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Abstract
Rotor stator contact is an issue affecting many industrial applications, and causes some very rich dynamic
responses. There is a need for new analytical approaches in these systems, due to the current reliance
on costly brute force numerical methods. Recent work has shown that many contacting limit cycles are an
internal resonance between two whirling modes. This insight makes these responses ideally suited to analysis
with the method of normal forms, which works by reducing a system to just its resonant components, in a
form that can be solved exactly. After briefly outlining the method, this paper applies it to single and multiple
rotor systems, and uses it to gain insights into the effects of system parameters such as damping and stator
stiffness.

1 Introduction

Rotor stator contact is an issue affecting many industrial applications, and causes some very rich dynamic
responses [1–24]. Out of the huge variety of responses and phenomena seen in these systems, an intruiging
subset are asynchronous bouncing solutions. These are solutions where the fundamental frequency has no
obvious relation to the shaft drive speed, and are inherently harder to deal with for the following reasons:

1. They are aperiodic in the stationary coordinate system.

2. The response frequency cannot be directly inferred from the forcing frequency.

3. They can occur at drive speeds significantly removed from the critical speeds of the rotor [25].

These solutions are high amplitude limit cycles involving repeated contacts with the stator, and therefore can
be very destructive. They occur in rotor systems that may be considered isotropic. There is a need for new
analytical approaches in these systems, due to the current reliance on costly brute force numerical methods
to investigate these behaviours.

Two general insights make these responses far easier to understand, and guide the current approach. Firstly,
asynchronous responses are found to be periodic in a coordinate system that rotates with the shaft [26]. Sec-
ondly, it has been shown that they typically occur as an interaction between the underlying linear resonances
of the rotor, and in fact this becomes a straightforward case of internal resonance when viewed in the rotating
coordinate system [25,27]. The fact that these cycles are interactions of typically just two interacting modes
makes them ideal for analysis with the method of Normal Forms, which works by transforming the system
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to a simpler one that consists of the resonant response components [28-32]. However, in this case it must be
adapted for use with complex modes and for non-smooth nonlinearity.

In what follows, the analysis method is briefly outlined in Section 2. Then it used to investigate the effects
of various system paramters on a single disc rotor in Section 3 and then a multi-disc rotor in Section 4.

2 Normal Form analysis

What follows is a relatively brief outline of the method; for more detail please see [33]. The systems under
consideration have the following form in a coordinate system that rotates with the shaft:

Mq̈ + ΩGq̇ + Kq + Cq̇ + Kcq + nq(q, q̇) = b (1)

where M, G, K and C are the mass, gyroscopic, stiffness and damping matrices respectively and Ω is the
shaft speed in radians per second. Note that G and K will contain inertial terms that arise from the time-
varying transformation from stationary coordinates. The matrix Kc contains ‘stiffness like’ terms that arise
from applying the rotating transformation of damping effects and nq(q, q̇) represents the nonlinearity. The
vector b represents the out of balance forcing, which becomes a constant term in the rotating coordinate
system; note that this system is autonomous whereas the stationary definition is not. The form of equation
(1) is chosen to separate linear conservative terms from everything else.

System (1) is transformed into first order form:

ẏ = Ay + ny(y) (2)

where y = {q, q̇}T , A =

[
0 I

−M−1K −ΩM−1G

]
contains the underlying linear conservative terms,

and therefore all nonconservative and nonlinear terms are contained within ny(y). The system is then
transformed to complex modal form using the eigensolutions of A:

ṗ = Λp + np(p) (3)

where Λ is a diagonal matrix of eigenvalues and y = < (Φp) and Φ contains eigenvectors. Note that this
system has the same number of degrees of freedom as system (1) because only one of each conjugate pair of
eigensolutions is used. Furthermore, the retained eigenvalues have form ±ωi where it is important that the
sign reflects the direction of the physical whirling i.e. positive if it is the same as the shaft rotation.

