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Abstract 
Unstructured uncertainty models are commonly used within robust control framework to cover unmodeled 

dynamics, particularly at high frequency. The resulting uncertain linear time invariant (LTI) models (i.e. 

models comprised of an LTI nominal model and an uncertainty model) are then used in robust controller 

synthesis procedure and have significant influence on the controller performance. This paper proposes a 

novel procedure for constructing unstructured uncertainty models for a class of mechanical vibration 

systems comprised of a number of interconnected (coupled) vibration subsystems. As the result of the 

proposed procedure, we are able to significantly reduce conservatism of the resulting uncertain LTI 

models of the individual subsystems, thus improving the performance of subsequent robust control 

strategies. We illustrate the results on a numerical example comprised of a series of simply-supported 

beams coupled with a set of springs. 

1 Introduction 

Dynamical systems today are complex and made of many interconnected and mutually interacting 

individual dynamical subsystems. Such systems form a class of spatially distributed dynamical systems 

and have gained significant importance in science and engineering in recent history. In order for them to 

perform the prescribed function they are often made up of elements that can act upon different physical 

laws - examples include active car suspension, multi-agent robotic systems, networks of embedded 

systems, smart structures and so on. Modeling, analysis and control of spatially distributed systems have 

gained significant importance in science and engineering and it is being recognized as a challenging task. 

As such it has attracted notable research interest [1]. 

This paper is focused on a particular class of mechanical vibration systems comprised of a number of 

passive and dissipative interconnected (coupled) vibration subsystems. Passivity and dissipativity, together 

with relevant stability criteria, play an important role in modern control theory. Many mechanical systems 

can be characterized in this manner. Typical examples include discretized infinite-dimensional structural 

systems such as beams, rods, plates and/or shells mutually interconnected with various elastic and 

damping components. For such a complex system there is a high demand in terms of robustness, 

efficiency and performance. When dealing with robust control of such systems, particularly when 

applying decentralized control strategies [2], each subsystem requires an approximation by an appropriate 

discretized model, as well as a corresponding uncertainty model [3]. It is of significant importance that the 

uncertainty model captures all neglected dynamics (e.g. possible nonlinearities, high order dynamics, 

discretization error etc.) and that the uncertainty set is as small as possible. In order to achieve the desired 

controller performance, it is necessary to reduce conservatism of the uncertainty model. On the other hand, 

it is convenient to use as coarse discretization as possible in order to reduce the controller order (size). 

This results in a situation where a compromise has to be made since we are faced with two essential 

modeling issues:  

1) What discretization level (i.e. accuracy) to choose?  

2) How to construct the least conservative uncertainty model? 
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In an attempt to answer the given questions, a case study is carried out in this paper. From the results 

obtained by a case study it can be observed that a part of individual subsystem uncertainty can be 

discarded since it does not influence the dynamic behavior of the assembled system. An example is 

considered in the form of a spatially distributed vibrational mechanical system comprised of a series of 

simply supported Euler beams coupled with springs, as shown in following sections. 

2 Mathematical model 

In this case study we consider vibrations of a mechanical system comprised of a finite number of simply 

supported Euler beams. The beams are mutually interacting and are coupled with springs as shown in 

Figure 1. Each beam has a circular cross-section and is defined by the geometric and material properties 

given in Table 1, where l is length, d is the diameter of the cross-section, E is the modulus of elasticity and 

ν is Poisson’s coefficient. Each beam is connected to two neighboring beams at one third and two thirds of 

their lengths with a spring of stiffness k, also given in Table 1. 

