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Abstract 
This paper presents a simulation and experimental study on the flexural response of rectangular thin panels 

equipped with shunted piezoelectric patches for multiple frequency band vibration control. The piezoelectric 

patches are connected to electrical multi-resonant shunt circuits, composed of several parallel RLC 

branches. Each branch is adjusted in such a way as to control the plate flexural response in a given frequency 

band. A practical methodology based on the maximisation of the electrical power absorption is proposed to 

set RLC branch components in such a way as to reduce the flexural response of the panel. The vibration 

control effects are investigated with reference to the PSD of the total flexural kinetic energy of the panel 

and the PSD of the total electrical power absorbed by the shunt circuits. The study shows that the proposed 

tuning procedure can be effectively used to set the RLC components of the shunts in such a way as to reduce 

low-frequency resonance peaks of the plate flexural response. 

1 Introduction 

This paper proposes a novel practical tuning method for current flowing multi-resonant shunts connected to 

piezoelectric patches that are bonded on thin structures to reduce the effects of flexural vibrations in a wide 

frequency band. The multi-resonant shunts are formed by multiple RLC branches connected in parallel. The 

proposed method sequentially sets the RLC elements of the branches in each shunt in such a way as to 

maximise the vibration energy absorption from a progressively larger number of resonant flexural modes of 

the hosting structure. In practical applications, the vibration energy absorption is estimated from the 

measured electric power absorbed by each shunt. In this way, the on-line tuning algorithm can be 

conveniently implemented in the electronic board of the shunts. To make the proposed tuning approach 

more readily comprehensible, a simple problem is first considered in Section 2, which is composed by a thin 

rectangular plate equipped with two piezoelectric patches connected to multi-resonant current-flowing 

shunts and excited by a rain on the roof space and time stochastic disturbance. The flexural response of the 

plate is derived by combining the classical modal formulation for the coupled electromechanical response 

of the plate and piezoelectric patches with an original modal formulation for the electric response of the 

multi-resonant shunts described in [1]. The proposed tuning approach of the RLC components in the 

branches of the shunts is then introduced and discussed. Finally, experimental validation of the proposed 

tuning method of multi-resonant is presented in Section 3. 
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2 Simulation studies 

2.1 Description of the system 

Figure 1 presents the system considered in this study, which comprises a simply supported rectangular thin 

plate with two piezoelectric patches bonded to its surface and connected to multi-resonant shunt circuits. 

The geometry and physical properties of the plate and piezoelectric patches are summarised in Table 1. As 

shown in Figure 1(a) the plate is excited by a white noise, rain-on-the-roof stochastic process, which is 

modelled as an 4 × 4 array of uncorrelated point forces distributed over the surface of the plate. The 

piezoelectric patches are connected to the multi-resonant shunts which are formed by cascades of parallel 

RLC branches as depicted in Figure 1(b). Each branch possesses a band pass filter composed by a inductor 

𝐿𝑓𝑖𝑗 and a capacitor 𝐶𝑓𝑖𝑗 connected in series, which produces a current flowing effect with centre frequency 

𝜔𝑓𝑖 = 1 √𝐿𝑓𝑖𝑗𝐶𝑓𝑖𝑗⁄ . The remaining inductances 𝐿𝑠𝑖𝑗 and resistances 𝑅𝑠𝑖𝑗 also connected in series constitute 

a shunting part of the circuit and generate the vibration energy absorption effects at the frequencies 𝜔𝑠𝑖 =

1 √𝐿𝑠𝑖𝑗𝐶𝑝𝑒𝑗⁄ . In practice, by combining the series inductors together 𝐿𝑓𝑖𝑗 − 𝐿𝑠𝑖𝑗, the multi-resonant shunt 

can be further simplified as shown in Figure 1(c). 

 

 

Figure 1: Plate equipped with two piezoelectric patch transducers and subjected to a rain on the roof 

excitation modelled as an 4 × 4 array of uncorrelated point forces (a), electrical model of the piezoelectric 

patch connected to the current-flowing shunt (b), simplification of the current-flowing shunt circuit (c). 

Parameter Plate Piezoelectric patches 

dimensions 𝑙𝑥𝑝 × 𝑙𝑦𝑝 = 414 × 314 𝑚𝑚 𝑙𝑥𝑝𝑒 × 𝑙𝑦𝑝𝑒 = 85 × 85 𝑚𝑚 

thickness ℎ𝑝 = 1 𝑚𝑚 ℎ𝑝𝑒 = 1 𝑚𝑚 

density 𝜌𝑝 = 2700 𝑘𝑔/𝑚3 𝜌𝑝𝑒 = 7600 𝑘𝑔/𝑚3 

Young’s modulus 𝐸𝑝 = 7 × 1010 𝑁/𝑚2 𝐸𝑝𝑒 = 2.7 × 1010 𝑁/𝑚2 

Poisson ratio 𝜐𝑝 = 0.33 𝜈𝑝𝑒 = 0.275 

modal damping ratio 𝜁𝑝 = 0.02 𝜁𝑝𝑒 = 0.02 

strain/charge constants  𝑑31
0 = 150 × 10−12 𝑚/𝑉 

𝑑32
0 = 150 × 10−12 𝑚/𝑉 

𝑑36
0 = 0 

permittivity for constant stress  𝜀𝑝𝑒
𝑇 = 84 × 10−9 𝐹/𝑚 

capacitance  𝐶𝑝𝑒 = 2.113 × 10−7 𝐹 

centre position patch j=1  𝑥𝑝𝑒1 = 166 𝑚𝑚 ,  𝑦𝑝𝑒1 = 266  𝑚𝑚 

centre position patch j=2  𝑥𝑝𝑒2 = 333 𝑚𝑚 ,  𝑦𝑝𝑒2 = 133  𝑚𝑚 

Table 1: Dimensions and physical properties of the panel and piezoelectric patches 
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2.2 Mathematical model 

