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Abstract
Conducting full-system testing can be costly and infeasible in many structural health monitoring (SHM)
applications. In addition, many SHM methodologies require data from all likely damage scenarios in order
to produce robust classifications. Forward model-driven SHM is an approach in which validated numeri-
cal models simulate full-system outputs under different damage scenarios, which are subsequently used as
training data for machine learning methods, improving the problem of a lack of available data. Here a frame-
work is proposed in which uncertainties characterised at a sub-system level, using sub-system experimental
data, are integrated into full-system predictions. The proposed methodology for multi-level uncertainty in-
tegration seeks to propagate sub-system parameter uncertainties whilst inferring any model discrepancies
at each level. This paper demonstrates the effectiveness of multi-level uncertainty integration for forward
model-driven SHM on a numerical case study.

1 Introduction

Forward model-driven structural health monitoring (SHM) is the process by which computational models,
(referred to as simulators) are utilised in a forward manner in order to generate damage features of a real
world structure. Subsequently, the simulated damage features are used as training data for pattern recognition
or machine learning techniques and decision bounds identified [1]. These approaches are useful as they seek
to resolve problems with the lack of available damage state data common to most SHM applications. As a
result, any forward model-driven strategy should not require damage state data at a full-system level (unless
available) in order to resolve issues associated with data-driven approaches. As a consequence forward
model-driven methods must employ a strategy that provides confidence in a full-system prediction without
traditional validation at the full-system level. This provides the motivation for developing a multi-level
uncertainty integration strategy.

Multi-level uncertainty integration is a process whereby a structure is divided into levels, where at the top is
the full-system and below are potentially multiple levels of sub-systems, each with a number of simulators.
For each sub-system it is expected that damage state data can be obtained, therefore allowing the simulators
at this level to be calibrated and validated. The approach allows these sub-system models to feed into each
other up until the full-system level. The key assumption is that uncertainty quantification can be adequately
performed and understood at multiple sub-system levels and that all damage mechanisms of interest can be
understood at a sub-system level.

This paper seeks to adapt a subfunction discrepancy approach used in health economics in order to gain con-
fidence in whether to finance drug treatments [2]. The main idea is that model discrepancies, due to missing
physics, approximations or assumptions, can be captured at each sub-system simulator and validated. These
discrepancies are propagated through to the full-system level with each simulators’ parameter uncertainties
providing improved confidence in the full-system predictions and correcting simulator inadequacies.
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The outline of this paper is as follows. Section 2 outlines the general approach to multi-level uncertainty
integration and the importance of quantifying model discrepancy. A numerical case study is presented in
Section 3 demonstrating the application of the multi-level uncertainty integration strategy. Finally, Section 4
states conclusions and further work.

2 Multi-Level Uncertainty Integration Strategy

Forward model-driven SHM relies on the ability to generate validated simulators of full-systems for various
damage mechanisms of interest. A complication is that observational data for each of these damage states
are not obtainable at a full-system level. This creates a problem in validating and gaining confidence in
full-system simulators under damage, when observational data are often not available, motivating the devel-
opment of a multi-level uncertainty integration strategy for forward model-driven SHM.

A multi-level uncertainty integration strategy uses a combination of validated sub-system simulators at var-
ious levels e.g. at material, component or sub-assembly level, in order to capture behaviours of the full-
system, for which observational data cannot be obtained, with the aim of producing the required outputs
under these behaviours. In an SHM context, the desired full-system outputs are damage sensitive features
and the behaviours are generally the changes of these features under damage types of interest (although
additional environmental changes may be included). Consequently, the method divides a full-system struc-
ture into a number sub-system simulators that meet certain requirements. Firstly, there must be an output
that can be measured experimentally and used to validate the sub-system simulator for the required inputs
xsub ∈ xfull (where the superscripts sub and full indicate the sub-system and full-system levels). Sec-
ondly, it is imperative that the functional relationship contains a set of parameters θsub ∈ θfull and inputs
xsub ∈ xfull that are included in or affect the full-system simulator. Accordingly, experimental data at each
sub-system can be used to validate and make inferences about their respective simulator. Uncertainty quan-
tification for each sub-system may be employed to quantify parameter, model discrepancy and observational
uncertainties [3], leading to confidence in the sub-system simulator. These inferences can be propagated
through to the next level of the strategy. A key assumption of a multi-level uncertainty integration strategy
is that the physics controlling changes at a full-system level can be captured at multiple sub-system levels,
in addition to corrections for model discrepancies and quantification of uncertainties. Once propagated to a
full-system level, this results in a complete understanding of the full-system uncertainties and should reduce
model form errors or missing physics to a negligible level for the desired output quantity.

