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Abstract
An accurate design tool over a broad frequency range which replaces laboratory testing of multilayered
structures, is the objective in this work as such systems are regularly applied in buildings. The main used
methodology is the semi-analytical transfer matrix method. Two disadvantages will be tackled: (1) the finite
size will be taken into account using a modal approach, allowing a detailed examination of the behaviour of
the system in small frequency bands; (2) a hybridization is created in order to avoid the numerical integration
of the plane wave sound transmission loss over all angles of incidence, and at the same time to allow the
computation of the variance, inherent to the diffuse field assumption in the sending and receiving room. By
modelling the wall or floor system deterministically using the modal transfer matrix method and the rooms
carrying a diffuse field, a hybrid modal transfer matrix-statistical energy analysis approach is established by
making use of the diffuse field reciprocity relationship. Different validation examples are examined.

1 Introduction

There is an increasing use of lightweight layered systems in buildings to achieve a high thermal performance.
Because of their relatively low weight and complex vibro-acoustic behaviour, achieving sufficient sound
insulation with such systems is, however, challenging. The goal in this work is thus to create an accurate
sound transmission loss prediction method, which is fast enough to be used as a design tool for layered
systems.

The framework of the hybrid finite element-statistical energy analysis (FE-SEA) approach [1, 2, 3] serves as
a starting point for the new methodology. Using the diffuse field reciprocity relationship [4, 5], the hybrid
framework allows modelling the rooms of the overall room-wall-room system as stochastic subsystems (like
in statistical energy analysis, SEA), while treating the wall in a deterministic way with finite element (FE)
analysis. Because of the statistical room models, the uncertainty of the sound transmission loss concerning
the diffuse field assumption in the rooms can be assessed [3]. Therefore, not only the mean of the sound
transmission loss but also its variance can be obtained. Note that the computation time of the FE-SEA method
will increase at higher frequencies as a finer mesh is needed to capture the small wavelength deformations
of the walls or floors.

To overcome this limitation, the finite element analysis is replaced by the semi-analytical transfer matrix
method (TMM) [6, 7, 8], which allows to predict the behaviour of infinite walls and floors, consisting of
homogeneous solid, fluid and/or poroelastic layers. However, assuming an infinite wall can cause important
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Figure 1: A room-wall-room system, in which the wall is a multilayered structure.

prediction errors at low and medium frequencies. Edge diffraction can be taken into account by using a
fast and simplified spatial windowing technique [9, 10, 11], but then the modal behaviour is still neglected.
Alternatively, the wall displacement can be projected onto a set of sinusoidal lateral basis functions, such that
the wall impedance at a given frequency and for a given lateral basis function (hence lateral wavenumber)
can be computed using the TMM [12, 13]. This approximate modal TMM (mTMM) accounts approximately
for modal wall behaviour when the boundary conditions are simply supported.

The newly developed modal transfer matrix-statistical energy analysis (mTMM-SEA) approach contributes
with respect to the conventional mTMM that integration of the plane wave transmission over all angles
of incidence is avoided. This integration causes both numerical difficulties at grazing incidence and the
limitation that only the ensemble mean of the sound transmission loss can be computed. Other statistics
that are inherent to the diffuse sound field assumption, such as the variance of the sound transmission loss,
can not be obtained by the several variations of the TMM. The hybrid mTMM-SEA methodology offers a
solution to this problem.

The remainder of this article is organized as follows: The theory is summarized in section 2. Section 2.1
introduces the hybrid deterministic-SEA approach to sound transmission modelling in general. Section 2.2
elaborates the computation of the deterministic dynamic stiffness matrix using the mTMM. Subsequently,
the performance of the hybrid mTMM-SEA approach is investigated in detail for two walls, by comparing
the predicted sound insulation values with results of other hybrid approaches and with measured values. The
considered wall types are a thick brick wall (§3.1), a double-leaf wall (§3.2) and a double glazing (§3.3).
The conclusions are presented in Section 4. The present paper is an abbreviated version of a more detailed
analysis to be found in reference [14].