The mathematical formulation for the coupled flexural response of the panel and piezoelectric patches is 

based on Refs. [1,2] and considers the classical theory of out of plane flexural vibrations in plates that refers 

to Kirchhoff hypothesis [3]. In-plane vibrations are not taken into account, which is a reasonable assumption 

within the considered frequency range (20 Hz – 1 kHz). The response of the system is derived from the 

generalised form of Hamilton’s principle for electromechanical systems [4-7]. Two matrix equations are 

derived for the flexural response of the panel, which is expressed in terms of R modal coordinates for the 

flexural modes of the plain panel [8], and for the electric response of the shunts [1]: 

𝐌𝑡�̈�(𝑡) + 𝐂𝑝�̇�(𝑡) + 𝐊𝑡𝐝(𝑡) + 𝛉𝑝𝑒𝐯𝑠(𝑡) = 𝚽𝑝𝐟𝑝(𝑡) , (1) 

−𝛉𝑝𝑒
𝑇 𝐝(𝑡) + 𝐂𝑝𝑒𝐯𝑠(𝑡) = 𝐪𝑠(𝑡) . (2) 

Here 𝐝 = ⌊𝑑1 ⋯ 𝑑𝑅⌋𝑇 is the vector with the modal coordinates, 𝐟𝑝 = ⌊𝑓𝑝1 ⋯ 𝑓𝑝16⌋𝑇 is the vector 

with the amplitudes of the 4×4 array of forces acting on the plate. As shown in Refs. [1,2], 𝐌𝑡 = 𝐌𝑝 + 𝐌𝑝𝑒 

and 𝐊𝑡 = 𝐊𝑝 + 𝐊𝑝𝑒 are the 𝑅 × 𝑅 modal mass and stiffness matrices, which are given by the sum of a 

diagonal matrix for the plate effect and a fully populated matrix for the piezoelectric patches effects. Also, 

𝐂𝑝 is the 𝑅 × 𝑅 modal damping matrix of the plate and 𝚽𝑝 is a  𝑅 × 16 matrix with the modal amplitudes 

at the excitation points. The vectors 𝐪𝑠 and 𝐯𝑠 contain the charges and voltages of the shunts. Also, 𝐂𝑝𝑒 is 

the diagonal matrix with capacitances of the piezoelectric patches 𝐶𝑝𝑒𝑗 = 𝜀𝑝𝑒
𝑆 𝐴𝑝𝑒/ℎ𝑝𝑒. Finally, 𝛉𝑝𝑒 is the 

𝑅 × 2 piezoelectric coupling matrix. The details of all these matrices, as well as the formulation for the 

system response in terms of the total time averaged flexural kinetic energy of the plate and total time 

averaged power absorbed by the shunt circuits can be found in [1]. 

2.3 The current flowing multi-resonant shunt 

Figure 1(b) presents the current flowing shunt circuit introduced by Behrens et al. [9] as a mean to simplify 

the implementation of multi-resonant shunt circuits. In contrast to other multi-resonant shunts, the current-

flowing shunt requires one RLC branch per one resonance frequency of the target flexural mode of the 

hosting structure. Assuming the capacitances 𝐶𝑓1𝑗, … , 𝐶𝑓𝑁𝑗 are fixed a priory, the filtering parts of the 

branches 𝐿𝑓𝑖𝑗 − 𝐶𝑓𝑖𝑗 produce the current-flowing effects by approximating short circuits at frequencies of 

the target flexural modes: 𝜔𝑟1, 𝜔𝑟2, ⋯ , 𝜔𝑟𝑁, while approximating open circuits at frequencies of the 

neighbouring branches. This is achievable by setting the inductance values 𝐿𝑓1𝑗, … , 𝐿𝑓𝑁𝑗 to 𝐿𝑓1𝑗 =
1

𝜔𝑟1
2 𝐶𝑓1𝑗

,

𝐿𝑓2𝑗 =
1

𝜔𝑟1
2 𝐶𝑓2𝑗

, … , 𝐿𝑓𝑁𝑗 =
1

𝜔𝑟𝑁
2 𝐶𝑓𝑁𝑗

. Then, for the given capacitance 𝐶𝑝𝑒𝑗 of the piezoelectric patch, the 

remaining inductances 𝐿𝑠𝑖𝑗 , … , 𝐿𝑠𝑁𝑗 from the shunting part of the circuit can be tuned to obtain the vibration 

absorption effects at the frequencies of the target flexural modes i.e. 𝐿𝑠1𝑗 =
1

𝜔𝑟1
2 𝐶𝑝𝑒𝑗

, 𝐿𝑠2𝑗 =

1

𝜔𝑟2
2 𝐶𝑝𝑒𝑗

, … , 𝐿𝑠𝑁𝑗 =
1

𝜔𝑟𝑁
2 𝐶𝑝𝑒𝑗

 . Also the resistances 𝑅𝑠1𝑗 − 𝑅𝑠𝑁𝑗 can be optimised in such a way as to maximize 

the vibration absorption effects. Moreover, as depicted in Figure 1(c), the two inductors from each branch: 

𝐿𝑓𝑖𝑗, 𝐿𝑠𝑖𝑗 can be combined together to form the simplified circuit, whose branch inductances are given by 

the following formula: 

𝐿𝑏𝑖𝑗 = 𝐿𝑓𝑖𝑗 + 𝐿𝑠𝑖𝑗 =
1

𝜔𝑟𝑖
2 𝐶𝑓𝑖𝑗

+
1

𝜔𝑟𝑖
2 𝐶𝑝𝑒𝑗

=
𝐶𝑓𝑖𝑗 + 𝐶𝑝𝑒𝑗

𝜔𝑟𝑖
2 𝐶𝑓𝑖𝑗𝐶𝑝𝑒𝑗

 (3) 

This approach not only reduces the number of required passive components, but also delivers an 

approximate formula for the tuning of the resultant branch inductances. 

