced by random matrices. The probability distributions of these random matrices
depend on six hyperparameters δ which control the level of uncertainties for each type of forces occuring
in the computational vibroacoustic model. In this paper, uncertainties on the coupling matrix is not taken
into account. The MSC/Nastran software, in which the nonparametic probabilistic approach has been imple-
mented [8], is used to produce n = 1, . . . , NMC realizations of the matrix-valued FRF, for which the values
of the six hyperparameters δ are those given in [4].

2.1 Nonparametric probabilistic approach

In this paper we consider a linear elastoacoustic problem of a complex structure coupled with an internal
acoustic cavity. The computational model is constructed using the finite element method (FEM) as shown
in Fig.1. The problem is formulated in the frequency domain ω (angular frequency). We are interested in
computing FRF of the system in the frequency band analysis noted B defined by B = [ωmin, ωmax] with
0 < ωmin < ωmax (with ω = 2πf). The complex vector u(ω) of the ms degree of freedom (DOF) of the

5060 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 1: Finite element mesh of the computational model with the excitation and observation points The
comptational model has 15 million structural DOFs and 8 million DOFs in the acoustic cavity

FEM, corresponding to the discretization of the displacements field. Let p(ω) the complex vector of the mf

DOFs representing the discretization of the acoustical pressure field. The finite element model is considered
as the mean model and is written in the frequency domain as

[
−ω2[M s] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
u(ω)
p(ω)

]
=

[
fs(ω)

ff (ω)

]
(1)

Where [M s], [Ds], and [Ks] are the (ms × ms) positive-defined symmetric real mass matrix, damping
and stiffness matrices of the structure where ms is the number of structural DOFs. And [Mf ], [Df ], and
[Kf ] are the (mf ×mf ) positive-defined symmetric real mass matrix, damping and stiffness matrices of the
structure where mf is the number of acoustical DOFs. The complex vectors fs(ω) and ff (ω) is related to the
discretization of the external forces applied respectively on the structure and in the cavity. [C] the coupling
complex matrix between the structure and the acoustic cavity of dimension (ms × mf ). For the complex
dynamical structures of interest, the number of DOFs can be relatively high. The next step is to construct the
nominal ROM which we will consider as the reduced mean computational model. It is constructed by the
usual method of projection on subspace spanned by a set of elastic modes. such that,

([Ks]− λs[M s])ψs = 0 (2)

([Kf ]− λf [Mf ])φs = 0 (3)

u(ω) = [Ψs]qs(ω), (4)

p(ω) = [Φf ]qf (ω), (5)

Fs(ω) = [Ψs]T fs(ω), (6)

Ff (ω) = [Φf ]T ff (ω), (7)

[C] = [Ψs]T [C(ω)][Φf ]. (8)

Where 0 < λs1 ≤ . . . ≤ λsns are the eigenvalues associated with the eigenvectors ψs1, . . . , ψ
s
ns . The

same application is done for λf and φf . [Ψs] reprensents the matrix of the eigenvectors such that [Ψs] =

[ψs1, . . . , ψ
s
ns ] and [Φf ] = [φf1 , . . . , φ

f
nf ]. The nominal ROM is written as

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2[C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
qs(ω)
qf (ω)

]
=

[
Fs(ω)
Ff (ω)

]
(9)

The use of nonparametric probabilistic aproach of uncertainties yields, the following stochastic ROM,

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

] [
Qs(ω)

Qf (ω)

]
=

[
Fs(ω)
Ff (ω)

]
(10)
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Each random matrix [A] depends on the hyperparameter δA > 0 written as,

δA =

√
E{||[GA]− [GA]||2F }

||[GA]||2F
, (11)

in which [GA] is the random matrix germ of random matrix [A].

2.2 Matrix-valued random frequency response function

For all ω fixed in the frequency band of analysis, B, Eq. (9) has a unique solution
[

Qs(ω)

Qf (ω)

]
=

[
−ω2[Ms] + iω[Ds] + [Ks] [C]

ω2 [C]T −ω2[Mf ] + iω[Df ] + [Kf ]

]−1

︸ ︷︷ ︸[
Z(ω)]

[
Fs(ω)
Ff (ω)

]
(12)

In this paper, it is assumed that Ff (ω) = 0. Consequently Eq. (12) yields

Qf (ω) = [Z21(ω)]Fs(ω) (13)

in which, [Z21(ω)] the random block matrix. From Eqs. (5) and (6), we obtain

P(ω) = [Φf ][Z21][Ψ
s]T︸ ︷︷ ︸

[H(ω)]

fs(ω) (14)

with [H(ω)] is a random complex matrix of dimension (Ne × No). The output of Nastran can be chosen
between the displacement, velocity or acceleration field for the structure and the acoustic pressure field for
the internal cavity. The output represents directly the FRF. The finite element model that is used is presented
in Fig. 1. The observation points (Obs.1-4) are located at the ears level of the persons in the vehicle. The
structural excitations (Exc.1-3) are located to the supports of the engine.