2 A modal transfer matrix - statistical energy analysis framework

2.1 Modeling strategy

Throughout this article, a room-wall-room system is considered, where the rooms carry a diffuse wave field
and the wall a deterministic wave field (cfr. Fig. 1). The out-of-plane displacement uz of the partition wall is
approximated using a finite set of Nm global basis functions φ (e.g. the in-vacuo modes) and corresponding
generalized coordinates q. When the wall is thin, the transverse displacement of the wall in position x =
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(x, y) at frequency ω is independent of the z-coordinate:

uz(x, ω) ≈
Nm∑

p=1

φp(x)qp(ω) (1)

For a thick wall, the decomposition is performed for each of both outer surfaces A and B:

uz(x, zA, ω) ≈
Nm∑

p=1

φp(x, zA)qpA(ω) and uz(x, zB, ω) ≈
Nm∑

p=1

φp(x, zB)qpB(ω) (2)

All generalized response degrees of freedom (DOFs) are collected in an amplitude vector q(ω) ∈ CNdof , so
that the time-domain response is given by Re(qeiωt), with i the imaginary unit. Similarly, the corresponding
generalized harmonic loads are collected in the load amplitude vector f(ω) ∈ CNdof . Note that, when the
wall is modelled as thin, then Ndof = Nm, but when it is thick, then Ndof = 2Nm. Since q contains all
(generalized) interface degrees of freedom between the wall and the rooms, the equations of motion of the
whole system (room-wall-room) can be written as

Dq = f , (3)

with D ∈ CNdof×Ndof the dynamic stiffness matrix at frequency ω. D may be decomposed as the sum of the
dynamic stiffness matrix of the wall, denoted as Dd (subscript d stands for deterministic), and the dynamic
stiffness matrices of the rooms, denoted as D1 and D2:

D = Dd + D1 + D2 (4)

Since the rooms are assumed to carry a diffuse field in this work, they are modelled as the random subsystems
in the overall room-wall-room system. The dynamic stiffness matrix of each acoustic room volume k is
decomposed as

Dk = D
(k)
dir + D(k)

rev, k = 1, 2 (5)

where D
(k)
dir denotes the mean of the subsystem’s dynamic stiffness matrix D

(k)
dir := E [Dk]. This term

describes the limiting response of subsystem k to the displacements of the deterministic boundary that would
be observed at that boundary when the extent of the subsystem would be increased [4, 15]. D(k)

rev represents
the response of the reverberant field in the subsystem, caused by the presence of random wave scattering
boundaries or objects. With this decomposition, the equations of motion for a random subsystem are

D
(k)
dirq = fk + f (k)rev , (6)

where the reverberant forces are defined as f (k)rev := −D(k)
revq, and fk denotes the sum of the loads applied to

subsystem k at its DOFs. The overall equations of motion (3) become

Dtotq = f + f (1)rev + f (2)rev , (7)

where Dtot := Dd +
∑2

k=1D
(k)
dir is a purely deterministic matrix. When a diffuse field acts in both rooms,

the reverberant forces f (k)rev are related to D
(k)
dir through the diffuse field reciprocity relationship [4]:

E[f (k)rev f
(s)
rev] = δks

4Êk
ωπnk

Im
(
D

(k)
dir

)
, (8)

with nk the modal density of subsystem k and δks the Kronecker delta. Note that the hat symbol is em-
ployed here as shorthand notation for ensemble mean. From this equation, it is possible to obtain the mean
time-averaged total energy Êk of room k from a stationary power balance which involves the other random
subsystems as well as the deterministic master system, assuming the fields are statistically independent of
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each other. For the case where the external loading acts solely on the random subsystems (rooms), this reads
[1]:

ω (ηk + η̂d,k) Êk +
2∑

j=1

ωη̂kjnk

(
Êk
nk
− Êj
nj

)
= P̂k, k = 1, 2. (9)

In this expression, ηk is the damping loss factor of subsystem k, Pk the power input from external loading
injected directly into the diffuse field of this subsystem, and

η̂d,k =
2

ωπnk

∑

r,s

Im (Dd,rs)
(
D−1

totIm
(
D

(k)
dir

)
D−H

tot

)
rs

(10)

