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Abstract 
This paper presents the experimental tests carried out on a flywheel proof mass actuator used for the 

implementation of velocity feedback control loops to reduce the flexural vibration of a plate structure. 

Classical proof mass actuator is formed with a coil armature-magnet system connected via soft springs. At 

frequencies above its fundamental resonance frequency, it generates a constant force effect, which is in 

phase with the driving signal. However, the internal dynamics of the springs-coil armature system limits the 

stability, and thus control performance of the feedback loop. Moreover, when exposed to shocks, the soft 

springs may cause undesired stroke saturation effects, which can lead to instability of the feedback loops. 

The electromagnetic proof mass actuator presented in this paper includes an additional flywheel element 

that increases the inertia effect of the coil armature and improves the stability of velocity feedback loops, 

both by increasing the feedback gain margin and by improving the robustness to shocks. 

1 Introduction 

This paper presents experimental tests carried with a prototype flywheel proof mass actuator [1-3], to 

implement velocity feedback control loops to reduce the flexural vibration of a thin rectangular plate. The 

experimental results obtained with the prototype actuator are contrasted with simulation results obtained 

from a simplified mathematical model and compared with those of classical inertial actuator. 

Active vibration control with a collocated velocity sensor - point force actuator can be used to reduce flexural 

vibrations in correspondence of resonance frequencies of the hosting structure [1-15]. In practice, a localised 

control point force can be generated with an inertial actuator. Classical inertial actuators used in velocity 

feedback control loops are typically based on electromagnetic linear motors where the heavier magnet or 

coil armature is suspended on soft springs [16-18]. Thus, when the inertial actuator is used to implement a 

negative velocity feedback to reduce the flexural vibrations of a thin structure, the dynamic response and 

the static deflection of the proof mass cause stability and control performance limitations [19]. If fact, at 

frequencies below the fundamental resonance frequency of the actuator, the produced net force at the 

actuator base, grows proportionally with frequency and has opposite phase with the driving signal. Thus, 

the feedback loop essentially produces a positive velocity feedback effect that is a negative damping effect, 

which leads to instability. Only above the fundamental resonance frequency of the actuator, the force 

produced at the base is constant and in phase with the driving current such that the feedback loop produces 

a damping force effect that guarantees stability. Therefore, when the inertial actuator is used to implement 

a velocity feedback loop, it is important that its fundamental resonance frequency is as low as possible. The 

design of a device with low internal resonance is rather challenging, since, for a given proof mass, it requires 

a comparatively soft suspension system, which makes the actuator more venerable to stroke saturation 

effects when it is exposed to shocks or high accelerations of the hosting structure [20-23].  

Several solutions have been proposed to improve the robustness of inertial actuators used to implement 

negative velocity feedback control. A series of studies has been performed to implement within the actuator 

either a relative displacement, a relative velocity or a force feedback loop [24-26]. Alternatively, it was 

proposed to implement a compensator in the feedback controller that counteracts the dynamics of the 
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springs-mass assembly [27]. The electromagnetic inertial actuator presented in this paper includes an 

additional flywheel element that increases the inertia effect of the proof mass and is used to improve the 

stability of velocity feedback loops, both by reducing actuator fundamental resonance frequency and by 

reducing static deflection of the proof mass-spring system [28,29]. 

This paper is organized in five parts. Section two describes the classical proof mass actuator, which is used 

as a reference system, classical configuration with the same inertial mass as that of the flywheel prototype 

and the proposed flywheel proof mass actuator. Section three describes the mathematical formulation used 

to both analyse the stability and the control performance of the velocity feedback loops. Section four 

presents the stability and the control performance analyses of the velocity feedback loops implemented on 

a thin rectangular panel. The control performance of the velocity feedback loops is assessed by plotting the 

spectra of the error velocity reductions generated at the control position and the spectra of the total flexural 

kinetic energy of the rectangular plate. Also the frequency averaged plate kinetic energy reduction is used 

to assess the overall control effect with reference to the feedback control gain implemented in the loop. The 

static deflection study, presented in section five, demonstrates that the flywheel element can improve 

stability and robustness to shocks of the velocity feedback loop by reducing the static displacement of the 

suspended mass. 

2 Flywheel proof mass actuator 

Classical inertial actuators for velocity feedback control loops applications are based on linear 

electromagnetic actuators. In this study the actuator shown in Fig. 1a,d is used as a reference actuator. As 

depicted schematically in Fig. 1a this actuator is formed by a magnetic inner element, which is attached to 

the structure and acts as a base mass 𝑚𝑏. Instead, the external coil armature acts as a proof mass 𝑀𝑎, which 

is suspended to the inner element via two flexural springs of stiffness 𝑘 and damping 𝑐. The two flexural 

springs that are attached on both sides of the coil armature, are characterised by soft axial stiffness and 

comparatively much higher transverse stiffness. The damping effect in this actuator is principally due to the 

eddy currents and the viscous damping effect due to the air gap between magnet and external metal coil 

armature. The electromagnetic effect of the actuator, modelled in terms of transduction coefficient 𝜓𝑎, 

produces a pair of forces 𝐹𝑎 proportional to the voltage 𝑢𝑎 applied at the electrical terminals and current 𝑖𝑎 

flowing in coil, which is characterised by inductance 𝐿 and resistance 𝑅 effects. The same transduction 

coefficient produces the back electromotive force 𝑢𝑏𝑚𝑓 proportional to the relative velocity �̇�𝑚 − �̇�𝑏 

between the proof mass (coil armature) and the base (magnet) of the actuator. Design studies of similar 

electromagnetic actuators can be found in following references [30,31]. 