In this study, each branch of the simplified current flowing shunt (i.e. 𝐿𝑏𝑖𝑗 and 𝑅𝑠𝑖𝑗) is tuned in such a way 

as to maximise the vibration energy absorption from a specific resonant flexural mode of the plate structure. 
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2.4 Single resonance RL vs single resonance current flowing shunt 

In this section the vibration absorption effect generated by a single piezoelectric patch connected to a 

classical RL shunt is contrasted with the effects produced by a single branch current flowing shunt. Here, 

the assumption is made that piezoelectric patch N.1 is connected to a classical RL shunt, whereas 

piezoelectric patch N.2 is left in open loop. Figure 2 shows the time averaged total flexural kinetic energy 

of the plate K, and total time averaged total power absorbed by the shunt P when the shunt inductance 𝐿𝑠11 

is iteratively increased in the range 2 − 300 H and the shunt resistance 𝑅𝑠11 is varied from 100 Ω to  2 𝑘Ω. 

Assuming constant piezoelectric patch capacitance 𝐶𝑝𝑒1 = 2.113 × 10−7 F an inevitable increase of the 

inductance causes a gradual decrease of the resonance frequency of the circuit in accordance to the formula.  

𝜔𝑠11 =
1

√𝐿𝑠11𝐶𝑝𝑒1
 . (3) 

 

Figure 2: Time averaged total flexural kinetic energy of the smart plate structure (a) and time averaged 

electrical power absorbed (b) by the RL shunt circuit connected to the piezoelectric patch N.1.  

Left-hand side plots (a) of figure 2 show that, when the shunt implements low resistance, the time averaged 

total flexural kinetic energy of the plate is characterised by multiple subsequent troughs aligned in parallel 

to the inductance axis. These troughs indicate the local minima of the time averaged total flexural kinetic 

energy and occur when the resonance frequency of the shunt 𝑓𝑠11 is equal to one of the four resonance 

frequencies of the low order flexural natural modes of the plate, that is 𝑓𝑟1 = 44 Hz, 𝑓𝑟2 = 92 Hz, 𝑓𝑟3 =
135 Hz 𝑓𝑟4 = 190 Hz. Right-hand side plots (b) of figure 2 show the corresponding responses of the shunt 

in terms of the time averaged total electric power absorbed, which in this case, show a sequence of crests 

aligned in parallel to the inductance axis. One can note that the troughs depicted in plots (a) coincide with 

crests depicted in plot (b), which indicate that the minima of the kinetic energy and maxima of the electric 

power absorbed occur for the same shunt inductance and resistance (𝐿𝑠11, 𝑅𝑠11). This means that when shunt 

minimises the kinetic energy of the vibrating plate, the absorption of the electric power is in fact maximised. 

Indeed the maxima of the crests for the absorbed electric power, and thus the minima of the troughs for the 

plate flexural kinetic energy occur when the  

resonance frequency of the shunt 𝑓𝑠11 is close to one of the four aforementioned resonance frequencies of 

the flexural natural modes of the plate. Such result suggests that the RL components of the shunt can be 

tuned to locally minimise the response of a flexural resonant mode of the plate by locally maximising the 

total power absorbed in correspondence to this mode. 
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Figure 3: (a) RLC Shunt circuit configurations having 𝐶𝑓11 =  10𝐶𝑝𝑒1 (first row), 𝐶𝑓11 =  𝐶𝑝𝑒1 (second 

row), 𝐶𝑓11 =  0.1𝐶𝑝𝑒1 (third row); Time averaged total flexural kinetic energy of the smart plate structure 

(b) and time averaged electrical power absorbed (c) by the RLC shunt circuits connected to the piezoelectric 

patch N.1. 

The effects produced by the single branch current flowing shunt are now investigated. As described in the 

previous section, a single branch of the current flowing shunt can be assembled by adding in series to a 

classical RL shunt an inductor and a capacitor (𝐿𝑓11, 𝐶𝑓11), which together form a bandpass filter. The filter 

itself produces the current flowing effect, which limits the bandwidth of the current signal being passed to 

the shunting part of the circuit (𝑅𝑠11, 𝐿𝑠11) to a narrow band with a centre frequency at  

𝜔𝑓1 =
1

√𝐿𝑓11𝐶𝑓11
. The shunting inductance 𝐿𝑠11 is then set up to trigger the vibration absorption effect at the 

centre frequency of the filtered current signal, such that  

𝜔𝑠11 =
1

√𝐿𝑠11𝐶𝑝𝑒
= 𝜔𝑓1. Since, both frequencies are adjusted to be the same, combining two inductances 