η̂kj =
2

ωπnk

∑

r,s

Im
(
D

(k)
dir,rs

)(
D−1

totIm
(
D

(j)
dir

)
D−H

tot

)
rs

(11)

where the superscript H denotes Hermitian transpose and the integer subscripts r, s select an element in row
r and column s of a matrix. If the wall provides sufficient sound insulation, P̂k can be approximated as the
ensemble mean of the power input into a hard-walled room. It can be noted that the power balance equation
(9) has formally the same structure as in conventional SEA. Therefore the factors η̂kj can be interpreted as
coupling loss factors, and (11) provides a rigorous way to compute their ensemble mean. In a similar manner,
(10) enables to rigorously estimate the power that is lost by energy dissipation in the wall. By solving for the
mean coupling loss factor η̂12 between the two subsystems, the mean sound transmission coefficient τ̂12 can
be obtained from [10]

τ̂12 = η̂12
4ωV1
caS

, (12)

with S the surface area of the wall, V1 the volume of the sending room, and ca the speed of sound.

The computation of the dynamic stiffness matrix of the wall, Dd will be discussed in section 2.2. For the
computation of the direct field dynamic stiffness matrices of the rooms as seen from the baffled wall, D(1)

dir

and D
(2)
dir , the reader is referred to the wavelets approach [16]. Note that the combination of the hybrid

method and the wavelet approach allows to take cross modal coupling into account, which is not possible
when the sound transmission is integrated over all possible angles of incidence using a conventional modal
based TMM [13].

An important advantage of the general deterministic-SEA framework described above, is that not only the
mean, but also the variance of the transmission loss which is inherent in the diffuse field models of the rooms,
can be obtained. It was demonstrated by Langley and Cotoni [2] that this variance can be computed by a first-
order perturbation analysis of the power balance (9); Reynders et al. [3] then made the connection with the
variance of the sound transmission loss. This variance of the sound transmission σ2τ = Relcov[C12, C12]τ̂

2
12

can be computed in closed form by solving for the relative covariance Relcov[C12, C12] [3, Eq. (15)].

2.2 Computing the deterministic dynamic stiffness matrix from finite wall impedances
using the transfer matrix method

The transfer matrix method [6, 7, 8] is an efficient framework that allows computing the mechanical impedance
matrix Z(kx, ω) for two-dimensional (x-z) wave propagation between both sides of an infinite wall consist-
ing of solid, fluid and/or poroelastic layers for a given longitudinal wavenumber kx and a given frequency ω
(cfr. Fig. 1 ): [

Z11(kx, ω) Z12(kx, ω)
Z21(kx, ω) Z22(kx, ω)

] [
vzA(ω)
vzB(ω)

]
=

[
pA(ω)
pB(ω)

]
(13)
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For finite walls, the normal displacement uz(x, z, ω) can be approximated using a Ritz approach, i.e., by
means of a finite set of shape functions φp(x) that satisfy the boundary conditions (e.g., simply supported):

uz(x, z, ω) ≈
Nm∑

p=1

φp(x)qp(z, ω), (14)

The plate velocities and the pressures at both sides of the wall can then be written as [12, 13]
[
vzA(x, ω)
vzB(x, ω)

]
=
∑

p

[
VzAp(ω)
VzBp(ω)

]
φp(x) and

[
pA(x, ω)
pB(x, ω)

]
=
∑

p

[
PAp(ω)
PBp(ω)

]
φp(x) (15)

The basis functions φp(x) are chosen to be the mode shapes of a thin simply supported plate with dimensions
Lx × Ly × t:

φp(x) = sin

(
pxπx

Lx

)
sin

(
pyπy

Ly

)
, (16)

where px and py are the integer numbers of half wavelengths in the x and y directions, respectively, of mode
p and with corresponding modal wavenumber kp =

√
(pxπ/Lx)2 + (pyπ/Ly)2. The modal response of this

homogeneous thin plate is obtained by imposing the modal wavenumber as trace wavenumber in an infinite
plate model. Using the orthogonality property of the bending mode shapes when combining equations (13)
and (15), one has the following exact relationship for a finite homogeneous thin plate:

[
Z11(kp, ω) Z12(kp, ω)
Z21(kp, ω) Z22(kp, ω)

] [
VzAp(ω)
VzBp(ω)

]
=

[
PAp(ω)
PBp(ω)

]
(17)

This implies that (1) the impedances of the wall in the chosen generalized coordinates (i.e., simply supported
thin plate modal coordinates) can be computed independently for each basis function, and (2) the impedance
matrix between both sides of a finite wall in generalized coordinates can be evaluated as the impedance
matrix of the corresponding infinite wall, evaluated for the wavenumber kp of the basis function p. A relation
between Z(kp, ω) and Dd,p is established by transforming the modal velocity into the modal displacement
and the modal pressure into the modal force:

Dd,p(ω) =
iωLxLy

4
Z(kp, ω) (18)

Eq. (18) is exact for a simply supported thin plate. Its validity for other wall types depends on the validity of
approximation (14), which assumes that only waves with in-plane wavenumbers kp can propagate through
the wall.

3 Validation examples

In this section, the proposed mTMM-SEA approach is validated on wall systems of increasing complexity.
The predicted sound transmission loss values are compared against experimental results and alternative pre-
diction results, such as the wave based method (WBM) [20], which takes both the room and wall modes
into account. A comparison is also made with the hybrid FE-SEA method, that has been discussed earlier
in [3, 17]. Numerical results of the conventional TMM and the TMM using a simplified spatial windowing
technique (FTMM) [11] as finite size correction are also shown.

In all but one example (the double-leaf wall of Section 3.2), the experimental results have been obtained at
the KU Leuven Laboratory of Acoustics. More details concerning the Laboratory can be found in [20]. The
measured values of the damping loss factors of the mounted walls are listed in Table 1. In all simulations, the
reverberation time T , the air density ρa and the sound speed ca in the rooms are taken to be 1.5 s, 1.2 kg

m3 and
343 m

s , respectively. Note that in the simulations, the walls are assumed to have simply supported boundary
conditions; the accuracy of this assumption has been experimentally confirmed [17].
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f [Hz] 50 63 80 100 125 160 200 250 315 400 500 . . .
ηbrick [%] 3.8 6.7 7.0 4.6 4.3 3.9 5.3 3.5 1.7 2.4 2.2 . . .
ηglass,6mm [%] 3.1 2.3 2.6 2.1 1.9 1.7 1.8 2.2 2.2 2.6 2.8 . . .
ηglass,8mm [%] 3.4 3.5 3.0 2.7 2.7 2.4 2.2 2.3 2.3 3.0 2.9 . . .
f [Hz] . . . 630 800 1000 1250 1600 2000 2500 3150 4000 5000
ηbrick [%] . . . 3.2 2.1 1.5 2.3 1.4 1.2 1.4 0.7 0.9 0.8
ηglass,6mm [%] . . . 2.7 2.0 1.6 1.7 1.6 1.7 1.1 3.4 2.7 2.2
ηglass,8mm [%] . . . 2.6 2.0 1.9 1.6 1.7 2.0 4.0 4.3 3.4 2.3

Table 1: Measured damping loss factors η for the partition walls tested in the KU Leuven Laboratory of
Acoustics.

3.1 Hollow brick wall

In the first application, a perforated brick wall with dimensions 3.25 m × 2.95 m × 0.19 m is considered.
The wall is plastered at both sides. The acoustic behaviour of perforated brick walls is complex, given the
inhomogeneities at three different scales: the fire clay material, the brick where small cavities are present
in the fire clay because of the perforations, and the entire wall where the bricks are held together by mortar
layers. When the inhomogeneities are small compared to the wavelength, and when the stiffness is not too
different in different directions, the wall can be modelled as homogeneous and isotropic. The thickness
effects, however, can not be neglected: not only is shear deformation important, thickness resonances (i.e.,
Lamb modes) are often observed in the audio frequency range [21]. Following [12], the equivalent Young’s
modulus, Poisson’s ratio, density and thickness are taken as E = 1825 MPa, ν = 0.2, ρ = 613.5 kg

m3 and
t = 0.2934 m, respectively.