Fig. 1b,e presents the classical configuration which is characterised by the same inertial mass as that of the 

flywheel prototype. This configuration was used to compare the properties and performance of the classical 

inertial actuator with the fabricated prototype. To obtain the best similarity to the fabricated prototype the 

classical configuration with the same inertial mass was based on the flywheel inertial actuator. The flywheel 

and its supporting bracket was attached to the inertial mass. However, the pushing pin was disconnected 

from the base mass to deactivate the axial inertia effect produced by the flywheel element as schematically 

depicted in Fig. 1b and shown in Fig. 1e. The flywheel element was firmly attached to the supporting bracket 

to prevent any undesired rotational motion that could induce additional dynamics during measurements. The 

lumped parameter model for this configuration is characterised by the same elements as for the classical 

configuration. The total inertial mass is equal to the sum of proof mass 𝑀𝑎 and flywheel mass 𝑚𝑤. 

The third actuator presented in this study is equipped with an additional round flywheel element with 

dimensions optimised in such a way as to minimise weight 𝑚𝑤 and to maximise the polar moment of inertia 

𝐼𝑤. The flywheel element is attached via two flexural bearings of stiffness 𝑘𝑤 to the bracket fixed to the 

external coil armature. The linear motion of the actuator is converted into a rotation of the flywheel by a 

pushing pin link attached to the inner magnet and the third pivot bearing that was mounted on one of the 

flywheel arms with an offset radius 𝑟𝑤 from the flywheel horizontal axis of rotation. 
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The geometry and physical properties of the thin rectangular plate hosting structure considered in this study 

are summarized in Table 1. The physical properties of the classical and flywheel actuators with the flywheel 

element are summarized in Table 2. 

 

Figure 1: Schemes (a, b, c) and pictures (d, e, f) of the classical proof mass actuator (a, d), the classical proof 

mass actuator with the same inertial mass as the flywheel configuration (b, e) and the flywheel proof mass 

actuator (c, f). 

Table 1: Mechanical parameters of the thin rectangular 

plate. 

Parameter  Value 

Length 𝑙𝑥 = 0.668 m 

Width 𝑙𝑦 = 0.444 m 

Thickness ℎ = 0.00137 m  

Mass density 𝜌 = 8200 kgm−3  

Elastic modulus 𝐸 = 210 × 109 Nm−2  

Poisson ratio 𝜈 = 0.31  

Damping ratio 𝜁𝑝 = 0.0035  

Position of the actuators (𝑥𝑐 , 𝑦𝑐) = (0.234 m , 0.178 m) 

Position of the base (𝑥𝑏 , 𝑦𝑏) = (0.234 m , 0.178 m) 
Excitation force location (𝑥𝑝, 𝑦𝑝) = (0.433 m , 0.157 m) 

Table 2: Mechanical parameters of the proof 

mass actuators. 

Parameter  Value 

Proof mass  𝑀𝑎 = 0.185 kg  
Flywheel mass 𝑚𝑤 = 0.045 kg  
Base mass  𝑚𝑏 = 0.115 kg  

Axial stiffness 𝑘 = 2950 Nm−1 

Torsional stiffness 𝑘𝑤 = 0.009 Nmrad−1  

Damping ratio 𝜁 = 0.2  

Flywheel inertia 𝐼𝑤 = 6.8 × 10−6 kgm2  
Flywheel offset radius 𝑟𝑤 = 0.0064 m 
Transduction coefficient  𝜓𝑎 = 22.5 NA−1  

Coil resistance 𝑅 = 22.5 Ω 

Coil inductance 𝐿 = 4.35 × 10−3H 
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3 Plate with flywheel proof mass actuators mathematical model 

This section presents the mathematical formulation used to assess stability and control performance of 

velocity feedback loops using the classical, classical with the same inertial mass as the flywheel 

configuration and the proposed flywheel proof mass actuators. The schematic model and the picture of the 

velocity feedback loop system implemented on the plate are shown respectively in Fig. 2a and Fig. 2b. The 

tested inertial actuator was attached on one side of the panel while the small accelerometer sensor that 

measured error signal was attached on the other side at the base footprint of the actuator, as shown 

schematically in Fig. 2a. The panel was excited with a point force produced by a shaker as shown in Fig. 

2b. A mobility–impedance model [32] was employed to derive the response of the plate with the velocity 

feedback loop using the inertial actuators. All frequency domain formulations presented in this paper 

consider the complex amplitudes 𝑥(𝜔) of time–harmonic phasors given in the form 𝑥(𝜔)exp(𝑗𝜔𝑡), where 

𝜔 is the circular frequency and 𝑗2 = −1. As shown in Fig. 2c, the system has been divided in four parts: the 

base mass, the flexible plate, the flexible suspension system with in parallel the electromagnetic actuator, 

and the proof mass of the actuator. The mechanical properties of the rectangular panel and location of the 

collocated sensor-actuator pair and the primary force are specified in Table 1. 

 

Figure 2: Scheme (a), picture (b) and mobility-impedance model (c) of a velocity feedback control loop 

using the flywheel inertial actuator on a rectangular plate. The accelerometer sensor was installed on the 

other side of the plate at the base footprint of the actuator as shown in the scheme (a).  

Considering the lumped parameter model shown in Fig. 2c, the complex velocities at the connecting points 

between these elements have been expressed with the following mobility relations: 

 
�̇�𝑐 = 𝑌𝑐𝑐𝐹𝑐 + 𝑌𝑐𝑏𝐹𝑏 + 𝑌𝑐𝑝𝑝 , (1) 

 
�̇�𝑚 = 𝑌𝑚𝐹𝑚 , (2) 

 
�̇�𝑏 = 𝑌𝑏𝑐𝐹𝑐 + 𝑌𝑏𝑏𝐹𝑏 + 𝑌𝑏𝑝𝑝 , (3) 

where �̇�𝑐 is the complex velocity at the control position, �̇�𝑚 is the complex velocity of the proof mass, and 

�̇�𝑏 is the complex velocity at the base position. Mobilities of actuators proof masses 𝑌𝑚 are given by: 