Figure 2: Two hundred realizations of a random FRF computed with stochastic ROM (grey), and correspond-
ing FRF from an experimental measurement (black)

In Fig.2, we can see the NMC realizations of the random FRF computed with Nastran and the corresponding
experimental measurement. It can be noticed that the dispersion increases with the frequency. Indeed, it is
widely known that the level of uncertainties increases with the frequency. In Fig.2, we can see that, in the
low-frequency band [0− 15] Hz, the measurement is far from the realizations constructed with the stochas-
tic ROM. That can be explained partly by measurement problems. This band will not be considered in the
following.
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3 Statistical reductions

In this section, we will propose two statistical reductions based on the use of the Independent Component
Analysis (ICA). The main difference with the Principal Component Analysis (PCA) is that the generalized
coordinates are statistically independent. This approach has been widely used [7]. The ICA allows for
yielding a better physical interpretation of the extracted components as explained in Section 3.1. We will
use the Joint Approximation Diagonalization of Eigen-matrices (JADE) algorithm as presented in [1], which
uses the fourth-order moments. JADE computes the matrix such as the sum of all nondiagonal terms of the
fourth-order moments matrix equal to zero.
Let Mn,m(C) be the set of all the (n ×m) complex matrices. Let ω1, . . . , ωNf be the frequency sampling.
LetNo be the number of observation DOFs, and letNe be the number of excitation DOFs. The FRF complex
random matrix is written as [FRF(ωj)] with value in MNo,Ne(C), with j = 1, . . . , Nf . Let be N = No×Ne.
The complex random matrix [FRF(ωj)] is reshaped as the random vector F(ωj) with values in CN . Let [Y] =
[F(ω1), . . . ,F(ωNf )] be the random matrix with values in MN,Nf (C). The NMC independent realizations of
random matrix [Y] are denoted by {[Yn], n = 1, . . . , NMC} and are constructed with the stochastic ROM.

3.1 First statistical reduction based on ICA

The first statitical reduction based on ICA is devoted to the construction of a frequency basis by subbands
for which the coordinates are statisticaly independent. We introduce

[R] =
1

NMC

NMC∑

n=1

[Yn]∗[Yn] ∈MNf ,Nf (C) (15)

in which [Yn]∗ = [Y n]T . The eigenvalue problem [R]xα = λαx
α, with α = 1, . . . , Nf , is solved for the

Hermitian complex matrix [R]. The real eigenvalues are sorted in decreasing order. Matrix [R] is represented

with the first Np ≤ Nf eigenvalues such that [R] '
Np∑
α=1

λαx
α(xα)∗, that is rewritten as,

[R] = [x][Λ][x]∗, (16)

in which [Λ] is the diagonal matrix of the eigenvalues and where [x] = [x1, . . . , xNp ] is the matrix of the
eigenvectors. It should be noted that

[x]∗[x] = [INp ], (17)

It can easily be proven that each realization [Yn] can be written as

[Yn] = [An][x]∗ (18)

in which, [An] ∈MN,Np(C) is given by the projection on [Yn]. Using Eq.(17),

[An] = [Yn][x]. (19)

Let
[c] = [x]∗ (20)

be the complex (Np × Nf ) matrix, for which its columns are denoted by cj with j = 1, . . . , Nf : [c] =
[c1, . . . , cNf ]. Let us introduce the random vector c with values in CNp whose realizations are c1, . . . , cNf .
The Independent Component Analysis (ICA) of random vector c is carried out and yields,

[c] = [b][S], (21)
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in which [b] is a (Np×Np) complex matrix and [S] an (Np×Nf ) complex matrix whose columns S1, . . . , SNp

are independent. From Eqs.(18), (20),(21), it can be deduced that,

[Yn] = [Ân][S], (22)

in which [Ân] is written as
[Ân] = [An][b] ∈MN,Np(C). (23)

The frequency band analysis is B = [25, 250]Hz. On the frequency basis [c], there are Np independent com-
ponents. The threshold for the cumulative energy is fixed at 95%, which is sufficiently high to resynthesize
the FRF by inverse step.

Figure 3: Frequential independent components from JADE algortihm with ICA

Figure 3 shows the Np independent components issued from the ICA. We can see peaks all along the fre-
quency band B. It can be seen that each component has a different contribution over the frequency band.
Consequently, for each subband of B, only the components that have the main contributions are kept. This
means that the reductions is performed by subband and not globally for all the frequency band of analysis.
We take the frequency value at the maximum of each independent component from the first ICA statistical
reduction from Fig. 3. It can be seen that the subbands are narrower for the lowest frequencies. As the
frequency increases, the width of the subbands increases.