Fig. 2 shows the predictions of the hybrid mTMM-SEA method, of the conventional TMM, of the FTMM
and of a hybrid FE-SEA model. In the hybrid FE-SEA model, the wall is modelled using 8-node solid linear
elastic finite elements (of the SOLID45 element type in ANSYS) and only the boundary displacements in
the middle plane of the wall are restrained. The hybrid mTMM-SEA and FE-SEA predictions agree well
but they are not exactly the same, which is expected since the boundary conditions are slightly different

(a)
63 125 250 500 1000 2000

Frequency [Hz]

10

20

30

40

50

60

T
ra

ns
m

is
si

on
 lo

ss
 [d

B
]

mTMM-SEA
FE-SEA
TMM
FTMM

(b)
63 125 250 500 1000 2000

Frequency [Hz]

10

20

30

40

50

60

T
ra

ns
m

is
si

on
 lo

ss
 [d

B
]

measurements
mTMM-SEA
2  conf. int.

Figure 2: Harmonic sound transmission loss of a perforated brick wall (a) as predicted with the hybrid
mTMM-SEA approach, the hybrid FE-SEA approach, the conventional TMM, the FTMM, and (b) as mea-
sured in the laboratory. The 2σ confidence interval, computed with the hybrid mTMM-SEA, is shown in the
right figure.
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and since (14) results in an approximation of the true wall behaviour for thick walls. Both models correctly
predict the first thickness resonance of the wall at around 3000 Hz. The comparison with the conventional
TMM and the FTMM predictions illustrates that the modal behaviour of the wall plays an important role up
to about 500 Hz. The low modal density of the wall makes that the coincidence dip, which can be observed
in the conventional TMM and the FTMM predictions between 125 Hz and 160 Hz, cannot develop. This
is confirmed by the comparison of the hybrid mTMM-SEA results with measured values [3, 20]. A good
agreement is observed between the measurements and the mTMM-SEA predictions.

The 95% confidence interval of the mTMM-SEA predictions is also plotted. As explained earlier, the related
uncertainty is due to the assumption of a diffuse field in the rooms. This uncertainty is well captured by
the mTMM-SEA predictions: at low frequencies, where the modal overlap of the rooms is low and their
modal behaviour has a large influence on the transmission loss, the mTMM-SEA predictions have a large
uncertainty, while they have a small uncertainty at high frequencies, where the modal overlap of the rooms
is large.

Note that the computation cost of the mTMM-SEA model (71.5 s) is much lower than for the FE-SEA model
(5651.5 s), because (1) the finite element model of the wall is a 3D solid model, and (2) the modal density
of the wall is low. The FTMM (42.9 s) results in only half of the computation time of the mTMM-SEA
approach, but shows deviations at lower frequencies.

3.2 Double-leaf wall

In this section a double-leaf wall, consisting of a steel plate, a mineral wool core with a flow resistivity
of 34kNs/m4 and a laminate plate, are considered. The different layers are glued onto each other. This
validation example was adopted from the literature, as it is known to be a challenging example for modelling
poro-elastic layers. The material properties and experimental results in 1/3 octave bands can be found in [9].

The mineral wool is a poro-elastic material. It may be modelled as an equivalent fluid, e.g., using the
empirical model of Delany and Bazley [23]. In this model, the complex characteristic impedance Zc and
the propagation coefficient Γ = ik are derived from the flow resistivity. These complex parameters are
then implemented in the transfer matrix of a fluid as explained in [24]. The advantage is that only the
flow resistivity σ and thickness of the porous layer have to be known as input parameters. When using an
equivalent fluid model, it is assumed that the frame is motionless and that only a compressional wave will
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Figure 3: Harmonic sound transmission loss of a double-leaf wall with poro-elastic material in the cavity
(a) as predicted with the hybrid mTMM-SEA approach using an equivalent fluid model or a Biot model, the
conventional TMM, the FTMM and (b) as measured in [9]. The results in the right figure are band-averaged
to 1/3 octave bands.
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Figure 4: Harmonic sound transmission loss of a double glazing (a) as predicted with the hybrid mTMM-
SEA approach, the hybrid WBM approach, the conventional TMM, the FTMM and (b) as measured in the
laboratory. The 2σ confidence interval, computed with the hybrid mTMM-SEA, is shown in the right figure.

travel through the layer. However, in case of a poro-elastic material with a flexible frame a more elaborated
model may be needed such as the Biot model [25, 26]. This model has been incorporated into the transfer
matrix method [8]. While the Biot model is physically more accurate, it requires also more input parameters
than the Delany-Bazley equivalent fluid model.