 
𝑌𝑚 =

1

𝑗𝜔𝑀𝑎
    or    𝑌𝑚 =

1

𝑗𝜔(𝑀𝑎+𝑚𝑤)
    or    𝑌𝑚 =

1

𝑗𝜔(𝑀𝑎+𝑚𝑤)
  (4) 

respectively for the classical proof mass actuator (a), for the classical proof mass actuator with the same 

inertial mass as that of the flywheel configuration (b) and for the flywheel actuator (c) shown in Fig. 1. Also, 

𝑌𝑐𝑐 , 𝑌𝑐𝑏 , 𝑌𝑏𝑐 , 𝑌𝑏𝑏 , 𝑌𝑐𝑝, 𝑌𝑏𝑝 are transfer mobilities between the locations c, b and p for the actuator, for the 

actuators case and for the primary force excitation. Considering two generic points r and s of the plate, these 

mobility functions can be calculated with following matrix expression: 

 
𝑌𝑟𝑠(𝜔) =

�̇�𝑟(𝜔)

𝑓𝑠(𝜔)
= 𝛟T(𝑥𝑟, 𝑦𝑟)𝛀(𝜔)𝛟(𝑥𝑠, 𝑦𝑠) , (5) 

where �̇�𝑟(𝜔) and 𝑓𝑠(𝜔) are the complex transverse velocity and the complex transverse force acting at 

positions (𝑥𝑟, 𝑦𝑟) and (𝑥𝑠, 𝑦𝑠) respectively. Also 𝛀(𝜔) is a diagonal matrix of second order terms given by: 
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Ω𝑛(𝜔) = 𝑗𝜔 [𝑀𝑝(𝜔n

2 + 2𝑗𝜁𝑝𝜔n𝜔 − 𝜔2)]⁄  , (6) 

where 𝜁𝑝 is the damping ratio and 𝜔n is the n-th flexural natural frequency, which for a plate considered in 

this study is given:  

 

ωn = (
𝐷

𝜌ℎ
)

1

2
(

𝜋

𝑙𝑥
)

2
√𝐺𝑥𝑛

4 + 𝐺𝑦𝑛
4 (

𝑙𝑥

𝑙𝑦
)

4

+ 2 (
𝑙𝑥

𝑙𝑦
)

2

[𝜈𝐻𝑥𝑛𝐻𝑦𝑛 + (1 − 𝜈)𝐽𝑥𝑛𝐽𝑦𝑛] , (7) 

where for first flexural natural frequency 𝐺1 = 1.506, 𝐻1 = 1.248 and 𝐽1 = 1.248, while for the n-th mode 

the constants were obtained with the following expressions 𝐺𝑛 = 𝑛 + 1 2⁄ , 𝐻𝑛 = (𝑛 + 1 2⁄ )2(1 −
4 (2𝑛 + 1)𝜋⁄ ) and 𝐽𝑛 = (𝑛 + 1 2⁄ )2(1 − 4 (2𝑛 + 1)𝜋⁄ ). Here 𝐷 = 𝐸ℎ3 [12(1 − 𝜈2)]⁄ , 𝜌, 𝐸 and 𝜈 are 

respectively the flexural rigidity, the density, the Young’s modulus of elasticity and the Poisson ratio of the 

plate material. Also 𝑙𝑥, 𝑙𝑦, ℎ, are the dimensions and thickness of the plate. Finally 𝛟 is a column vector 

with the flexural modal amplitudes at a given point, which, for the plate considered in this study have been 

taken equal to 𝜙n(𝑥, 𝑦) = 2sin(𝑛1𝜋𝑥 𝑙𝑥⁄ )sin(𝑛2𝜋𝑦 𝑙𝑦⁄ ). In this study all natural frequencies up to 1.3 kHz 

and the respective natural modes have been used in the plate mobility expressions. The 𝑝 is the amplitude 

of the harmonic primary force. 

Considering the lumped parameter model shown in Fig. 2c, the complex forces at the connecting points 

between the elements forming the system have been expressed with the following mobility relations: 

 
𝐹𝑐 = −𝑍𝑎�̇�𝑐 + 𝑍𝑎�̇�𝑚 + 𝜓𝑎𝑖𝑎 , (8) 

where 𝐹𝑐 is the complex force acting at the control position, 

 
𝐹𝑚 = 𝑍𝑎�̇�𝑐 − 𝑍𝑎�̇�𝑚 − 𝜓𝑎𝑖𝑎 , (9) 

where 𝐹𝑚 is the complex force acting on the proof mass, 

 
𝐹𝑏 = −𝑍𝑏�̇�𝑏 , (10) 

where 𝐹𝑏 is the complex force acting at the base position. The impedance 𝑍𝑎 of actuators suspension system 

are given by: 

 
𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
    or    𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
    or    𝑍𝑎 = 𝑐 +

𝑘

𝑗𝜔
+ 𝑗𝜔

Iw

rw
2 +

𝑘𝑤

𝑗𝜔𝑟𝑤
2   (11) 

respectively for the classical proof mass actuator (a), for the classical proof mass actuator with the same 

inertial mass as that of the flywheel configuration (b) and for the pinned flywheel actuator (c) shown in Fig. 