 

l [m] d [mm] E [GPa] ν [-] k [N/m] 

0.6 1 210 0.3 500 

Table 1: Subsystem properties 

 

Figure 1: Spatially distributed mechanical system comprised of simply supported Euler beams coupled 

with springs 

Each beam is modeled using finite element method and for each beam a series of successively finer 

discretizations are made. A beam is discretized with 3, 6, 12, 24, 48 and 96 finite elements. For each 

discretization, a proportional Rayleigh damping matrix is constructed such that modal damping ratio is 

approximately 0.05 for the first 6 beam vibration modes. Discretized beams are then connected with 

springs at specified points in order to obtain a series of successively finer dynamical models. Discretized 

subsystem models consisting of a single beam and springs is then converted into a linear time-invariant 

(LTI) descriptor state space (DSS) model with two inputs and two outputs. Inputs are displacements of 

two spring ends and outputs are beam deflections at one third and two thirds of its length. Based on the 

obtained LTI models we construct a nominal model and a series of uncertainty models corresponding to 

each discretization, as follows. 

Nominal subsystem model is obtained by reducing the 96 finite element model, that is, nominal model is 

the reduced most accurate LTI model available. The reduction of the model is obtained by means of a 

balanced truncation. The criteria for reducing the model is removing all states that have Hankel singular 

values less than a prescribed value of 10-2. This results in reducing the 576 number of states for the full 

model (obtained from 96 finite elements) to 19 states for the reduced model. The reduced model is suitable 

to be used as a nominal model for constructing unstructured uncertainty weights as it will be shown in the 

next section. By using model reduction, we increase efficiency of numerical modeling. 

EI , l k k
single

subsystem

EI , l k k
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Perhaps the most widely used tools in robust control design are weights. Weights allow a control designer 

to capture the system uncertainties and to determine over what frequency ranges the performance is 

desired. Weights can be viewed as a way to tune the control design to achieve a desired level of 

performance and robustness without having to explicitly consider the system stability. “The design of a 

robust and high-performance control system relies heavily on the choice of weights used in the design. 

[3]”. We start our analysis by considering uncertainty caused by unmodeled dynamics and assume that the 

real plant is obtained by combining the nominal plant Psys with a transfer function of the kind W1ΔW2. 

Where Δ is uncertainty block and W1 and W2 are frequency weights that adjust the amount of uncertainty 

at each frequency. Such kind of uncertainty is denoted as unstructured. The procedure of constructing 

unstructured uncertainty models for the presented case is as follows. 

2.1 Unstructured uncertainties for single subsystem 

For each discretization level (including the 96 FE level), input multiplicative error models are constructed. 

An input multiplicative error model consists of an unstructured uncertainty block Δ of a unit-gain and a 

diagonal, stable, minimum-phase shaping frequency weights W1 and W2. The described input 

multiplicative model is schematically shown in Figure 2a. At each input denoted by w, a frequency weight 

is constructed such that the response from w-th input to z-th output covers the relative error between 

nominal model and discretized model. Throughout the procedure an order (number of states) of frequency 

weights has been kept constant at each input. In order to make the size of the uncertainty model small, we 

used a low order of 8 for diagonal entries in weight W1 at each input, whereas weight W2 is a scalar of 

magnitude 1. Psys is an interconnection transfer matrix function such that a linear fractional transformation 

with uncertainty block yields input multiplicative uncertainty model. Input multiplicative uncertainty [4] is 

expressed by: 

 1 2( )sys  G P I W W , (1) 

where G is an uncertain system obtained by using the input multiplicative uncertainty model to alter the 

response of a system Psys. 

 

Figure 2: Input multiplicative uncertainty model: a) a subsystem, b) linear fractional representation of a 

subsystem 

In a different study made in [5] the authors obtained similar results by using an additive uncertainty 

model. In a similar fashion they constructed Δ with norm equal to 1 but used a scalar weight W. Additive 

uncertainty model is usually used to model an absolute error or to model a modest difference in responses 

of two systems. Scalar weights are used to cover the net response from each input to each output of the 

error between the nominal model and the discretized model. Uncertainty modeling using scalar weights is 

more conservative than using a weight at each input of the system. A less conservative uncertainty model 

can be obtained by using diagonal weights. We stress that, by different choice of Psys, different uncertainty 

models can be used in a straightforward fashion. In robust control theory we want to obtain a system in 

linear fractional transformation (LFT). For constructing LFT it is important to separate a normed 

uncertainty part Δ and connect it in feedback to a nominal LTI system. For input multiplicative error 

model, uncertainty separation can be done as it is shown in Figure 2b. By doing so we now consider a 
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system Gsys that has an uncertainty block Δ connected in feedback. In the next section we show how to 

refine the uncertainty model by examining a coupled system. 