The approach outlined in this paper adapts a subfunction discrepancy technique [2] in order to integrate
uncertainties from sub to full-system level. The method in this paper relies on the use of each sub-system
simulator being defined as a statistical model of the form presented in Eq. (1).

z(x) = y(x) + e = η(x,θ) + δ(x) + e (1)

Where z(x) and y(x) are observational and bias corrected simulator outputs given the inputs x respectively.
The bias corrected simulator output is equal to the sum of the simulator η(x,θ) and the model discrepancy
δ(x), where θ are parameters of the simulator. The observations are assumed to be uncertain reflected in the
addition of e.

The subfunction method for the simplest case - one level, one sub-system simulator and one full-system
simulator, where all the parameters are contained within the sub-system simulator - can be defined mathe-
matically as in Eqs. (2) and (3).

ysub(x) = ηsub(x,θ) + δsub(x) (2)

zfull = yfull(x) + efull = ηfull(ysub(x),θ) + efull (3)
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In this case, by performing inferences and validating the sub-system level simulator using Eq. (2), confidence
can be made in the outputs of the full-system model under the input x. It is assumed in this example that
model discrepancy is found only at the sub-system level. This means that the model discrepancy at a full-
system is only dependent on that of the sub-system. It is noted that it is possible to add model discrepancy at
a full-system level (Eq. (3)); this maybe useful for correcting non-input dependant model form errors.

Model discrepancy - the mismatch between simulator and observational data - can be formulated as several
options. In Eq. (1) the model discrepancy is described as having a functional form, implying that the sim-
ulator does not include all physics and may have assumptions or approximations that affect the functional
output. Considering a model discrepancy of this form is important for robust statistical inferences to be made
[4]. In this paper a Gaussian Process (GP) regression model is utilised for inferring the functional form of
the model discrepancy. GPs provide a Bayesian framework for inferring the functional mapping between
inputs and outputs via a non-parametric formulation. Here a GP is used in order to map the simulator and
observational data residuals. Accordingly, it is assumed that the residuals for different inputs are modelled
as jointly Gaussian distribution. In order to preserve conciseness of this paper, the reader is referred to [5, 6]
for more information on GPs.

3 Case Study

A numerical case study is presented as a demonstration of the multi-level uncertainty integration strategy
from Section 2. The full-system is a linear four degree of freedom shear structure where each of the four
masses is supported by a bolted beam Fig. 1a. The objective is to calculate the distributions of the four natural
frequencies ωn = {ω1, ω2, ω3, ω4}, as two damage types are introduced to the structure - an open crack of
length lcr at the midpoint of any of the four beams, and a reduction in the non-dimensionalised clamping
force f , at any of the four bolted joints. For simplicity both damage types are assumed to only affect the
stiffness K of the full-system and in a quasi-static manner where K = (Kb×Kj)/(Kb +Kj). Accordingly,
the functional mapping of the full-system is defined as Xfull → yfull where yfull = ωn, Xfull = {lcr,f}
and the mapping depends on parameters θfull. In addition, parameter distributions in this case study are
fixed for both simulator and ‘true’ behaviours, stated in Table 1 (meaning that calibration is not pursued).
The parameter distributions have been chosen so that a range of distributions are represented. Throughout
the case study uncertainty propagation is performed via a Monte-Carlo approach using 500 draws from the
parameter distributions in simulated cases. For experimental tests 50 repeats are performed, each repeat is
an independent draw for the parameter distributions.