1. In these expressions 𝑘 and 𝑐 are the axial stiffness and damping coefficient of the proof mass suspension. 

The damping coefficient of the proof mass suspension is calculated with the following formula 𝑐 =

2𝜁√𝑘𝑀𝑎 for the classical actuators, while for the flywheel configuration with the following formula 𝑐 =

2𝜁√(𝑘 + 𝑘𝑤/𝑟𝑤
2)(𝑀𝑎 + 𝑚𝑤). The 𝑘𝑤 is the torsional stiffness of the flexural bearings, 𝐼𝑤 is the flywheel 

inertia, 𝑟𝑤 is the flywheel offset radius, while 𝜓𝑎 is transduction coefficient of the coil–magnet as specified 

in Table 1. The impedance of the actuators case masses is given by: 

 
𝑍𝑏 = j𝜔𝑚𝑏 , (12) 

where 𝑚𝑏 is case mass as specified in Table 1. The complex voltage at the terminals of the coil shown in 

Fig. 2c, have been expressed with the following impedance relation: 

 
𝑢𝑎 = 𝑍𝑒𝑖𝑎 + 𝜓𝑎�̇�𝑐 − 𝜓𝑎�̇�𝑚 , (13) 

where 𝑍𝑒 is the coil electrical impedance given by: 

 
𝑍𝑒 = 𝑗𝜔𝐿 + 𝑅 . (14) 

Substituting Eq. (10) into Eq. (3), the velocity at the base position is given by: 

 
�̇�𝑏 = 𝑄𝑏𝑐𝐹𝑐 + 𝑄𝑏𝑝𝑝 , (15) 
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where 𝑄𝑏𝑐 = (1 + 𝑌𝑏𝑏𝑍𝑏)−1𝑌𝑏𝑐 and 𝑄𝑏𝑝 = (1 + 𝑌𝑏𝑏𝑍𝑏)−1𝑌𝑏𝑝. Substituting Eq. (15) into Eq. (10) and then 

the resulting equation into Eq. (1), the velocity at the control positions is given by: 

 
�̇�𝑐 = 𝑄𝑐𝑐𝐹𝑐 + 𝑄𝑐𝑝𝑝 , (16) 

where 𝑄𝑐𝑐 = 𝑌𝑐𝑐 − 𝑌𝑐𝑏𝑍𝑏𝑄𝑏𝑐 and 𝑄𝑐𝑝 = 𝑌𝑐𝑝 − 𝑌𝑐𝑏𝑍𝑏𝑄𝑏𝑝. Substituting Eq. (9) into Eq. (2) the velocity at 

the proof masses is given by: 

 
�̇�𝑚 = 𝑄𝑎𝑚�̇�𝑐 + 𝑄𝑎𝑖𝑎 , (17) 

where 𝑄𝑎𝑚 = (1 + 𝑌𝑚𝑍𝑎)−1𝑌𝑚𝑍𝑎 and 𝑄𝑎 = −(1 + 𝑌𝑚𝑍𝑎)−1𝑌𝑚𝜓𝑎. Substituting Eq. (17) into Eq. (13) the 

complex voltage at the terminals of the coil is given by: 

 
𝑢𝑎 = 𝑄𝑒𝑖𝑎 + 𝑄𝑤�̇�𝑐 , (18) 

where 𝑄𝑒 = 𝑍𝑒 − 𝜓𝑎𝑄𝑎 and 𝑄𝑤 = 𝜓𝑎 − 𝜓𝑎𝑄𝑎𝑚. Also, rewriting Eq. (18) and substituting into Eq. (17) and 

then the resulting equation into Eq. (8) the force acting at the control positions is given by: 

 
𝐹𝑐 = 𝑍𝑐�̇�𝑐 + 𝑍𝑓𝑢𝑎 , (19) 

where 𝑍𝑐 = 𝑍𝑎𝑄𝑎𝑄𝑤 𝑄𝑒⁄ − 𝑍𝑎 + 𝑍𝑎𝑄𝑎𝑚 − 𝑄𝑤𝜓𝑎 𝑄𝑒⁄  and 𝑍𝑓 = 𝑍𝑎𝑄𝑎 𝑄𝑒⁄ + 𝜓𝑎 𝑄𝑒⁄ . Substituting Eq. (19) 

into Eq. (16) the velocities at the control positions can be expressed in terms of the primary force and control 

voltages with the following matrix expression: 

 
�̇�𝑐 = 𝐺𝑐𝑎𝑢𝑎 + 𝐺𝑐𝑝𝑝 , (20) 

where 𝐺𝑐𝑎 =  (1 − 𝑄𝑐𝑐𝑍𝑐)−1𝑄𝑐𝑐𝑍𝑓 and 𝐺𝑐𝑝 = (1 − 𝑄𝑐𝑐𝑍𝑐)−1𝑄𝑐𝑝. Here 𝐺𝑐𝑎 is open loop sensor–actuator 

FRF for the voltage driven proof mass actuator, which is used later on to assess the stability of the feedback 

loops using the Nyquist criterion [1,3,5,6,28]. 

When the velocity feedback loops are closed with the gain 𝑔𝑐, the control voltage signal is given by: 

 
𝑢𝑎 = −𝑔𝑐�̇�𝑐 , (21) 

Thus, substituting Eq. (21) into Eq. (20), the closed loop response at the control positions is given by the 

following expression: 

 
�̇�𝑐 = 𝐺𝑐𝑙𝑢𝑝 . (22) 

where 𝐺𝑐𝑙𝑢 = (1 + 𝐺𝑐𝑎𝑔𝑐)−1𝐺𝑐𝑝. The force 𝐹𝑐(𝜔) at the control position can be derived with the following 

steps: first, Eq. (21) is substituted into Eq. (19); second, Eq. (22) is substituted into the resulting equation, 

so that: 

 
𝐹𝑐 = 𝐹𝑐𝑝𝑝 , (23) 

where 𝐹𝑐𝑝 = (𝑍𝑐 − 𝑍𝑓𝑔𝑐)(1 + 𝐺𝑐𝑎𝑔𝑐)−1𝐺𝑐𝑝. Also, the forces 𝐹𝑏(𝜔) generated at the case masses positions 

can be derived by substituting Eq. (23) into Eq. (15) and then the resulting equation into Eq. (10) so that: 

 
𝐹𝑏 = 𝐹𝑏𝑝𝑝 , (24) 

where 𝐹𝑏𝑝 = −𝑍𝑏(𝑄𝑏𝑐𝐹𝑐𝑝 + 𝑄𝑏𝑝). 