3.2 Second statistical reduction based on ICA

In the second statistical reduction, we construct a spatial basis over the observations and excitations DOFs.
From the Np independent components obtained from the first statistical reduction over the frequency band,
we determine the components that have contributions on the spatial basis. We use exactly the same method-
ology that the one presented in section 3.1. The independent component analysis is reused for constructing
a second statistical reduction of random matrix [Â] whose realizations are {[Ân], n = 1, . . . , NMC} that are
defined by Eq.(23), and that allows for obtaining the following representation,

[Ân]kα =

N̂p(α)∑

β=1

[F̂ ]kβ[χn]βα (24)

with k = 1, . . . , N and α = 1, . . . , Np, in which N̂p ≤ N , where [F̂ (α)] and [χn(α)] are complex matrices
of dimension (N × N̂p(α)) and (N̂p(α)× 1) respectively. The matrix [χn] represents the basis. Substituting
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Eq. (24) into Eq. (22) yields

[Yn]kj =

Np∑

α=1

N̂p(α)∑

β=1

[F̂ ]kβ[χn]βα[S]αj (25)

Figure 4: Number of component N̂p(α) over the
α = 1, , Np of the first statistical reduction.

Figure 5: Number of component N̂p(α) over the
frequency value of the maximum of each α of the
first statistical reduction

Figure 6: Norm (upper left), phase (bottom left),
frequential component (upper right) and the prob-
ability density (bottom right) for γ = 1

Figure 7: Norm (upper left), phase (bottom left),
frequential component (upper right) and the prob-
ability density (bottom right) for γ = 11

This second statistical reduction is applied to each component obtained by the first statistical reduction. In
Fig.4 and 5, it can be noticed that the number of components from the second statistical reduction increases
with the frequency. This can be explained by the fact that the effects of the model uncertainties increase with
the frequency. Figures 4 and 5 show that there is an analogy between the value of α and the frequency band.
In fact, it can be seen in Fig. 3 that each component of the first statistical reduction has a contribution over
the frequency subbands. The probability density function of the random variable [χ]β,α is estimated with its
realizations [χn]β,α. Such a probability density function is shown in the bottom right in Fig. 6 and Fig. 7.
Moreover, Fig. 6 and Fig. 7 show the paticipation of each excitation point for each observation point (left
figures up and bottom). The upper-right figure represents the frequential independent component of the first
statistical reduction.

3.3 Projection of an experimental measurement

Only one experimental measurement is available and is projected using the two statistical reductions in order
to obtain the (N̂p ×Np) complex matrix [χexp]. For all ` = 1, . . . , νexp, let [Y exp] be the (N ×Nf ) complex
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matrix related to the experimental measurement, which is written as

[Y exp,`] = [Âexp,`][S] , (26)

[Âexp,`]kα =

N̂p(α)∑

β=1

[F̂ ]kβ[χexp,`]βα . (27)

The projection of Eq. (26) yields
[Âexp,`] = [Y exp,`][S ] , (28)

in which [S ] = [S]∗([S][S]∗)−1 is the right pseudo-inverse of [S]. For α fixed in {1, . . . , Np}, let [H(α)] be
the (N̂p(α)× N̂p(α)) complex matrix defined by

[H(α)]β′β =
N∑

k=1

[F̂ ]kβ′ [F̂ ]kβ . (29)

The projection of Eq.(27) on [F̂ ] yields, for α fixed in {1, . . . , Np} and β
′

in {1, . . . , N̂p(α)}, the expression
of [χexp,`] written as

[χexp,`]β′α =
N∑

k=1

[F̂ (α)]β′k[Â
exp,`]kα , (30)

with [F̂ (α)] the left pseudo-inverse such that

[F̂ (α)]β′k =

N̂p(α)∑

β=1

[H(α)−1]β′β[F̂ ]kβ . (31)

4 Maximum likelihood method

In this section, we use the maximum likelihood method as proposed in[13, 5]. The method consists in
introducing a statistical reduction as done in Section 3.1. The likelihood function is estimated using the
kernel density estimation method [6]. The statistical reduction is efficient if N̂p(α) � N . In order to
decrease the computational effort, we use the two statistical reductions proposed in the Section 3. The
family {[χ]βα, α = 1, . . . , Np, β = 1, . . . , N̂p(α)} of random variables are gathered in a random vector

W = (W1, . . . ,WNcomp) withNcomp =
Np∑
α=1

N̂p(α). The corresponding experimental values of W are denoted

by {wexp,`, ` = 1 . . . , νexp}. Let (w1, . . . , wNcomp) 7→ p(w1, . . . , wNcomp) be the probability density function
on RNcomp . We use the following approximation L of the log-likelihood function of W, which is written, for
all γ = 1, . . . , Ncomp, as