The first stage of a multi-level uncertainty integration strategy is to divide the full-system into corresponding
sub-systems, for which there must be measurable outputs and either parameters or outputs that affect the
full-system. This study divides the four degree of freedom shear structure by one level at which there are
two sub-systems - the beam and bolted joint - presented in Fig. 1. The reason for this is that static deflection
tests can be performed for an increase in damage in each sub-system, and subsequently, stiffness values
can be determined from the experimental tests. Additionally, both sub-systems inform of the full-system
response as each can be used to quantify the stiffness reduction under their respective damage type. The sub-
systems can be defined as follows. For the beam sub-system (simulator one, level one): ηsub1,1 : xsub

1,1 → ysub1,1

where xsub
1,1 = lcr, and ysub1,1 = Kb the beam tip stiffness. For the joint sub-system (simulator two, level

one): ηsub2,1 : xsub
2,1 → ysub2,1 where xsub

2,1 = f , and ysub2,1 = Kj the joint stiffness. A full-system simulator
is then formed as ηfull : xfull → yfull for the inputs Xfull = {ncr,nf ,y

sub
1,1 (xsub

1,1 ),ysub2,1 (xsub
2,1 )} and

outputs yfull = ωn. The following subsections describe how each system is constructed with details on the
simulator and numerical experimental data.
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Figure 1: Schematics of the four degree of freedom shear structure; where (a) is the ‘true’ full-system with
beams bolted to the underside of each plate, (b) is the full-system simulator where M is the mass of the
blocks and K is the stiffness (a combination of the bolt and beam stiffness in series), (c) is the bolted joint
sub-system for a reduction in the non-dimensionalised clamping force f , and (d) is the cantilever beam
sub-system with a crack of length lcr.

3.1 Beam Sub-system

The four stiffness values K from the full-system are affected by the tip stiffness of a cantilever beam Kb. In
this case study any of the four beams can be damaged by a midpoint crack xcr, of increasing crack length lcr,
as depicted in Fig. 1d. In order to illustrate the fact that ‘All models are wrong but some are useful’ [7] - due
to missing physics and/or approximations - the ‘true’ behaviour and the simulator are derived from different
numerical models in the literature. The ‘true’ behaviour for the change in stiffness from an open crack is

Parameter Value System ‘True’ Simulator
Beam length lb 175mm sub1,1, full
Beam width wb 25mm sub1,1, full
Beam thickness tb 5mm sub1,1, full
Plate length lp 300mm full
Plate width wp 250mm full
Plate thickness tp 25mm full
Elastic Modulus E N

(
71, 0.52

)
GPa sub1,1, full

Density ρ N
(
2700, 1002

)
kg/m3 full

Beam length crack location xcr 87.5mm sub1,1
Crack model parameter α 0.667 sub1,1
Initial joint stiffness Kji Wei (50005, 100)N/m sub1,2, full
Rate of joint stiffness change κ U (4.9, 5.1) sub1,2
Joint stiffness magnitude at f = 1 p U (1.99, 2.01) sub1,2
Linear joint model gradient β U (−1.72,−1.68) sub1,2

Table 1: Parameters of the four degree of freedom shear structure. The ‘true’ and simulator columns refer to
which numerical models the parameters are used in.
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formulated using the numerical model defined by Christides and Barr [8] in Eq. (4). A bilinear stiffness
model, by Sinha et al [9], forms the simulator, presented in Eq. (5). Both stiffness models are solved using
the Euler-Bernoulli bending beam equation in Eq. (6) via numerical integration, where the beam stiffness
is calculated via Kb = −F/ytip (ytip1 is the tip deflection). This means that both the ‘true’ behaviour and
simulator for the beam sub-system map lcr →Kb. The simulator for this sub-system is the first simulator at
level one - denoted ηsub1,1 .