The time–averaged total flexural kinetic energy is used to evaluate the flexural response of the plate without 

and with feedback loops. For time–harmonic vibrations, the time–averaged kinetic energy is given by the 

following formula: 

 
𝐾𝐸(𝑡) = lim

𝑇→∞

1

𝑇

1

2
∫ ∫ 𝜌ℎ�̇�2(𝑥, 𝑦, 𝑡)dA

𝐴
𝑑𝑡

𝑇
=

1

4
∫ 𝜌ℎ|�̇�(𝑥, 𝑦, 𝜔)|2dA

𝐴
 , (25) 

where 𝐴 is the area of the plate. Also, the complex velocity of the plate �̇�(𝑥, 𝑦, 𝑡) can be derived from the 

following expression: 

 
�̇�(𝑥, 𝑦, 𝜔) = 𝛟𝑇(𝑥𝑟, 𝑦𝑟)[𝐚c(𝜔)𝐹𝑐(𝜔) + 𝐚b(𝜔)𝐹𝑏(𝜔) + 𝐚p(𝜔)𝑝(𝜔) ] , (26) 

where 
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𝐚c(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑐, 𝑦𝑐)    ,    𝐚b(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑏 , 𝑦𝑏)    ,    𝐚p(𝜔) = 𝛀(𝜔)𝛟(𝑥𝑝, 𝑦𝑝) . (27) 

Thus, substituting Eq. (23) and Eq. (24) into Eq. (26) gives: 

 
�̇�(𝑥, 𝑦) = 𝛟𝑇[𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝 + 𝐚p]𝑝 . (28) 

Recalling that for the flexural natural modes given above the following orthogonality properties holds, 

∫ ϕ𝑛
2

𝐴
𝑑𝐴 = 𝐴 and ∫ ϕ𝑛ϕ𝑚≠𝑛𝐴

𝑑𝐴 = 0 , the kinetic energy of the plate with the passive effects of the proof 

mass actuators and the active effects of the velocity feedback loop is given by: 

 
𝐾𝐸(𝜔) =

1

4
𝑀𝑝[𝐚p + 𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝]

𝐻
[𝐚p + 𝐚c𝐹𝑐𝑝 + 𝐚b𝐹𝑏𝑝]|𝑝|2. (29) 

The kinetic energy for the plain plate without proof mass actuator can be derived by setting 𝐹𝑐𝑝  = 0 and 

𝐹𝑏𝑝 = 0. 

4 Stability and control performance analysis 

The following subsections assess the stability and control performance of the velocity feedback loops 

implemented on thin rectangular plate using inertial actuators. The stability and control performance of the 

control system was assessed for the feedback loops using the classical, classical with the same inertial mass 

as the flywheel configuration and flywheel inertial actuators. The experimental results carried out on a 

rectangular panel have been contrasted with simulations. The stability of the velocity feedback loops has 

been assessed using the Nyquist stability criterion [1,3,5,6,12,28,33]. The control performance of the 

velocity feedback loops has been assessed by plotting the maximum velocity reductions generated at the 

control position and the total flexural kinetic energy of the rectangular plate. The effectiveness of the 

proposed control systems has been assessed considering the 10 Hz to 1 kHz frequency averaged plate kinetic 

energy reduction presented in the last subsection. 

4.1 Stability 

The stability of the velocity feedback loops implemented on thin rectangular plate have been assessed with 

reference to the open loop sensor – actuator frequency response functions for the voltage driven proof mass 

actuators. Fig. 3 shows the Bode plots while Fig. 4 shows the Nyquist plots of the open loop sensor–actuator 

frequency response functions specified in Eq. (20) in the previous section. Fig. 3 shows Bode plots of the 

open loop sensor – actuator frequency response functions considering the plate equipped with classical 

inertial actuator (Fig. 3a), with the classical configuration with the same inertial mass as that of the flywheel 

configuration (Fig. 3b) and with the flywheel inertial actuator (Fig. 3c). The experimental results (solid 

lines) are contrasted with the numerical simulations (dotted brown lines). 

Considering first the classical inertial actuator shown in Fig. 3a, the modulus plot is characterized by a 

heavily damped resonance peak at the fundamental resonance of the inertial actuator and then a sequence of 

rounded resonance peaks and antiresonance lows pairs. The phase plot is characterized by a -180° phase lag 

at the fundamental resonance frequency of the actuator and then a sequence of -180° phase lag and +180° 

phase lead for each resonance peak and antiresonance low pair of the plate. The experimental results (solid 

blue lines) for the classical configuration of the inertial actuator align well with the numerical results (dotted 

brown lines). The mathematical model predicts well the resonance peak with the phase shift of the inertial 

actuator and most of the resonance peaks and antiresonance lows pairs of the plate. A small difference in 

amplitude and frequency between the numerical and measurement results can be observed between 400 Hz 

and 600 Hz. The simulated phase plot of the open loop sensor–actuator FRF for the voltage driven classical 

actuator also aligns well with measurement. The measured phase starts to decay at higher frequencies due 

to the electrical inductance of actuator coil, as found with measurements. 
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The Bode diagram shown in Fig. 3b presents the open loop sensor–actuator frequency response function for 

the voltage driven classical actuator with the same inertial mass as the flywheel configuration. The modulus 

and phase diagrams present almost identical characteristics to the phase diagram of the classical 

configuration. However, the slightly heavier inertial mass shift the fundamental resonance of the inertial 

actuator to a hardly noticeable lower frequency. The sequence of rounded off resonance peaks and narrow 

antiresonance lows pairs in the modulus diagram with the sequence of -180° phase lag and +180° phase lead 

in the phase diagram is almost identical as for the classical configuration. The experimental results (solid 

black lines) align well with the numerical results (dotted brown lines). The classical actuator with the same 

inertial mass as that of the flywheel configuration presents a small difference in the amplitude and frequency 

between 400 Hz and 600 Hz. The simulated phase spectrum of the open loop sensor–actuator frequency 

response function also aligns well with measurement. 