𝐿𝑏11 = 𝐿𝑠11 + 𝐿𝑓11, leads to electrical resonance frequency given by 

𝜔𝑏1 =  𝜔𝑓1 = 𝜔𝑠11 = √
𝐶𝑝𝑒1+𝐶𝑓11

𝐿𝑏11𝐶𝑝𝑒11
 . (3) 

The subsequent plots in figure 3 show the time averaged total flexural kinetic energy of the plate (a), and 

the time averaged total electric power absorbed by the shunt (b), with respect to the combined inductance 
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of the shunt 𝐿𝑏11 (upper horizontal axes) and resistance 𝑅𝑠1 when the capacitance of the shunt 𝐶𝑓11 is set to 

three different values equal to 𝐶𝑓11 = 10𝐶𝑝𝑒1, 𝐶𝑓11 = 𝐶𝑝𝑒1, 𝐶𝑓11 = 0.1𝐶𝑝𝑒1. Additional reference is made 

to the electrical resonance frequency of the shunt 𝑓𝑏1 presented as the bottom horizontal axes. 

 

The sequential plots in Figure 3 show that, when the combined inductance 𝐿𝑏11 is varied within designated 

ranges, the electrical resonance frequency 𝜔𝑏1 is swept between 20 and 250 Hz. Also in this case, the graphs 

indicate the existence of the kinetic energy troughs and corresponding electrical power crests associated 

with four resonance frequencies of the plate. As the value of the shunts filter capacitance 𝐶𝑓11 is gradually 

decreased with respect to the capacitance of the piezoelectric patch 𝐶𝑓11, the troughs and crests become 

progressively more narrow. Thus, to obtain a narrow band resonance effect for the vibration absorption from 

low order natural modes, a relatively small capacitances 𝐶𝑓11with respect to the internal capacitance of the 

piezoelectric patch 𝐶𝑝𝑒 is required. On the other hand, a low filtering capacitances 𝐶𝑓11 enforces the 

application of a high aggregate inductance 𝐿𝑏11 = 𝐿𝑠11 + 𝐿𝑓11, which are necessary to obtain the assumed 

filtered vibration absorption effect. This leads to common practical implementation problems, where large 

inductance components have to be synthetized from active circuits comprising operational amplifiers [10].  

2.5 Sequential tuning of the multi-resonant current flowing shunt 

In this section a vibration control method based on sequential tuning of the multi-resonant RLC branches 

connected to the two piezoelectric patches is proposed. The procedure starts with piezoelectric patch N.1 

connected to a single branch of the current flowing shunt, whereas the piezoelectric patch N.2 remains in 

open loop. Throughout this example, the number of branches connected to piezoelectric patch N.1 is 

iteratively increased up to four. The simulation results of this operation are summarized in Figure 4, which 

is divided into four rows each with three plots that show (a) the shunt circuit configuration used at this step 

of the procedure, (b) the time averaged total kinetic energy of the plate and (c) the time averaged total power 

absorbed by the shunt. The first row of Figure 4 depicts the case described before, when one of the 

piezoelectric patches is connected to a single branch of the current flowing shunt. Again, the two surface 

plots indicate sequences of parallel troughs and crests that occur for the shunt inductance 𝐿𝑏11 such that the 

branch resonates in correspondence to one of the four resonances of the flexural natural modes of the plate. 

When the common inductance 𝐿𝑏11 and resistance 𝑅𝑠11 of this branch are set to the values indicated by 

black dots on the surface plots: 𝐿𝑜𝑝𝑡1, 𝑅𝑜𝑝𝑡1, the power absorbed in correspondence to the fourth crest would 

be maximised and thus the flexural kinetic energy associated with fourth trough minimised. Next, when the 

second RLC branch is added in parallel to the shunt circuit as depicted in plot (a) in the second row of Figure 

4, the corresponding surface plots (b) and (c) are characterised by only three troughs and three crests, such 

that the second branch can resonate in correspondence to one of the three resonance frequencies of the plate. 

Note, that there is no fourth trough and fourth crest since the first branch of the shunt is already tuned. If 

now the components of the second branch are fixed such as 𝐿𝑏21 = 𝐿𝑜𝑝𝑡2, 𝑅𝑠21 = 𝑅𝑜𝑝𝑡2, the power absorbed 

in correspondence to the third crest would be maximised and the flexural kinetic energy with respect to the 

third through minimised. At this point the third branch can be added to the shunt circuit as shown in plot (a) 

of the third row. In this case, the corresponding plots (b) and (c) show only two troughs and two crests as 

the shunt is already tuned according to the third and fourth ones. The inductance 𝐿𝑏31 and resistance 𝑅𝑠31 

can be now set to the values that would maximise the power and minimise the kinetic energy related to the 

second trough and second crest. In the last row of Figure 4, plots (b) and (c) show only one remaining trough 

and crest, thus the branch components: 𝐿𝑏41, 𝑅𝑠41 can be set according to the optimal values indicated by 

the black dots (𝐿𝑜𝑝𝑡4, 𝑅𝑜𝑝𝑡4) to maximise the absorbed electric power and minimise the flexural kinetic 

energy of the last crest and trough. This procedure can also be illustrated in terms of the Power Spectral 

Density functions of the plate flexural kinetic energy and electric power absorbed by the shunt circuit. Figure 

5 shows how the aforementioned energy functions are incrementally modified by successively adding 

optimally tuned RLC branches. 
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Figure 4: (a) Configuration of the multi-resonant shunt circuit; (b) Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed and (c) by the RLC multi-

resonant shunt circuits connected to the piezoelectric patch N.1, while the piezoelectric patch N.1 

implements a four branches multi-resonant shunt. 