L =

νexp∑

`=1

Ncomp∑

γ=1

Lγ,` , (32)

with
Lγ,` = 10 log10 pwγ (wexp,`

γ ) . (33)

5066 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 8: Log-likelihood Lγ,`

To be able to visualize the log-likelihood of the components from the first statistical reduction, Eq.(32) are
rewritten as function of the frequency,

L =

νexp∑

`=1

Np∑

α=1

Lα (34)

with

Lα =

N̂p(α)∑

β=1

Lβ (35)

Figure 9: Log-likelihood of the experimental
measurement (red), a sample from Monte Carlo
(blue), the minimum and the maximum of the
stochastic basis (black dotted)This example is with
dispersion as written in [4]

Figure 10: Log-likelihood of the experimental
measurement (red), a sample from Monte Carlo
(blue), the minimum and the maximum of the
stochastic basis (black dotted)This example is with
low dispersion

Figures.9 and 10 shows the maximum and the minimum of the log-likelihood for [χ]α,β . It can be noticed that
the realizations computed with the stochastic ROM are within the range of the maximum and the minimum.
A verification step has been realized to make sure that all realizations are within the range. The experimental
measurement is also within the range of the maximum and the minimum. We can interprete it as the model
is sufficiently good.
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5 Additional comments

In this section, we give some comments about the results presented. Using Eqs. (25) and (22), the FRF
are resynthesized in the physical space. This allow us to check the threshold we imposed in the eigenvalue
problem. With the threshold at 95%, [Yn] is computed and is compared with the initial input.

Figure 11: Resynthesized FRF from the first sta-
tistical reduction

Figure 12: Resynthesized FRF from the second
statistical reduction

Figures 11 and 12 show the resynthesized FRF with the corresponding input FRF. With the threshold at 95%,
we can notice that we effectively have small differences compared to the input FRF. The slight difference
comes from the reduced representation. Figures 13 and 14 correspond to threshold at 99%, for which the
differences are very small. Moreover, the resynthesis from the first and the second statistical reduction gives
the same results. This value of the threshold could be used for this analysis but the computation cost would
be greater and the reduction factor, detailed hereinafter, would be worse.

Figure 13: Resynthesized FRF from the first sta-
tistical reduction

Figure 14: Resynthesized FRF from the second
statistical reduction

The reduction factor noted Fred is given by

Fred =
N ×Nf ×NMC

Ncomp × (N +NMC) + (Np ×Nf )
(36)

Let τ the threshold of the cumulative energy. The value of Fred vary with τ .

Table 1 shows that the evolution of reduction factor depends on τ . When τ increases Fred decreases. The
highest the input dimension, the highest the datad reduction.
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τ 0.80 0.90 0.95 0.99
Fred 78 48 34 20

Table 1: Fred in terms of τ

The last comment is on the FRF with the maximum of the probability density function for each component
γ = 1, . . . , Ncomp.

Figure 15: FRF resynthesis for the maximum of
the PDF with k = 1

Figure 16: FRF resynthesis for the maximum of
the PDF with k = 26

Figures 15− 16 show the FRF issued from the maximum of the probability density function. These figures
show that, for each k = 1, 36, the synthesized FRF is almost always inside the grey region defined by the
realizations.

6 Conclusion

In this paper, we have mostly presented a methodology for constructing a statistical reduction of a random
complex matrix-valued FRF. The random FRF matrix is represented by a large collection of realizations com-
puted using the Nonparametric Variability Modeling in MSC/NASTRAN. Since we consider the complex
matrix-valued FRF, the use of two stages statistical reductions is efficient. The first stage provides a de-
composition of the studied frequency range in independent subbands, while the second stage deals with the
DOFs interaction in each of these subbands. Statistical independence of the reduction components is guaran-
teed by an Independent Component Analysis as implemented in the JADE algorithm. Once the components
have been characterized, the PDF of their complex amplitude is determined, later allowing the likelihood
computation. The model reduction is performed according to a requested precision: the lower the precision,
the lower the number of components and the higher the reduction. This reduced representation has been
validated by resynthesizing the complex matrix-valued FRF. Finally, the likelihood of a measurement on a
full vehicle was computed and analyzed.

The proposed statistical reduction offers many perspectives in different fields. First, considering the data
reduction capabilities, compressed model could be handled in NVH synthesis tools in order to propagate un-
certainties for various vibration sources and operating conditions. Second, the deep physical meaning of the
independent components have not yet been investigated. Results presented in the paper are very promising:
automatic decomposition of the investigated frequency range, dominant phase relationship between DOFS...
Further investigations are already in progress.
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