Fig. 3c shows the Bode diagram for the flywheel inertial actuator. The plot shows that the axial inertia effect 

produced by the flywheel element shifts the resonance peak at the fundamental resonance of the inertial 

actuator to lower frequency. The experimental results (solid red lines) for the flywheel inertial actuator align 

well with the numerical results (dotted brown lines) mainly at lower frequencies. An additional resonance 

effect of the actuator at about 210 Hz causes the phase to shift from 70° to about 170°. However, this 

additional dynamics produces lower amplitude compared to the peak at the fundamental resonance of the 

flywheel inertial actuator. Compared to the experimental results, the resonance peaks and antiresonance 

lows in simulation results are rapidly smoothen above 300 Hz, as can be noticed in the modulus and the 

phase diagrams. Considering the phase diagram, the measured phase starts to decay at higher frequencies 

due to the electrical properties of the actuator coil that were predicted with simulations. 

 

Figure 3: Bode plots of the open loop sensor – actuator frequency response functions for the voltage driven 

actuators. (a) Classical configuration (solid blue lines), (b) classical configuration with the same inertial 

mass as the flywheel configuration (solid black lines), (c) flywheel inertial actuator (solid red lines). 

Experimental results are contrasted with numerical simulations (dotted brown lines). 

The stability of the velocity feedback loops using the classical configuration, classical with the same inertial 

mass as the flywheel configuration and the flywheel inertial actuator is assessed using the Nyquist criterion. 

Fig. 4 shows the Nyquist plots of the open loop sensor–actuator frequency response functions specified in 

Eq. (20) in the previous section. Fig. 4 shows the Nyquist plots of the open loop sensor – actuator frequency 

response functions considering the plate equipped with classical inertial actuator (Fig. 4a), with the classical 

with the same inertial mass as the flywheel configuration (Fig. 4b) and with the flywheel inertial actuator 

(Fig. 4c). The solid lines in the plots present the measurement results, while the dotted brown lines present 

the simulation results.  
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The Nyquist diagram for the open loop sensor - actuator frequency response function for the voltage driven 

classical inertial actuator (Fig. 4a) is characterised by a circle in the real negative quadrants, which is linked 

to the resonance effect generated by the fundamental resonance effect of the actuator. In contrast the series 

of progressively smaller circles in the real positive quadrants are linked to the resonance effects produced 

by the flexural natural modes of the plate. The circles are not centred along the axis due to high damping 

ratio of the inertial actuator that slightly rotates the pattern. The circle in the left hand quadrants indicates 

that the feedback loop is only conditionally stable with maximum signal gain margin of about 54 dB. The 

experimental results (solid blue lines) align well with the numerical results (dotted brown lines). The 

performance of the velocity feedback loops with the voltage driven inertial actuator can be assessed with 

the approximated equation 20 log10(1 + 𝛿𝑛 𝛿𝑎⁄ ) [33-35], where 𝛿𝑛 and 𝛿𝑎 are the real values of the open 

loop sensor-actuator frequency response function respectively for the nth resonance peak of the plate and 

resonance peak at the fundamental resonance of the inertial actuator as shown Fig. 4a. Therefore, the 

maximum reduction of the first resonance peak of the plate with the classical inertial actuator can reach 23.8 

dB.  

The Nyquist plot for the classical actuator with the same inertial mass as the flywheel configuration shown 

in Fig. 4b presents similar characteristics to the classical configuration. The circle in the left hand quadrants 

indicates that the stability gain margin is about 55 dB. The experimental results (solid black lines) align well 

with the numerical results (dotted brown lines) also for this configuration of the inertial actuator. The 

assessed performance shows that the maximum reduction of the first resonance peak of the plate with this 

configuration of the inertial actuator can reach 24.3 dB. 

The Nyquist plot for the flywheel inertial actuator shown in Fig. 4c presents similar characteristic to the 

previous two configurations. However, the inertia effect produced by the flywheel element has significantly 

increased the stability of the feedback loops. Indeed, the stability gain margin is now about 59 dB. The 

experimental results for the flywheel inertial actuator (solid red lines) align well with the numerical results 

(dotted brown lines). As shown in Fig. 3c of the open loop sensor – actuator frequency response function, 

an additional resonance of the actuator creates a second circle in the left hand quadrants. The second circle 

is much smaller compared to the one of the inertial actuator fundamental resonance frequency and does not 

threaten the stability of the velocity feedback loop. The assessed performance for the flywheel inertial 

actuator shows that the maximum reduction of the first resonance peak of the plate can reach up to 32.8 dB. 

 

Figure 4: Nyquist plots of the open loop sensor – actuator frequency response functions for the voltage 

driven actuators. (a) Classical configuration (solid blue lines), (b) classical configuration with the same 

inertial mass as the flywheel configuration (solid black lines), (c) flywheel inertial actuator (solid red lines). 

Experimental results are contrasted with numerical simulations (dotted brown lines). 

4.2 Control performance at control location  

The control performance of the velocity feedback loops with the classical configuration, the classical 

configuration with the same inertial mass as the flywheel configuration and the flywheel inertial actuator is 
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first assessed by plotting the maximum velocity reductions of the rectangular plate at the control position. 

Fig. 5 shows the control performance of the velocity feedback loops implemented with maximum signal 

gains that guarantee stability, as defined in previous section. Fig. 5 shows the control velocity signal per 

unit force excitation specified in Eq. (22) considering the plane plate (dotted green line) and the plate with 

the velocity feedback loop using classical actuator (solid blue line), the classical actuator with the same 

inertial mass as the flywheel configuration (dashed black lines) and the flywheel inertial actuator (dashed-

dotted red lines). The simulation results (Fig. 5a) are compared with the measurements taken on the 

experimental rig (Fig. 5b).  