The method of normal forms seeks a near-identity transformation p = u + h(u) such that the variable u
results in a system

u̇ = Λu + nu(u) (4)

that is much simpler equation than (3) to solve, and can be solved exactly. Note that the actual form of the
transformation is decided in the frequency domain as a trial solution is implemented. If we subtract (4) from
(3) we obtain:

ṗ− u̇ = ḣ = Λh + np(p)− nu(u) (5)

A problem occurs in trying to eliminate p from this equation; this has to be done by approximation. Many
texts apply the approximation np(p) ≈ np(u) to accuracy O(h). In this method the more accurate approx-
imation

np(p) ≈ np(u + h−1) = np(p−1) (6)

may be used with accuracy of O(h0 − h−1) where h−1 is an estimate from a previous iteration or initial
guess and h0 is the true value for h. After incorporating this approximation equation (5) can be rearranged
to give

ḣ−Λh− np(u + h−1) + nu(u) = 0 (7)
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The general solution of (4) is assumed to be of form:

u =

nf/2−1∑

i=−nf/2

Uie
iωrt = Ut (8)

i.e. a summation of vectors multiplied by exponential time functions, so that each transformed modal variable
is a complex Fourier series with unknown fundamental frequency ωr and signed harmonics. In the matrix
form Ut, U will have dimensions N × nf where nf indicates the length of the Fourier transform, and t is
a vector of all the terms eiωrt with length nf . The aim is a system where u is simple, and therefore it is
desirable that U is as sparse as possible. Similar representations are made for all other variables:

h = Ht , nu(u) = Nut , np(u + h−1) = Npt ,
h−1 = H−1t , p−1 = P−1t

(9)

Differentiation can also be achieved by noting that

ḣ = Hṫ = HΨt (10)

where Ψ is an nf × nf diagonal matrix where the diagonal entries are all of form iωr. Thus equation (7)
may be written:

HΨt−ΛHt−Npt + Nut = 0 (11)

In order to evaluate the trial nonlinear frequency components Np the Alternating Frequency/Time (AFT)
method is used. This consists of firstly approximating the time series of p at all time steps using p =
(U + H−1) t (obtained from using the forms of (9) in (6)). Then, all nonlinear and nonconservative forces
np(p) are evaluated based on this time series. Finally a Fast Fourier Transform is used to return the frequency
components of the forces Np = F(np(p)). Note that because our state variables give velocity as well as
displacement, there is no need to know ωr to evaluate this stage. Note that U is to be very sparse, whereas
H−1 is a matrix of constants from a previous solution or initial guess, and is in general full except where U
is nonzero.

The corresponding elements k, ` of the matrices in (11) can be compared separately because they each
relate to a different harmonic of a different modal variable. Hence equation (11) (with t eliminated) can be
considered term by term:

Hk,`Ψ`,` − Λk,kHk,` −Np(k,`) +Nu(k,`) = 0 (12)

At this point a slight shorthand is introduced; since we have to deal with negative (or perhaps zero) harmonics
we allow the index representing harmonics ` to be zero or negative. Clearly, matrix indices need to be positive
integers so when ` is non-positive, it should really be converted to whichever positive value is needed. But for
brevity we ignore this and just assume that when needed matrices have columns relating to negative values.

In general, because we want to simplify equation (4), equation (12) is solved by choosing:

Nu(k,`) = 0 , Hk,` =
Np(k,`)

Ψ`,` − Λk,k
(13)

However, if Ψ`,` ≈ Λk,k, this will cause Hk,` to be large, violating the assumption of a near identity trans-
formation. These terms are known as resonant terms and must be solved by choosing:

Nu(k,`) = Np(k,`) , Hk,` = 0 (14)

Typically interesting solutions (i.e. not simply synchronous whirling in or out of contact) occur when exactly
two modes become internally resonant [27]. Therefore, expressing the harmonic components of the resonant
equation of motion (4) will give a harmonic balance problem of the form:

Ui,jΨj,j − Λi,iUi,j −Nu(i,j) = 0

Uk,`Ψ`,` − Λk,kUk,` −Nu(k,`) = 0
(15)
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Figure 1: A snubbed overhung rotor.

Hence our system of N degrees of freedom results in this greatly reduced form. Equation (15) has 5 un-
knowns; the real and imaginary parts of Ui,j and Uk,` and also the unknown fundamental frequency ωr
which is within Ψj,j and Ψ`,` (see the definition of Ψ following equation (10)). However, we may impose
that one of the transformed modal variables is purely real; this constrains the phase of this modal variable
and therefore locks the solution in time. Therefore, with this imposition equation (15) is solvable.