EI(x) =
EI0

1 + C exp(−2α|x− xcr|/tb)
(4)

EI(x) =





EI0 if x ≤ xcr,1 or x ≥ xcr,2
EI0 − E(I0 − Ic) x−xcr,1

xcr−xcr,1
if xcr,1 ≤ x ≤ xcr

EI0 − E(I0 − Ic) xcr,2−x
xcr,2−xcr

if xcr ≤ x ≤ xcr,2
(5)

∂2y

∂x2
= −M(x)

EI(x)
(6)

Where E is the elastic modulus, x is the distance along the length of the beam and M the bending moment.
The second moment of areas I0 = (wbt

3
b)/12 and I0 = wb(tb − lcr)3/12 contribute to the constant C =

(I0−Ic)/Ic, wherewt and tb are the beam width and thickness respectively. The parameter α is set according
to experimental work performed by Christides and Barr [8]. In the bilinear model positions beside the crack
are calculated by xcr,1 = xcr−leff and xcr,2 = xcr+leff where the effective length of the stiffness reduction
of the crack is leff = 1.5tb, as defined by Sinha et al. [9].

The experiment for this sub-system is a static deflection test, due to the quasi-static assumptions in Eqs. (4)
and (5). The beam was forced from F = {100, 150, ..., 500}N for each crack length lc = {0, 0.1, ..., 0.9}×
tbmm and the tip deflection ytip measured (numerically using Eqs. (4) and (6)) with observational uncer-
tainty distributed N

(
0, 12

)
mm (= esub1,1 ). The experimental beam stiffness at the tip, was subsequently

estimated via the gradient from least squares linear regression between the force and tip deflection.

The statistical equation in the form of Eq. (1) can be formulated as in Eq. (7).

zsub1,1 (xsub
1,1 ) = ηsub1,1 (xsub

1,1 ,θ
sub
1,1 ) + δsub1,1 (xsub

1,1 ) + esub1,1 (7)

Where zsub1,1 (xsub
1,1 ) = Kexp

b (lcr) (the experimental beam tip stiffness), xsub
1,1 = lcr. The bilinear numerical

model forms the simulator ηsub1,1 (xsub
1,1 ,θ

sub
1,1 ), where θsub1,1 = {lb, wb, tb, E, xcr} and the output is ysub1,1 (xsub

1,1 ) =

Kb(lcr). Both the observational uncertainty esub1,1 and model discrepancy δsub1,1 (xsub
1,1 ) are assumed unknown.

Consequently, a GP regression model is utilised to infer both the model discrepancy and observational noise,
regressing from crack lengths lcr to the residual stiffness ∆Kb = Kexp

b −Kmode
b where mode indicates

the simulator output at the modal values of the parameter distributions. Initially a leave-one-out validation
process was used, where the 50 samples for each crack length were omitted periodically in training. However
very little changes in the functional form were witnessed, leading to the full experimental data set being used
in training. The bias corrected beam tip stiffness is compared to the simulator output and the experimental
results in Fig. 2. This demonstrates the ability of a GP regression model to capture the functional form of the
discrepancy whilst estimating a homoscedastic observational uncertainty (the results may be improved with
a hetroscedastic observational uncertainty model in the GP regression model [10], this is left as an area for
further research). The normalised mean squared error (NMSE) between the bias corrected and experimental
data means are 0.097. showing good agreement.

1The notation y here indicates the deflection and not an output.
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Figure 2: Comparison bias corrected (BC), experimental (exp) and simulator (sim) beam tip stiffnessKb for
different crack lengths lcr.

3.2 Bolted Joint Sub-system

The bolted joint stiffness Kj at any of the four locations in the full-system can be damaged via a reduction
in the clamping force, parametrised by a non-dimensional clamping force f , presented in Fig. 1c. The ‘true’
behaviour and simulator output of Kj , for a reduction in f , are modelled numerically as shown in Eqs. (8)
and (9) respectively; where Eq. (8) is a quasi-static bolt loosening model defined by Todd et al. [11, 12] and
Eq. (9) is a linear fit of that numerical model. Consequently, the bolted joint sub-system maps f →Kj . The
simulator for this sub-system is the second simulator at level one - denoted ηsub1,2 .