The spectrum of the plane plate flexural response at the control position (dotted green lines) is characterised 

by a fundamental resonance peak at about 43Hz and then a sequence of progressively smaller in amplitude 

sharp resonance peaks. The numerical results for the plate shown in Fig. 5a correspond well to the 

experimental results shown in Fig. 5b. However, the amplitude of the plate resonance peak starts to diminish 

with the increase of the frequency with numerical results, while in the experimental results, the amplitude 

of the plate resonance peaks stay relatively equal in entire measured band.  

 

Figure 5: Velocity at the control position per unit force excitation of the plate with maximum signal gain 

applied to the control actuators that guarantee stability. Plate without inertial actuator (dotted green lines) 

and for the plate with the feedback control systems using voltage driven classical inertial actuator (solid 

blue lines), classical configuration with the same inertial mass as the flywheel configurations (dashed black 

lines) and with the flywheel inertial actuator (dashed-dotted red lines). Simulation results (plot a) compared 

with measurements (plot b). 

When the velocity feedback loops are implemented with maximum control gains that ensure stability using 

the inertial actuators the response at the control position is characterised mainly by rounded off plate 

resonance peaks. However, both plots show that the velocity feedback loops also generate quite high control 

spillover effect around the fundamental resonance frequency of the actuators. Thus, for the classical 

configuration of the inertial actuator the spillover appears at about 20 Hz, for the classical configuration 

with the same inertial mass as the flywheel configuration at about 18 Hz, while for the pinned flywheel 

inertial actuator at about 15 Hz. The spillover effect produced by the flywheel configuration has lower 

amplitude of about 3 dB compared to the other two configurations. The simulation results show that all three 

configurations produce similar vibration control performance at low frequencies and round off the resonance 

peak at the fundamental mode of the plate by about 48 dB. However, the flywheel configuration produces 

higher reductions compared to the other two configurations above around 500 Hz. The measurement results 

present similar characteristics to the numerical results. The resonance peak of the plate fundamental mode 

is rounded off by about 40 dB by all three configurations. Measurement results also show that the flywheel 

configuration produces much smaller control effect at lower frequencies compared to other two 

configurations. However, between 200 Hz and 800 Hz the control performance of the flywheel configuration 

is much greater compared to the other two configurations. Additionally, both plots clearly show the pinning 

390 PROCEEDINGS OF ISMA2018 AND USD2018



effect of the plate at the control position due to the high feedback gains applied to the actuators. The first 

pinning effect appears at about 60 Hz, while the second at about 130 Hz.  

4.3 Global control performance  

The performance of the feedback loops with the proposed flywheel actuators has been assessed considering 

the total flexural kinetic energy of the hosting plate as defined in Eq. (29). The two plots in Fig. 6 show the 

10 Hz – 1 kHz spectra of the total flexural kinetic energy of the panel per unit force excitation for the plate 

without actuators and when the velocity feedback loop using the three inertial actuators are implemented 

with maximum control gains that guarantee stability. Both figures show the total flexural kinetic energy per 

unit force excitation for the plain plate (dotted green lines) and for the plate with the classical proof mass 

actuator (solid blue lines), with the classical configuration with the same inertial mass as the flywheel 

configuration (dashed black lines) and with flywheel proof mass actuator (dashed-dotted red lines). The 

simulation results in Fig. 6a are compared with measurement results shown in Fig. 6b. 

The spectrum of the kinetic energy for the plain plate (dotted green lines) is characterized by a sharp 

resonance peak at about 44 Hz, which is due to the fundamental natural mode of the plate followed by other 

peaks due to flexural modes of the plate [10]. The numerical results for the plate shown in Fig. 6a correspond 

well with the experimental results shown in Fig. 6b. However, the measurement results show that up to 200 

Hz the amplitude of the plate resonance peaks stay relatively equal. 

 

Figure 6: Total flexural kinetic energy per unit force excitation of the plate with maximum signal gain. 

Without inertial actuator (dotted green lines) and for the plate with the closed loop feedback control systems 

using voltage driven classical inertial actuator without flywheel (solid blue lines), classical configuration 

with the same inertial mass as the flywheel configurations (dashed black lines) and with the flywheel inertial 

actuator (dashed-dotted red lines). Simulation results (plot a) compared with measurements (plot b). 

When the feedback loop with the inertial actuators are implemented with maximum control gains that ensure 

stability, the spectra of the kinetic energy are characterised by rounded off plate resonance peaks. The 

spectra also show that the velocity feedback loops generate a rather high control spillover peak in 

correspondence to the fundamental resonance frequency of the actuators. In contrast, the feedback loops 

using the flywheel inertial actuator produce much smaller control spillover effects, even though the 

maximum control gain is implemented in the feedback loop. This is due to the fact that, when the actuators 

are equipped with the flywheel, the spillover occurs at much lower frequency in correspondence to the 

fundamental resonance. Thus, when the feedback loop with the flywheel inertial actuator is implemented 

the spillover effect is about 20 dB lower compared to classical configuration and about 13 dB lower 

compared to the classical configuration with the same inertial mass as the flywheel actuator. The simulation 

results show that all three velocity feedback loops produce similar vibration control performance in the 
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entire frequency band. The feedback loops round off the first two resonance peaks of plate by about 77 dB 

and by about 57 dB (Fig. 6a). The measured spectra of the kinetic energy present slightly different 

characteristics to the simulated results. For instance, the first two resonance peaks are round off by about 79 

dB and by about 60 dB (Fig. 6b). The measured performance of the velocity feedback loops with the 

flywheel inertial actuator is worse at lower frequencies compared to the other two configurations. However, 

the control performance of the flywheel configuration is much greater compared to the other two 

configurations above 500 Hz. The measured and simulated spectra of the kinetic energy also show the 

pinning effect of the plate at about 60 Hz. 