2.2 Subsystem coupling and uncertainty refinement for coupled system 

Up until now we only considered modeling uncertainty for a single subsystem. We stress that this series of 

successively better subsystems models are essentially local since we didn’t take into the account that the 

overall system is comprised of a series of coupled individual instances. To address this issue, we propose a 

procedure for modeling uncertainty weights for a single subsystem that takes into the account the 

neighboring subsystems coupling. Information about the coupled neighboring subsystems is used to 

further reduce the previously obtained uncertainty weights. A reduction of required uncertainty weights 

means a reduction in conservatism of an uncertain system. Since we are analyzing passive and dissipative 

coupled system we are assuming that a portion of individual subsystem uncertainty is damped by the 

neighboring subsystems and may be discarded. It needs to be kept in mind that this reduction of 

uncertainty might not be the case for spatially distributed system in general. Reduction of uncertainty 

using this presented approach may even vary for different passive and dissipative systems depending on 

the system structure and properties. The procedure for obtaining unstructured uncertainty for a single 

subsystem can be used with a minor extension in a following manner. 

 

Figure 3: Input multiplicative uncertainty model: a) subsystem Gsys coupled with reduced model of 

neighboring subsystems Gred, b) representation as a general framework for an uncertain feedback system 

First, we need to take into the account the neighboring systems. The neighboring systems are series of a 

final number of previously obtained reduced nominal models. If we further reduce this series, we obtain a 

reduced model Gred that represents the neighboring systems. For reduction of a series we use balanced 

truncation with same criteria used for obtaining the nominal (single subsystem) model. Finally, we 

complete our modeling by connecting Gred into feedback loop with the uncertain individual subsystem Gsys 

as shown in Figure 3a. The resulting model can be viewed as a general framework for robust control, 

where an uncertain feedback system (i.e. Gsys with delta in feedback) has Gred as a controller on a system 

as shown in Figure 3b. With this model we can study the effect of neighboring systems on unstructured 

uncertainty model refinement by essentially changing the number of surrounding systems in Gred. We 

stress that the number of neighboring systems needed for this certainly depends on the problem at hand. 

For this case study we chose that the number of surrounding subsystems change, i.e. we connect a 

different number of reduced nominal models in a feedback loop. For each number of neighboring 

subsystems, that is 1,3, 5 or 10 reduced nominal models, we recompute input multiplicative frequency 

weights W1 and W2 in a similar fashion as we did for a single subsystem. It is important to note that Gred 

for each number of neighboring systems becomes bigger in size but is nevertheless kept reasonably low. 

Gred has 19, 25, 29 and 40 states for 1, 3, 5 and 10 neighboring systems, respectively. With the complete 

mathematical model, we present results as shown in next chapter. 
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3 Results and discussion 

To keep the size of a nominal model small, we reduce the most accurate system (i.e. the one with 96 FE). 

The response of a 96 FE model and that of a reduced model is shown in Figure 4 where it can be seen that 

the reduced model accurately describes the response of the full model. 

 

Figure 4: Frequency response of the most accurate model from 96 FE and a nominal reduced model 

First, we study frequency weights obtained for single subsystem. A comparison of H∞ norms of frequency 

weights for each discretization level is shown in Figure 5. As expected, the frequency weights norm 

decreases with finer discretization. This provides us quite straightforward criteria for deciding which 

discretization should be used. For example, a criterion could be such that the frequency weight norm is 

less than some prescribed value. 