The simulation results depicted in Figure 5 are divided into 4 rows, where plots (b) in each row capture 

power spectral density functions associated to the shunt configuration depicted in plot (a). Starting from the 

first row, when the piezoelectric patch N.1 is connected to the optimally tuned (𝐿𝑏11 = 𝐿𝑜𝑝𝑡1, 𝑅𝑠11 = 𝑅𝑜𝑝𝑡1) 

single branch RLC shunt, the PSD of the flexural kinetic energy is minimised in correspondence to the fifth 

resonance frequency of the plate, whereas the PSD of the absorbed electric power (dotted black line) is 

characterised by a dominant peak at the fifth resonance frequency of the plate. Note, that plots (b) and (c) 
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in the first row of Figure 4 are characterised respectively by four troughs and four crest, while the PSD 

function from Figure 5 comprises five resonance peaks. Indeed, plots in Figure 4 do not show through and 

crest in correspondence to the fourth resonance frequency of the plate. This is due to the fact that the 

piezoelectric patch N.1 is positioned in the vicinity of a nodal line of the fourth flexural mode of the smart 

plate so that the patch is weakly coupled with this mode. As a result, the shunt cannot extract vibration 

energy and thus minimise the flexural response of this resonant mode. When the second branch is connected 

and tuned in correspondence to the third crest and trough i.e. 𝐿𝑏21 = 𝐿𝑜𝑝𝑡2, 𝑅𝑠21 = 𝑅𝑜𝑝𝑡2, the PSD of the 

flexural kinetic energy would be effectively minimised in correspondence of the third and fifth resonance 

frequencies of the plate, whereas the PSD of the absorbed electric power (dotted black line) would be 

characterised by two dominant peaks at these two resonance frequencies. Application of the third branch 

optimised with respect to the second trough and crest, such as 𝐿𝑏31 = 𝐿𝑜𝑝𝑡3 and 𝑅𝑠31 = 𝑅𝑜𝑝𝑡3 results in the 

PSD of the flexural kinetic energy (solid black line and green line) being brought down in correspondence 

of the second, third and fifth resonance frequencies of the plate. Finally, addition of the fourth branch tuned 

to the first trough and crest (𝐿𝑏41 = 𝐿𝑜𝑝𝑡4, 𝑅𝑠41 = 𝑅𝑜𝑝𝑡4) completes the tuning sequence for the 

piezoelectric patch N.1. In this case the PSD of the flexural kinetic energy (black solid line and green solid 

line) is brought down in correspondence of the first, second, third and fifth resonance frequencies of the 

plate, whereas the PSD of the absorbed electric power (dotted black line) is characterised by four peaks at 

the first, second, third and fifth resonance frequencies of the plate. 

 

 

Figure 5: (a) Configuration of the multi-resonant shunt circuit; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the piezoelectric patch N.1. 
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Figure 6: (a) Configuration of the multi-resonant shunt circuit; (b) Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed and (c) by the RLC multi-

resonant shunt circuits connected to the piezoelectric patch N.2, while the piezoelectric patch N.2 

implements a four branches multi-resonant shunt.  

The same procedure can now be implemented for the piezoelectric patch N.2 assuming that the 

piezoelectric patch N.1 is already connected to the four branches multi-resonant shunt set to control the 

flexural response of the first, second, third and fifth resonances of the plate. Figure 6 shows the analogous 

sequence of plots as Figure 4, which is once more organised in four rows, each with three plots that show 
(a) the shunt circuit configuration, (b) the plate time averaged flexural kinetic energy, (c) the shunt time -

averaged absorbed electric power. These plots present a very similar story to that depicted in Figure 4 for 

the piezoelectric patch N.1. Therefore, the same procedure is carried on to find the optimal values of the 
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inductance and resistance elements in the four branches connected to the piezoelectric patch N.2, such 

that: (𝐿𝑏12 = 𝐿𝑜𝑝𝑡5, 𝑅𝑠12 = 𝑅𝑜𝑝𝑡5), (𝐿𝑏22 = 𝐿𝑜𝑝𝑡6, 𝑅𝑠22 = 𝑅𝑜𝑝𝑡6), (𝐿𝑏32 = 𝐿𝑜𝑝𝑡7, 𝑅𝑠32 = 𝑅𝑜𝑝𝑡7) and (𝐿𝑏42 =

𝐿𝑜𝑝𝑡8, 𝑅𝑠42 = 𝑅𝑜𝑝𝑡8). Figure 7 shows how the PSD functions of the plate flexural kinetic energy and 

electric power absorbed by the shunt vary when the multiresonant shunt connected to the second  patch is 

incrementally tuned. As one would expect a similar result to that presented in Figure 5 is obtained with 

an incremental effect of power absorption and decremental effect of plate flexural energy in 

correspondence to the 5th, 3rd, 2nd, and 1st resonance frequencies. 

 

 

Figure 7: (a) Configuration of the multi-resonant shunt circuit; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the piezoelectric patch N.2 (d).  

The results presented in this section lead to the concept of a practical tuning of RL components in multi-

resonant shunts. For instance, a gradient base algorithm, that iteratively searches for the maxima of the 

filtered power absorption in the close vicinity of resonance frequencies of the low order natural modes of 

the plate could be effectively used to implement locally on the shunts the proposed tuning approach. This 

process could be repeated sequentially in the shunts of all piezos to continuously track changes in the 

dynamic response of the hosting structure due for example to temperature changes or tensioning effects 

generated by operation conditions. 