The Biot model and the equivalent fluid model are implemented in the TMM framework, allowing to examine
possible differences. Numerical predictions of the TMM, FTMM and mTMM-SEA approach using a Biot
model and results of the mTMM-SEA approach using an equivalent fluid model are displayed in Fig. 3. The
band-averaged results of the mTMM-SEA approach using both models for the poro-elastic material, are also
compared to experimental data. Note that the empirical formulae of Delany and Bazley [23] are only valid in
the range 0.01 6 ρaf/σ 6 1, which implies that the equivalent fluid model is valid from 315 Hz onwards.
This is indicated by the vertical dashed line. A comparison with the experimental results shows that the
equivalent model overestimates clearly the sound transmission loss in this example, unlike the Biot model,
which is able to capture the behaviour of the mineral wool accurately.

3.3 Double glazing

The final structure is a double glazing with dimensions 1.25 m × 1.50 m × 0.026 m which consists of two
glass panels with a thickness of 6 mm and 8 mm, separated by an air cavity of 12 mm. For the simulations,
the following material properties for the glass panels are taken: density ρ = 2500 kg

m3 , Young’s modulus
E = 62 GPa and Poisson’s ratio ν = 0.24. The experimentally determined damping loss factor of both
glass panels in mounted condition can be found in table 1. The air cavity is taken to be undamped.

The TMM cannot be used for estimating the sound insulation of layered walls containing both solid lay-
ers and undamped air layers, as the results will be less accurate [12, 13]. However, it is possible in the
mTMM-SEA approach to model the glazing using a Rayleigh-Ritz approach, in which the air layer is mod-
elled analytically, as a hard-walled cavity, while the glass panels are modelled as elastic thin plates using
the mTMM. The resulting double glazing model is then again coupled to SEA models, describing the neigh-
bouring rooms.

Fig. 4 displays the predictions of this modified mTMM-SEA method in comparison with results of the
conventional TMM and of a WBM model. The results are also compared with measured values [3]. All
models agree well, except for the conventional TMM and the FTMM which largely underestimate the sound
transmission loss in between the mass-spring-mass resonance (around 160 − 200 Hz) and the coincidence
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dip (around 1600−2000 Hz), as the empty cavity was modelled using a fluid layer in these approaches. Note
that the WBM accounts for the modal behaviour of the rooms, and it is therefore computationally much more
expensive than the hybrid mTMM-SEA. Above 2500 Hz the predictions overestimate the sound transmission
loss in comparison with the measurements; this is probably due to the structural coupling between the edges
of the glass panels at in the measurement setup, which is not accounted for in the prediction models.

4 Conclusions

A hybridization between the transfer matrix method and statistical energy analysis has been developed for
the computation of the diffuse sound transmission through finite walls and floors that consist of layers of
solid, fluid and/or poroelastic material. The modal behaviour of the wall is approximately accounted for.
The sound insulation predictions for different examples have been compared with experimental data. An
overall good agreement has been observed.

The detailed contributions of the hybrid mTMM-SEA framework that is presented in this paper are (1)
with respect to the TMM and related approaches (1a) that the variance, which is inherent to the diffuse
field models of the sound fields can be computed at low computational cost, (1b) that cross-modal coupling
is accounted for, while keeping a similar computation cost as in the conventional mTMM and (1c) that
numerical difficulties in evaluating the plane-wave transmission, related to grazing incidence, are avoided;
and (2) with respect to the hybrid FE-SEA approach: a substantial increase in computational efficiency when
the system is simple enough to be modelled with mTMM.
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