Kj(f) = Kji × tanh (κ(1− f))

(
p+ (1− p) tanh

(
κ

f

1− f

))
(8)

Kj(f) = Kji × (βf + p) (9)

Where Kij is the initial stiffness of the bolted joint, κ adjusts the rate of stiffness change, p adjusts the
stiffness function magnitude at f = 1 and β is the gradient of the linear model. It is noted that the stiffness
function is maximum at f = 1 and minimum and f = 0 to correspond with a reduction in force, meaning
that the outputs for f are reversed.

The experiment for this sub-system is also static deflection test, due to the quasi-static assumptions in Eqs. (8)
and (9). The beam was forced from F = {100, 150, ..., 500}N for each reduction in non-dimensionalised
clamping force f = {1, 0.9, ..., 0.1} and the tip deflection measured (using Hooke’s law F = −Kjy)
with observational uncertainty distributed N

(
0, 12

)
mm (= esub2,1 ). Again the experimental joint stiffness is

estimated from the gradient of a least squares linear regression model.

The statistical equation in the form of Eq. (1) can be formulated as in Eq. (10).

zsub2,1 (xsub
2,1 ) = ηsub2,1 (xsub

2,1 ,θ
sub
2,1 ) + δsub2,1 (xsub

2,1 ) + esub2,1 (10)

Where zsub2,1 (xsub
2,1 ) = Kexp

j (f) (the experimental joint stiffness), xsub
2,1 = f . The simulator ηsub2,1(xsub

2,1 ,θ
sub
2,1 ),

is linear numerical model (Eq. (8)) where θsub2,1 = {p, β,Kji} and the output is ysub2,1 (xsub
2,1 ) = Kj(f). Us-

ing a GP regression model, both the observational uncertainty esub2,1 and model discrepancy δsub2,1 (xsub
2,1 ) are
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Figure 3: Comparison of bias corrected (BC), experimental (exp) and simulator (sim) joint stiffness Kj for
a reduction in non-dimensionalised clamping force f - it is noted that the axis is reversed as [11, 12].

inferred in the same manner to the beam sub-system, regressing between f and ∆Kj = Kexp
j −Kmode

j .
Similarly to the beam sub-system an initial leave-one-out validation process was employed, and due to rela-
tively small changes in the functional form the full experimental data set was used in training. Fig. 3 shows
a comparison for the bias corrected, simulator and experimental joint stiffness for a reduction in clamping
force. As with the beam-subsystem, the bias corrected joint stiffness captures the functional form of the
model discrepancy, which is not captured by the simulator. Homoscedastic assumptions in the GP regression
model again mean that a homoscedastic observational uncertainty is inferred. The NMSE between the bias
corrected and experimental data means are 0.001 showing excellent agreement.

3.3 Full-System Integration

The full-system is an undamped linear spring-mass system (Fig. 1b) where the spring stiffnesses K, are
composed of the beam tip stiffness and bolt stiffness in series K = (Kb ×Kj)/(Kb +Kj). The four degree
of freedom system can be solved via an eigenvalue problem for the natural frequencies of the system. For this
case study the ‘true’ and simulator numerical models are equivalent with the only difference being the input
values for the beam tip and joint stiffnesses under damage. This means that there is no model discrepancy
at the full-system level resulting in Eq. (11); due to the assumption that all the model discrepancy due to
damage can be captured at a sub-system level. The percentage difference of natural frequency ∆ωn is used
as a damage feature in this case study, as it is a more damage sensitive feature compared to natural frequency
[13].

zfull(Xfull) = ηfull(Xfull,θfull) + efull (11)

Where zfull(Xfull) = ∆ωn(Xfull), the percentage differences of the experimental four natural frequencies
under damage. There are several inputs to the full-systemXfull = {ncr,nf ,y

sub
1,1 (xsub

1,1 ),ysub2,1 (xsub
2,1 )}where

ncr and nf indicate the floor in which the damage occurs, for the crack and loosened bolt respectively. As
ncr and nf are only position inputs for this simple system it is assumed there no input dependent model
discrepancy term is required. The other inputs are ysub1,1 (xsub