3 Experimental validation 

This section presents experimental validation tests on the feasibility of the tuning approach proposed in the 

previous sections for multi-resonant RLC shunts connected to piezoelectric patches to form 

electromechanical vibration absorbers, that can be used to control the flexural vibrations of thin structures. 

A test rig is used, which is composed by a clamped aluminium plate equipped with five piezoelectric 

hexagonal patches connected to identical shunts, synthesised digitally in a multi-channel dSPACE platform. 
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The tuning approach presented in the previous section has been applied to find optimal RL branch 

parameters such that the shunted piezoelectric patches form multi-resonant vibration absorbers that control 

three flexural modes of the plate in the low frequency regime 40-150 Hz. Two set of measurements were 

carried out in order to evaluate the proposed method. In the first, the total kinetic energy of the vibrating 

plate was estimated with reference to the inductance and resistance values of the branches of the shunts. In 

the second, voltage drops across the piezoelectric patches and current flows through the shunt circuits were 

measured with respect to the inductance and the resistance values of the branches. With the help of these 

measurements, the evolution of both total flexural kinetic energy and absorbed electrical power with respect 

to the inductance and resistance implemented in the branches of the shunts was visualized on surface plots 

as in the previous section. In this way the flexural kinetic energy minimisation and shunt electric power 

maximisation was demonstrated experimentally. 

3.1 Description of the experimental setup 

Figure 8 shows the experimental setup used in this study, which is composed by a thin rectangular panel 

clamped on Perspex box. The panel is made of aluminum and has thickness of 1 𝑚𝑚 and dimensions of 

414 × 314 𝑚𝑚. Five hexagonal piezoelectric patches are bonded on the bottom side of the panel as 

depicted Figure 8 (b). The dimensions, positions and physical properties of the panel and piezoelectric 

patches are summarised in Table 2 panel is excited at position 𝑥𝑝 = 85 𝑚𝑚, 𝑦𝑝 = 110 𝑚𝑚 by a point 

random disturbance generated by the shaker located in the Perspex box. The flexural response of the panel 

was measured with a scanning laser vibrometer, while the electrical response of the shunt circuits was 

acquired with the ABACUS Data Physics acquisition system. 

 

 

Figure 8 (a) Experimental setup. (b) Perspex box showing the five patches. (c) Hexagonal piezoelectric 

patch.  
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Parameter Plate Piezoelectric patches 

Dimensions 𝑙𝑥𝑝 × 𝑙𝑦𝑝 = 414 × 314 𝑚𝑚 𝑙𝑥𝑝𝑒 × 𝑙𝑦𝑝𝑒 = 80 × 80 𝑚𝑚 

Thickness ℎ𝑝 = 1 𝑚𝑚 ℎ𝑝𝑒 = 1 𝑚𝑚 

Density 𝜌𝑝 = 2700 𝑘𝑔/𝑚3 𝜌𝑝𝑒 = 7600 𝑘𝑔/𝑚3 

Young’s modulus 𝑌𝑝 = 7 × 1010 𝑁/𝑚2 𝑌𝑝𝑒 = 5 × 1010 𝑁/𝑚2 

Poisson ratio 𝜐𝑝 = 0.33 𝜈𝑝𝑒 = 0.275 

Modal damping ratio 𝜁𝑝 = 0.02 𝜁𝑝𝑒 = 0.02 

Strain / charge constants  𝑑31
0 = −190 × 10−12 𝑚/𝑉 

𝑑32
0 = −190 × 10−12 𝑚/𝑉 

Capacitances  𝐶𝑝𝑒1−5 = 5.3 × 10−8 𝐹 

Centre position patch j=3  𝑥𝑝𝑒3 = 𝑙𝑥𝑝/2 ,  𝑦𝑝𝑒3 = 𝑙𝑦𝑝/2 

Centre position  

patches: j=1,2,4,5 

 
𝑥𝑝𝑒𝑗 =

𝑙𝑥𝑝

2
± 60 𝑚𝑚,  𝑦𝑝𝑒𝑗 =

𝑙𝑥𝑝

2
± 60 𝑚𝑚 

Excitation force position 𝑥𝑓 =  𝑦𝑓 = 85.11𝑚𝑚  

Table 2. Dimensions and physical properties of the panel and piezoelectric patches. 

To facilitate the implementation of the multi-resonant shunts and thus to overcome a possible issue due to 

excessive values of RLC branch components, the multi-resonant shunts were synthesised digitally in a multi-

channel dSPACE digital platform. To obtain the designed analogue multi-resonant shunt effect, the dSPACE 

platform was connected to the piezoelectric patches via ad hoc interface circuits specifically designed to 

produce the multi-resonant impedance load digitally programed in the platform. Considering a single 

piezoelectric patch, the circuitry used to implement the desired shunt impedance load is illustrated in Figure 

9a. In this figure, a piezoelectric transducer is connected to the dSPACE platform through an operational 

amplifier characterized by high input impedance. This amplifier is used to deliver a voltage signal from the 

piezo to the platform, without affecting the current flow. Also, the output signal from dSPACE platform is 

connected to an operational amplifier such that there is no current flow. In this way the ratio between the 

voltage and current at the patch terminals is indeed the desired impedance load.  

 

 

Figure 9 Electrical implementation of the shunts in dSPACE. 

 

Figure 10 (a) Multi-resonant, current flowing shunt circuit and its simplification (b). 
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The synthesis of the multi-resonating shunt circuits is carried out digitally in the dSPACE system according 

to the following formulation for the electric response of the interface circuit.  