In order to start solving the problem, a guess for h−1 and the resonant variables must made. It seems that
typically h is close to the linear synchronous out of balance response, so this is chosen for the intial h−1.
The guesses for resonant variables can be chosen to just give a reasonable amount of stator penetration,
and perhaps try different phase angles between the complex amplitudes. After a solution of the resonant
variables, h can be populated with equations (13) and (14), and then this value can be used as h−1 in another
iteration. In this way repeated iterations of the process improve accuracy.

The method outlined is very general with regard to the form of nonlinearity in nq(q, q̇) due to the use of the
AFT step. Furthermore, it is also very general with regard to the size of the system matrices, so should scale
to rotor systems with many degrees of freedom with appropriate modal truncations.

3 An overhung rotor

3.1 System description

This is a two degree of freedom system similar to that presented in [25]. The disc is supported on a rigid in-
ertialess shaft which in turn is mounted on a rotational spring damper with stiffness and damping represented
by k and c respectively. The disc has mass m, polar moment of inertia Ip and diametral moment of inertia
Id. Out of balance forcing occurs due to the mass centre of the disc at CG being slightly away from its
rotational centre CR. Nonlinearity occurs due to the snubber ring at distance a from the root, which exerts
a force whenever the shaft at this point exceeds clearance δ and this is represented by the nonlinear force nx

in the stationary frame.

The system is nondimensionalised using the undamped natural frequency of the underlying nonrotating sys-
tem ωn =

√
k

meff `
to scale time wheremeff = m+ Id

`2
is the effective inertia, and the displacement required

to make contact with the stator ∆ = δ`
a is used to scale displacement:

τ = ωnt , û = u
∆ , v̂ = v

∆ , Îp =
Ip

meff `2

Ω̂ = Ω
ωn

, f̂ = ε
∆ , ζ = c

2`2ωnmeff

(16)
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Figure 2: Campbell diagram showing rotating coordinate system whirl velocities for the underlying un-
damped linear rotor. Circles at Ω̂ = 3.198 and Ω̂ = 5.455 indicate the nonlinear critical speeds for 2:1 and
3:2 internal resonance respectively.

This leads to equations of motion of the form of equation (1) with matrices as follows:

M = I2×2 , G = −(Îp − 2)J , K = (1− Ω̂2(1− Îp))I2×2

C = 2ζI2×2 , Kc = −2ζΩ̂J , b =
{
f̂Ω̂2, 0

}T (17)

and

nq(q) =

{
−β(|q| − 1) {q1, q2}T /|q|, if |q| ≥ 1

{0, 0}T , if |q| < 1,
(18)

where β = ksa
k expresses the ratio of stator stiffness to the underlying linear stiffness and J =

[
0 −1
1 0

]
. The

vector q represents the horizontal and vertical deflections of the point CR, taken in the rotating coordinate
frame. Note that since the nonlinearity is isotropic and purely a function of radial displacement, the rotat-
ing coordinate system nonlinear force function nq is in this case identical to the the stationary coordinate
function nx.

3.2 Results

The results are presented for a rotor with Îp = 0.1 (Note that this parameter and the drive speed Ω̂ completely
define the linear conservative part of the system). Figure 2 shows the Campbell diagram for this system; note
that unlike the traditional representation that shows unsigned whirl frequencies from the stationary frame,
this shows signed whirl velocities from the rotating frame (for more detail see [33]). Figure 2 also includes
some multiples of the whirl velocities, and it may be seen that these having crossing points. We describe
these drive speeds as nonlinear critical speeds because they indicate the lower bound of a region of Ω̂ where
internally resonant responses may be encountered.
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Figure 3: Amplitudes of the resonant complex variables in 2:1 resonance against nondimensional drive speed
for ζ = 0.01, f̂ = 0.100, β = 5.

3.2.1 2:1 resonance

A range of results are shown in Figure 3 for a rotor with ζ = 0.01, f̂ = 0.100, and β = 5. The drive speeds
are considered in the region of the 2:1 nonlinear critical speed in Figure 2, and nf = 1024. The intial value
for h−1 is chosen as the linear out of balance solution, and 3 iterations are performed. In order to enforce
our assumption of 2:1 resonance, we populate equation (15) with i = 1, j = −2, k = 2 and ` = −1. The
indices are found with reference to Figure 2 ; in words we are looking for a response where complex modal
variable 1 responds at −2 times the response frequency ωr, and modal variable 2 responds at −ωr, and both
are responding at close to their linear natural frequencies.