1,1 ) = Kb(lcr), - the beam tip stiffness under a
midpoint crack - ysub2,1 (xsub

2,1 ) = Kj(f), - the joint stiffness from a reduction in clamping force (dependent
on their sub-system model discrepancy). The full-system simulator ηfull(Xfull,θfull) also depends on the
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(a) (b)

Figure 4: Bias corrected outputs - the percentage difference of the four natural frequencies ∆ωn - for damage
at different floors of the full-system ncr = nf = {1, 2, 3, 4} (red, blue, green, purple); where (a) is an
increase in crack length at the midpoint lcr and (b) is a reduction in the non-dimensionalised clamping force
f . For (b) it is noted that the x-axis is reversed as [11, 12].

parameter set θfull = {lb, wb, tb, lp, wp, tp, E, ρ,Kij}. The numerical nature of this case study allows the
comparison of both ‘true’ and simulator outputs, ∆ωn, under these damage types.

500 Monte Carlo realisations, drawn from the outputs of level one and the full system parameters, were
generated in order to compare the bias corrected, simulator and ‘true’ full-system outputs. Figure 4 presents
the bias corrected ∆ωn under increasing crack length and for a reduction in clamping force. As expected,
the increase in crack length has a greater effect on the natural frequencies of the system compared to a
reduction in clamping force (reflected in the stiffness reductions in Figs. 2 and 3). The first natural frequency
is the most affected by an increase in crack length, with a comparable reductions in the first, second and
third natural frequencies for a reduction in clamping force. Figure 5 demonstrates an example comparison
of the output distributions for ∆ω1, where both damage types are located at the first floor and the only
damage type is an increase in crack length. A visual comparison shows that for the first four damage states
lcr = {0, 0.1, 0.2, 0.4} × tb, the distributions are very similar, after which the simulator fails to capture the
correct distribution forms, whereas the bias corrected simulator maintains a good fit.

Hypothesis testing using the Kolmogorov-Smirnoff two sample test were performed at each damage sce-
nario, for each natural frequency, totalling to 6400 combinations. A significance level, the upper bound of
the probability of type 1 errors, was αH = 0.01. The percentage of null hypotheses H0, that were not re-
jected, for both the bias corrected and simulator outputs at a full-system level, when compared to the ‘true’
outputs, were 97.4% and 30.7%. This demonstrates that the proposed uncertainty integration strategy out-
performs an approach that does not consider model discrepancy, providing a significant improvement. In
order to illustrate this further Fig. 6 presents a comparison between the uncertainty integration strategy and
the original simulator for the first natural frequency; this was the worst performance of the uncertainty inte-
gration strategy. It can be seen that the performance of the uncertainty integration strategy is the same for all
locations at 90% (in other natural frequencies there are differences at different locations). The original simu-
lator however, performs best when damage is located at the highest floors, at 57%. This is because as damage
is located at a lower floor it will have a greater affect on the first natural frequency of the system (as it is the
first bending mode). Damage due to a crack located at the lower floors also affects the first natural frequency
more than damage at the joint. This is expected from Figs. 2 and 3; both indicate the original simulator fails
to capture the stiffness reduction for a crack to a greater extent than the due to a loosened bolt. The NMSEs
for all 6400 combinations for both the original simulator and uncertainty integration strategy were 104 and
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Figure 5: A comparison of ∆ω1 for increasing crack lengths at the midpoint of floor one; original simulator
(green), uncertainty integration strategy (blue) and ‘true’ (red) outputs. It is noted that the axis limits are
different for lcr = {0.8, 0.9} × tb due to the large decrease in natural frequency.

0.005 respectively. This highlights the inability to capture the mean trend in the original simulator and the
excellent agreement in the mean outputs for the uncertainty integration strategy and ‘true’ full-system.

In order to analyse these results further Fig. 7, a comparison of hypothesis test outcomes from all combi-
nations of damage located at floor one, for the first natural frequency, are presented. This is chosen as the
original simulator performs worse at this location, aiding the diagnoses of the difference in performance.
The null hypothesis is rejected for all clamping force reductions when the crack length is at 90% of the beam
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(a) (b)

Figure 6: The percentage of null hypotheses H0, that are not rejected for the first natural frequency; where
(a) is the uncertainty integration strategy and (b) the original simulator.