Considering the electrical scheme depicted in Figure 9, the following relations can be written: 

𝑣𝐴𝐷𝐶 = 𝑣𝑠 ,. (6) 

𝑣𝐷𝐴𝐶 = 𝐺𝐷𝑆𝑃𝑣𝐴𝐷𝐶 , 
(7) 

𝑣𝑠 − 𝑣𝐷𝐴𝐶 = 𝑅𝑖𝑠 . 
(8) 

In Eqs. (6)-(8), 𝑣𝐴𝐷𝐶 is the potential difference at the terminals of the piezoelectric patch, 𝑣𝐷𝐴𝐶 is the voltage 

at the output of the control system, 𝐺𝐷𝑆𝑃 is the transfer function to be implemented in the dSPACE platform, 

𝑅 is the reference resistor and 𝑖s is the current flowing through the piezoelectric patch terminal. 

Also, according to the electrical scheme in Figure 10(b) 

𝑣𝑠 = 𝑍𝑠𝑖𝑠 , (9) 

where 𝑍𝑠 is the desired shunt impedance. Combining Eqs. (6)-(9)gives the following expressions for the 

impedance and the digital platform transfer function 

𝑍𝑠 =
𝑣𝑠

𝑖𝑠
=

𝑅

1−𝐺𝐷𝑆𝑃
 , (10) 

𝐺𝐷𝑆𝑃 =
𝑣𝐷𝐴𝐶

𝑣𝐴𝐷𝐶
= 1 − 𝑍𝑠𝑅  

(11) 

The complex admittance of the simplified multi-resonant shunt depicted in Figure 10(b) is given by the 

following summation of second order terms 

𝑌𝑠 = ∑
1

𝐿𝑏𝑖

𝑗𝜔

−𝜔2+𝑗𝜔(
𝑅𝑏𝑖
𝐿𝑏𝑖

)+
1

𝐶𝑓𝑖𝐿𝑏𝑖

𝑁
𝑖=1  . (12) 

Substituting Eq. (12) into Eq. (11) gives the transfer function, that should be implemented in the dSPACE 

platform to generate the desired multi-resonance impedance load: 

𝐺𝐷𝑆𝑃 =
𝑣𝐷𝐴𝐶

𝑣𝐴𝐷𝐶
= 1 − 𝑌𝑠

−1𝑅 . (42) 

Indeed, implementing this transfer function in the digital platform connected to the piezoelectric patch via 

the interface circuit shown in Figure 9 produces indirectly the desired multi-resonant shunt load presented 

in Figure 10 on the piezoelectric patch. 

3.2 Experimental results 

This section discusses the effects produced when the incremental method of multi-resonant shunt tuning 

presented in the above simulation study is applied in practice. First of all, it is important to note, that in this 

practical investigation all the patches are tuned jointly, i.e. at every step of the incremental procedure all 

transducers are connected to identical RLC shunts. Although this approach differs from the one described 

in Section 2, which considers individual tuning of each piezoelectric patch, it constitutes a reasonable way 

to simplify the optimization process and shorten the otherwise lengthy measurements of the kinetic energy 

and electrical power cost functions. Second, the branch capacitances were chosen to be 𝐶𝑓𝑖 = 0.1𝐶𝑝𝑒 and 

the investigated frequency range was set between 40 and 150 Hz. For the purpose of this study, the 

inductances of the shunts were varied using the formula 𝐿𝑏𝑖 =
𝐶𝑓𝑖+𝐶𝑝𝑒

𝜔𝑏
2𝐶𝑓𝑖𝐶𝑝𝑒

 to provide incremental changers of 

the branches resonance frequencies of 5 Hz starting from 40 Hz up to 150 Hz. Also, the shunt resistances 

were progressively raised in the range of 3.5 kΩ − 8 kΩ with increments of 500 Ω For each combination of 

branch parameters i.e. (𝑓𝑏𝑖 , 𝑅𝑠𝑖), and for the given three branches, a set of measurements was taken 

including: velocity-excitation force transfer functions measurements at a 3 × 3 grid points located on the 
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surface of the plate, performed with the laser scanning vibrometer and current-excitation force and voltage-

excitation force transfer functions measurements of at the terminals of the five piezoelectric patches. The 

total flexural kinetic energy per unit force and total electrical power absorbed by five shunts per unit force 

were obtained from the measurements for each combination of branch parameters (𝑓𝑏𝑖 , 𝑅𝑠𝑖). Based on these 

results, two-dimensional maps with the evolution of the flexural kinetic energy and electric power 

absorption with reference to the shunt inductance and resistance parameters were created to experimentally 

validate the method proposed in Section 2. The experimental results for the incremental effects produced by 

the three branches in the five shunts are summarized in Figure 11 and Figure 12. Figure 11 is structured in 

the following way: sketches (a) show shunt circuits configurations, plots (b) show the smart plate kinetic 

energy per unit force, plots (c) show the electric power absorbed per unit force by five shunts. In turn Figure 

12 shows the shunt circuits configurations in sketches (a) and the spectra of the smart plate kinetic energy 

per unit force (solid black line – shunts in open-loop, solid green line – with optimal shunts) and electric 

power absorbed per unit force by five shunts (dotted black line) in plots (b). 