The results of this are shown in Figure 3. The results where both variables are zero are linear synchronous
whirls which for the purpose of this paper are considred trivial. As expected, the non-trivial solutions begin
at just above the nonlinear critical speed of Ω̂ = 3.198 found in Figure 2 . We then see two rows of solutions
( the upper and lower branches correspond for each modal variable ).

As an example of stable and unstable orbits, the orbits of two solutions found at Ω̂ = 3.4 are shown in
Figure 4, superimposed on time simulation results intiated at the same inital condition as the predicted orbit.
The time simulation runs for 25 periods of the predicted cycle. The orbit in Figure 4 (a) comes from the
higher amplitude solution from Figure 3, and as can be seen the match with time simulation is perfect. This
is because this solution has included the full system dynamics, with a high value for nf . In principle, with
further iterations and a higher nf any required accuracy could be reached. By contrast the time simulation
in Figure 4 (b) follows the analytical orbit initially, but then gradually divergese. The fact that the solution is
followed initially suggests that it is not erroneous, however it is clear that this solution is not stable. This trend
of the lower amplitude being unstable is followed throughout the results in Figure 3, and as the drivespeed
increases it is seen that the divergence becomes more rapid.

The advantage of having an analytical method to explore this system’s behaviour is that it is now far quicker
to explore the effect of various parameters than was previously possible when relying on brute simulation
approaches such as those used in [27]. Given the observation that solutions always appear at a drive speed
slightly above the nonlinear critical speed, a key question is what governs this differnce. To begin answering
this, a series of parameter sweeps taken near the nonlinear critical speed are presented.
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Figure 4: Orbit paths in rotating coordinates 2:1 resonance at for Ω̂ = 3.4. (a) Stable orbit. (b) Unstable
orbit. Circle indicates the threshold for stator contact, asterisk (∗) indicates the beginning of the analytical
orbit and numerical time simulation.

In Figure 5, the effect of the non-contact damping ratio ζ is seen. As the damping ratio falls, the onset of
limit cycles is seen to move further toward the nonlinear critical speed. Note that there appears to be a single
line of ‘stray’ solutions found beyond the main region of stable and unstable solutions. These never seem to
be stable, but are the subject of ongoing investigation.

The effect of the out of balance forcing term f̂ is shown in Figure 6. With regard to the onset drivespeed
for stable responses, it seems to have an opposite effect to that of damping, with higher f̂ moving the onset
point toward the nonlinear critical speed. However, it is seen that increasing the out of balance forcing also
seems to increase the separation between the amplitudes of the upper and lower branches.

The contact stiffness parameter is seen in Figure 7 to have a noticeable effect on the onset drive speed, but
it is less dramatic than the effects of out of balance and damping. It also has an effect on the separation of
the upper and lower solution branches. As expected for a parameter that governs the amount of nonlinear
stiffening, it also appears to affect the rate that amplitude increases with regard to drive speed.

3.2.2 3:2 resonance

The process is repeated in the region of the nonlinear critical speed for 3:2 resonance, found to be Ω̂ = 5.455
in Figure 2. Solutions of equation (15) are sought with i = 1, j = −3, k = 2 and ` = −2, again using
nf = 1024 and three iterations for a rotor with ζ = 0.01, f̂ = 0.100, and β = 5. The results are shown
in Figure 8. As seen in the 2:1 case, regions of higher and lower amplitude response start at drivespeeds
slightly above the nonlinear critical drive speed. Again, these branches give stable and unstable orbits, and
example orbits are shown in Figure 9. Similar trends regarding non-contact damping, out of balance forcing
and stator stiffness to the 2:1 case may also be observed although they are omitted here for brevity.
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Figure 5: Sweeps with varying ζ showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with f̂ = 0.100, β = 5. The vertical dot-dash line marks the nonlinear critical speed as
predicted using Figure 2.
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Figure 6: Sweeps with varying f̂ showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with ζ = 0.010, β = 5. The vertical dot-dash line marks the nonlinear critical speed as
predicted using Figure 2.
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Figure 7: Sweeps with varying β showing |U1,−2| near the nonlinear critical speed critical speed for 2:1
resonance of a rotor with ζ = 0.010, f̂ = 0.1. The vertical dot-dash line marks the nonlinear critical speed
as predicted using Figure 2.
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Figure 8: Amplitudes of the resonant complex variables in 3:2 resonance against nondimensional drive speed
for ζ = 0.01, f̂ = 0.100, β = 5.
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Figure 9: Orbit paths in rotating coordinates for 3:2 resonance at Ω̂ = 5.8. (a) Stable orbit. (b) Unstable
orbit. Circle indicates the threshold for stator contact, asterisk (∗) indicates the beginning of the analytical
orbit and numerical time simulation.