4.4 Frequency averaged performance 

The plate flexural kinetic energy vibration control effects presented in the previous section were derived 

when the velocity feedback loops are implemented only with maximum control gains that ensure stability. 

To better asses the effectiveness of the proposed control systems, the 10 Hz to 1 kHz frequency averaged 

plate kinetic energy reduction is considered with reference to increasingly higher feedback control gains. 

The reductions of the frequency averaged flexural kinetic energy of the plate equipped with the feedback 

control are normalised with reference to the frequency averaged kinetic energy of the plain rectangular plate. 

Fig. 7 shows reduction of the frequency average energy when the feedback loops are implemented using the 

classical (solid blue line), classical configuration that has the same inertial mass as the flywheel 

configuration (dashed black line) and the flywheel inertial actuator (dashed-dotted red line). The results 

show the frequency averaged plate kinetic energy reduction with increasing feedback control gains up to 

maximum control gain that guarantees stability.  

Considering first the classical configuration (solid blue line), the feedback loop the inertial actuator produces 

up to 15.4 dB reduction of the frequency averaged kinetic energy with maximum control gain of 54 dB. The 

performance of the velocity feedback loop is slightly better when the classical configuration that has the 

same inertial mass as the flywheel configurations is used. Considering the dashed black line, when the 

velocity feedback loop is implemented the inertial actuator produces up to 15.6 dB reduction with maximum 

control gain of 55 dB. Finally, the feedback loop with the flywheel inertial actuator (dashed-dotted red lines) 

can implement much larger feedback control gains (up to 59dB) such that the frequency averaged kinetic 

energy of the plate is reduced by up to 15.9 dB. The improved control performance are obtained thanks to 

the possibility of implementing about higher control gains. 

 

Figure 7: Reductions of the 10 Hz – 1 kHz frequency averaged kinetic energy produced by the feedback 

loops using either the voltage driven classical inertial actuator without flywheel (solid blue lines), classical 

configuration with the same inertial mass as the flywheel configurations (dashed black lines) and with the 

flywheel inertial actuator (dashed-dotted red lines). 
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5 Static deflection 

One of the key parameters that characterise an inertial actuator for active vibration control is the static 

deflection [3]. The static displacement of the springs-proof mass assembly defines the robustness of the 

actuator to shocks that may cause stability and control performance limitations. Thus, considering physical 

properties of the inertial actuators summarized in Table 2, the static deflection for the classical configuration 

of the inertial actuator shown in Fig. 1a is given by: 

 
𝛿 =

𝑀𝑎𝑔

𝑘
= 615 μm , (30) 

where 𝑔 = 9.81 m s2⁄  is the gravitational acceleration. The static deflections for the classical configuration 

with the same inertial mass as the flywheel configuration shown in Fig. 1b given by: 

 
𝛿 =

(𝑀𝑎+𝑚𝑤)𝑔

𝑘
= 765 μm , (31) 

Comparing to the classical configuration, the static deflection of the classical configuration with the same 

inertial mass as that of the flywheel configuration increased by 24%. Finally, the static deflections for the 

flywheel inertial actuator shown in Fig. 1c is given by: 

 
𝛿 =

(𝑀𝑤+𝑚𝑤)𝑔

𝑘+𝑘𝑤 𝑟𝑤
2⁄

= 711 μm . (32) 

Comparing to the classical configuration, the static deflection of the flywheel inertial actuator has increased 

only by 16%. Whereas, comparing to the classical configuration with the same inertial mass as that of the 

flywheel configuration, the static deflection of the flywheel inertial actuator has decreased by 7%. Although, 

the decrees of the static deflection for the flywheel configuration is due to additional flexural bearing, the 

result shown in Eqs. (30-32) clearly demonstrate that the static deflection of the flywheel inertial actuator 

does not depend on the axial inertia effect 𝐼𝑤 𝑟𝑤
2⁄  produced by the flywheel element. Also, it shows that the 

flywheel configurations can increase the robustness to shocks of the active vibration control systems by 

reducing the static deflection of the inertial actuator. 

6 Conclusions 

This paper has presented a new proof mass electromagnetic actuator with a flywheel element that can be 

effectively used in velocity feedback control loops to reduce the flexural vibrations of a thin rectangular 

panel. A mobility–impedance model has been introduced to assess the stability and control performance of 

a velocity feedback control loop with the voltage driven inertial actuator. Three different configurations of 

the inertial actuator have been considered and compared between each other. The stability and control 

performance of velocity feedback loops were considered using a classical inertial actuator, a classical 

actuator with the same inertial mass as the flywheel configuration and a flywheel inertial actuator. 

Experimental test results carried out on a rectangular panel test rig have been contrasted with simulations. 

The stability analysis has shown that the addition of the flywheel element increases the gain margin of the 

feedback loops. Moreover, compared to the classical configuration with the same inertial mass as that of the 

flywheel configuration, the flywheel prototype has increased the gain margin without any increase of the 

actuator proof mass. More precisely, when the inertial actuators were driven with the voltage signal the 

maximum signal gain margin of 54 dB have been reached with the classical configuration, 55 dB with the 

classical configuration with the same inertial mass as that of the flywheel configuration and 59 dB with the 

flywheel prototype.  

The experimental results presented in this paper confirmed the theoretical study results that the flywheel 

inertial actuators can improve the control performance of the velocity feedback loops to reduce the 

broadband vibration of thin plate. The improved control performance were obtained thanks to the possibility 

of implementing higher control gains. Both in stability and control performance study, the experimental 

testes matched well the numerical results. 
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Finally, the static deflection study has demonstrated that the flywheel element can be used to reduce the 

fundamental resonance frequency of the transducer without increasing the inertial mass. Thus, the flywheel 

element can improve stability and robustness to shocks of the implemented velocity feedback loops both by 

lowering the feedback control spillover effect at the fundamental resonance frequency of the actuator and 

without increasing the static deflection of the transducer. 
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