 

Considering the first row of Figure 11, when all five piezoelectric patches are connected to the first branches 

of the shunts (a), plots (b) and (c) are characterized respectively by a sequence of four local troughs and 

crests. In line with the simulation study findings presented in Section 2, the minima of the kinetic energy 

troughs and the maxima of the electric power crests occur for very similar values of the first branch 

components (𝐿𝑏1, 𝑅𝑠1) of the shunts. Thus setting 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1 and 𝑅𝑠1 = 𝑅𝑜𝑝𝑡1, where 𝐿𝑜𝑝𝑡1, 𝑅𝑜𝑝𝑡1 are the 

optimal shunt parameters for the minimum of the third through and the maximum of the third crest of the 

kinetic energy and electric power measured cost functions respectively. Plot (b) of Figure 12 shows that the 

spectrum of the kinetic energy is lowered (green line) at the third resonance frequency of the plate, while at 

the same frequency the spectrum of the absorbed electric power is characterized by a rather wide and high 

peak. When the second RLC branch is added to the shunts, plot (b) of Figure 11 show three troughs of the 

measured kinetic energy in correspondence of the first, second and forth resonance frequencies of the plate, 

which are generated by the inductance 𝐿𝑏2 and resistance 𝑅𝑠2. There is no third trough, since the first branch 

of the shunts is indeed tuned at the third resonance and thus the kinetic energy of the plate in correspondence 

to the third resonance frequency is already minimised. In contrast to plot (b), plot (c) of Figure 11 highlights 

four maxima for the measured power that can be obtain for the inductance value 𝐿𝑏2, which are due to the 

first, second, third and fourth resonances of the plate. The presence of the third crest at around 120 Hz is 

indicting that the tuning of the first branches could be improved, since the adopted values 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1, 

𝑅𝑠1 = 𝑅𝑜𝑝𝑡1 are now slightly offset. Continuing the procedure by setting 𝐿𝑏2 = 𝐿𝑜𝑝𝑡2 and 𝑅𝑠2 = 𝑅𝑜𝑝𝑡2, 

where 𝐿𝑜𝑝𝑡2 and 𝑅𝑜𝑝𝑡2 are the optimal shunt parameters for the minimum of the second through and the 

maximum of the second crest of the kinetic energy and electric power measured cost functions, the shunts 

resonate in correspondence to the second, and third resonances of the smart plate. This is particularly visible 

in plot (b) of Figure 12, where the flexural kinetic energy is effectively minimised and the power absorption 

maximised in correspondence of the second resonance peak of the plate, whereas the branch parameters 

associated with the third mode of the plate: 𝐿𝑏1 = 𝐿𝑜𝑝𝑡1, 𝑅𝑠1 = 𝑅𝑜𝑝𝑡1 are indeed not optimal due to the 

small shift of the vibration absorption effect towards higher frequencies. 

When the third RLC branch is implemented into the shunts, plots (b) and (c) of Figure 11 show only two 

minima and two maxima respectively in correspondence to the first and forth resonance frequencies of the 

plate. As for the previous cases the inductances 𝐿𝑏3 and resistances 𝑅𝑠3 of third branch can be set to 

maximise the absorbed electric power and minimise the flexural response in correspondence to the first 

resonance frequency of the plate, i.e. 𝐿𝑏3 = 𝐿𝑜𝑝𝑡3 and 𝑅𝑠3 = 𝑅𝑜𝑝𝑡3. As a result of this iterative procedure, 

the spectra in plot (b) of Figure 12 shows that the flexural kinetic energy (green line), is brought down at 

the three target resonance frequencies of the plate. Similarly, the absorbed electric power (dotted black line) 

characterised by three peaks at these frequencies. These results indicate that the resonating shunts are 

effectively absorbing power at these three frequencies. 
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Figure 11: (a) Configuration of the multi-resonant shunt circuits (b); Time averaged total flexural kinetic 

energy of the smart plate structure, (c) time averaged electrical power absorbed by the RLC multi-resonant 

shunt circuits connected to the five piezoelectric patches. 

 

Figure 12: (a) Configuration of the multi-resonant shunt circuits; (b) PSD of the plate flexural kinetic energy 

(solid black line no shunt; solid green line with shunt) and electric power absorbed by the shunt (dotted 

black line) by the RLC multi-resonant shunt circuits connected to the five piezoelectric patches.  
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4 Conclusions 

This paper has first presented a simulation study on the implementation of multi-resonant shunts connected 

to piezoelectric patches bonded on a plate, which produce multi-resonant vibration absorption effects. The 

study has shown that the RLC branches that form the shunts can be tuned to globally minimise the resonant 

response of given modes of the structure by locally maximising the electric power absorbed by each shunt. 

A simple tuning algorithm can be therefore implemented to tune on-line the branches in each shunt. The 

multi-resonant shunts composed by three RLC current flowing branches on five piezoelectric patches was 

then studied experimentally by utilising shunt impedances synthetized in a dSPACE paltform. The 

experimental study confirmed simulation predictions, that is the reduction of the total flexural kinetic energy 

of the plate and electrical power absorbed by the multi-resonant shunts with reference to the resistance and 

inductance parameters in a branch of the shunt is characterised by a sequence of minima and sequence of 

maxima. The corresponding minima and maxima coincide. This indicate that the branch RL components 

that would minimise the resonant response of low order flexural modes of the smart plate also maximise the 

electric power absorbed by the shunts. This effect of the RLC branch gives the opportunity to sequentially 

tune three branches in such a way as to maximise the electric power absorbed by five shunts, and thus to 

minimise the smart plate flexural kinetic energy in correspondence to given resonance frequencies. Although 

the simulation studies have shown that there is no need for a tuning update every time a branch is added to 

a shunt, the practical implementation showed that small adjustments may be required to track changes in the 

dynamic response due to the environmental changes during the long periods of operation.  
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