  

Figure 5: Comparison of H∞ norms of frequency weights for a single subsystem and a different number of 

coupled subsystems for each discretization level 

Next, we compare H∞ norms for coupled subsystems when we add 1, 3, 5 and 10 neighboring subsystems. 

A comparison of H∞ norms of frequency weights for both single and coupled subsystems for different 

levels of discretization is shown in Figure 5 as well. It is evident that new H∞ norms obtained for coupled 

dynamical systems are decreasing. Most prominent decrease can be seen for low discretization levels. 
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When analyzing obtained frequency weights for individual subsystem and coupled subsystem it is seen 

that the newly obtained frequency weights for coupled subsystem have lower magnitude of the frequency 

response in wide frequency ranges as shown in Figure 6. In other words, the frequency weights of 

individual uncertainty models are “scaled” such that the uncertainty information that does not affect the 

overall system dynamics is discarded. 

 

Figure 6: Comparison of frequency response of frequency weights for a single subsystem and a coupled 

subsystem for: a) 3 FE model, b) 12 FE model 

When changing the number of surrounding systems (i.e. by adding more neighboring subsystems), 

uncertainty model can be further reduced, but this time only in a specific spectrum, as seen in Figure 7. 

For this example, higher frequency dynamics at around 103 rad/s is discarded from uncertainty model 

when adding more neighboring subsystems.  

 

Figure 7: Comparison of frequency response of frequency weights for a single subsystem and a different 

coupled subsystem for: a) 3 FE model, b) 24 FE model 

Numeric algorithm used for obtaining input multiplicative uncertainty weights calculates optimal weights 

on a frequency grid. It is interesting to investigate how well different order of weights covers the relative 

error between the nominal system and the LTI model for some discretization as it is shown in Figure 8. An 

increase in order of weights from 8 to 10 and then to 16 results in higher order weights more closely 

matching the response of relative error. This increase in weight order comes at cost of increase in size of 

the uncertain model and an increase in numeric calculation times. 
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Figure 8: Comparison of frequency response of frequency weights for coupled subsystem and a different 

order of weights for 12 FE 

An interesting observation is made when applying ν-gap analysis by Vinnicombe [6]. For the problem at 

hand a reduced series of neighboring systems can be viewed as a controller on an uncertain system as 

shown in Figure 3b. It is thus interesting to observe upper bounds on the Vinnicombe gap and distances 

between each controller model when we increase the number of neighboring systems. That is, we measure 

upper bounds on ν and ν-gap between one system connected as a controller and 3 systems connected as a 

controller on an uncertain system, and so on. It was shown that even controller models obtained by adding 

1 subsystem and 2 subsystems in feedback are far apart in the sense that ν-gap is approximately 0.96. 

Between each other combination of controllers ν and ν-gap are practically equal to 1 which translates into 

systems being far apart. Also, to exclude possible errors in ν and ν-gap calculation instead of using 

reduced controller, analysis was carried out on a full model as well and yielded identical results. It would 

be interesting to further investigate these results as well. 

4 Conclusion 

The paper presents the results on the modeling of unstructured uncertainty for spatially distributed 

(coupled) vibration systems. Finite element mesh refining technique is used to obtain a series of 

successively finer spatial discretizations of an infinite dimensional vibrational mechanical system. This 

refining provides enough information for constructing a series of successively better uncertain linear time-

invariant models. The resulting uncertain linear time-invariant model of a single subsystem can be further 

refined for a special class of passive and dissipative vibration systems by taking into account that it is 

coupled with a small number if neighboring subsystems that are passive and dissipative as well. By 

increasing the number of neighboring systems, it was shown that the magnitude in frequency response of 

required uncertainty on the single subsystem is decreasing. This reduces conservatism of the uncertainty 

model of individual subsystem which improves performance when dealing with robust control of passive 

and dissipative coupled dynamical vibration systems. 
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