(a) (b)

Figure 7: Kolmogorov-Smirnoff two sample hypothesis test results for the first natural frequency where both
damage types are located at floor one; where (a) is the uncertainty integration strategy and (b) the original
simulator.

thickness, for the uncertainty integration strategy. This indicates that the beam tip stiffness for this crack
length has not accurately been captured, and should be an area of model improvement at the sub-system
level. On the other hand, the original simulator fails to capture the majority of damage scenarios. It performs
best when the crack length is small (under 30% of the beam thickness) and when the reduction in clamping
force results in the linear model overlapping the hyperbolic tangent model (Fig. 3). Consequently, the failure
to adequately capture the model form at a sub-system level will result in poor full-system performance and
as all physics can never be fully captured in any model, a mechanism for quantifying the functional form and
uncertainty due to model discrepancy is paramount.

To illustrate reasons for the results in Fig. 7, Fig. 5 presents a comparison of the output distributions from
the ‘true’, original simulator and uncertainty integration strategy. The distributions are of ∆ω1 when both
damage types are located at floor one, where f = 1, and crack length is increased. Figure 5 shows that for
lcr = 0, 0.1, 0.2, 0.3× tb all three distributions are overlaid with little difference in the probability mass. As
the crack length increases further, a shift in the output mean of the original simulator occurs in Fig. 7, leading
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Figure 8: A comparison of the histograms and witness function of ∆ω1 for lcr = 0.9× tb at floor one. UIS
is the uncertainty integration strategy histogram and witness the witness function.

to a rejection in the null hypothesis. The uncertainty integration strategy provides a good fit with the ‘true’
full-system until lcr = 0.9 × tb, where the true system has a greater variance - the percentage difference
of the mean and variance at this damage extent are 0.01% and 4.69%. These differences are highlighted in
Fig. 8, where the witness function, the difference between two kernel mappings of the samples [14, 15], is
presented. The witness function was generated using a Gaussian kernel where the scale parameter σ, was set
using a median heuristic. The witness function provides a visual illustration the offset in mean and smaller
variance.

4 Conclusion

A multi-level uncertainty integration strategy based on a subfunction discrepancy approach has been demon-
strated. The strategy seeks to divide a structure into different levels and sub-systems where validation of
damage mechanisms is achievable. At each of these sub-systems model discrepancies are inferred in order
to improve the predictive capability of the simulator. Finally, the sub-system model discrepancies and pa-
rameter uncertainties are propagated through to the full-system level providing confidence in predictions at
a full-system level.

A numerical case study has been presented demonstrating the technique on a simple four degree of freedom
shear structure. The objective of this study was to predict damage sensitive features - percentage differences
of natural frequencies - when two types of damage were introduced to the structure, namely a midpoint
crack of increasing length and a reduction in clamping force at the joint, for various positions in the struc-
ture. The full-system was divided into one level where there were two sub-systems, a beam sub-system and
joint sub-system. At each of these sub-systems experimental data was generated from the ‘true’ process
with the addition of observational uncertainty, and model discrepancies inferred between simulator outputs
and the experimental data. The uncertainties and model discrepancies were propagated to the full-system
level where, due to the numerical nature of the case study, a comparison was made with the ‘true’ outputs.
Hypothesis testing was performed on the output distributions for the 6400 combinations of inputs. This
demonstrated that the multi-level uncertainty strategy had improved the predictive performance from 30.7%
to 97.4% of not rejecting the null hypotheses. In terms of mean predictions the strategy improved NMSEs
from 104 to 0.005. The enhanced predictive capability clearly indicates the benefits of this approach for the
case study.
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Further research should be conducted into applying the methodology to a real world case study and for differ-
ent types of simulator and model fidelities. The approach should also be applied with different divisions of a
structure in order to quantify the differences in outputs due to the initial set up of the technique. Additionally,
demonstration of the process with calibration included is left as further work. Finally, the inclusion of het-
roscedastic Gaussian processes to better capture the model discrepancies from hetroscedastic experimental
data should be pursued.
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