4 A multi disc rotor

In this section we consider a four disc rotor, with a stator clearance at the centre as shown in Figure 10.
The shaft is a hollow tube with inner diameter of 3mm, outer diameter 5mm, length 500mm and made from
steel assumed to have Young’s modulus 210GPa, Poisson’s ratio 0.3 and density 7810kg/m3. The shaft is
simply supported at each end. There is an inertialess stator at the midpoint of the shaft, with a clearance of
1mm and a contact stiffness of 10N/mm. Using standard methods such as those described in [34], this may
be represented by an 80 degree-of-freedom finite element model and transformed to the rotating coordinate
system using the approach found in [27]. The rotating system Campbell diagram showing just the lower
modes of this system is given in Figure 11, and it is clear that there are many potential nonlinear critical
speeds for this system.
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Figure 11: Signed rotating system Campbell diagram for the four disc rotor in Figure 10.

The method set out in Section 2 is very general and can be scaled to larger systems quite easily. However
it is found that the inclusion of higher harmonics can cause very large Hk,` values to arise from equation
(13); these are not physical and they can prevent the solution from converging. Therefore, it is necessary to
truncate higher harmonics from the response of larger systems, although a high nf can still be beneficial to
deal with potential issues such as aliasing. In some cases more than two modes can become resonant and in
these cases it is necessary to add extra equations to (15). However, despite the additional complexity, many
results and features can be found that are very similar to the phenomena seen in the simple two degree of
freedom system presented earlier.

Figure 12 (a) shows a typical orbit for a 2:1 resonance between the first backward and the first forward linear
whirl modes of the rotor. and shows the familiar ‘double loop’ shape seen for the overhung rotor in Figure
4. In Figure 12 (b) the harmonic content of this response is represented. Firstly, note that at ` = 0 there
are visible contributions from all modes. This is the synchronous component of the response, and although
classified as non-resonant this has an important symmetry-breaking role in the solution. However, away
from this component the response is dominated by the resonant terms, as marked by asterisks. Note that the
content for |`| ≥ 3 has been zeroed as discussed above; in a fully physical solution there would be some low
amplitude noise here. Figure 12 (a) compares the analytical solution to a time simulation, and it can be seen
that the time solution does not exactly follow the analytical orbit. However, it does settle on a very similar
orbit suggesting that the analytical solution has closely approximated a stable response, with some accuracy
lost due to the truncation of higher harmonics.

5 Conclusions

This work has discussed how the method of normal forms adapted for complex modes and using an AFT
step can be used to explore intermittently contacting responses of a rotor stator system. Results are highly
accurate for a simple rotor, as there is no requirement to truncate higher harmonics from the response. For a
more complex rotor, the need to truncation means that solutions are approximate, but still useful.

The approximate onset of these limit cycles can be predicted using a Campbell diagram approach, using
the underlying linear modes to predict a so-called nonlinear critical speed. However it has been observed
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Figure 12: (a) Orbit taken at the midpoint of the four disc shaft. Circle shows threshold for contact. Thick
black line shows analytical orbit, dashed orange line shows time simulation. (b) Fourier components of
the analytical solution, showing all modes of the shaft. The resonant modes are in thicker lines, and their
resonant harmonics are marked with asterisks.

that this always slightly under predicts the onset drivespeed. The normal forms analysis has been used to
show that the difference between the nonlinear critical speed and the true onset of limit cycles is governed
primarily by damping and out of balance forcing. Increasing damping moves the true onset point further
away from the nonlinear critical speed, whereas increasing the out of balance force has the opposite effect.
The contact stiffness only has a secondary effect on the onset drivespeed.
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