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Abstract
Bolted joints in assembled structures are responsible for much of the structure's damping and give rise to
nonlinear behavior. This work explores the application of a new static reduction method to reduce the com-
putation costs associated with analyzing built-up structures. This novel method applies a Gauss-Seidel algo-
rithm to a model that has been statically reduced to retain only the DOF at the contact interface in which the
geometry, contact pressure and friction in the joint are modeled in detail. The problem considered consists
of two 2D cantilever beams in a sandwich configuration, with a load applied to simulate a bolt joining the
beams at the tip. The quasi-static simulations were used to predict the damping in the first mode of vibration
of the sandwich beam. It was found that the static reduction method resulted in dramatic computational sav-
ings while providing good accuracy as compared to simulations in commercial finite element software. This
approach could facilitate future studies in which different friction laws are applied between the interfaces.

1 Introduction

Airplanes, automobiles and various machines are all constructed from multiple parts joined by bolts or other
fasteners, and one of the greatest challenges in structural dynamics is to predict the damping in a structure
due to slip in the interfaces between its parts. When two parts are bolted together, the clamping pressure
provided by the bolt and the Poisson effect creates a distribution of contact pressure at the interface, which
possibly goes to zero if the joint opens up away from the contact. It is possible, although not trivial, to predict
the area of contact for a bolted joint if the interface geometry and friction behavior are known. In contrast,
damping is much more challenging to model since it arises due to slip in small regions at the edges of the
contact, where a very fine mesh is needed to resolve slip accurately; to date no truly predictive models have
been both presented and effectively validated. The fine mesh and the nonlinear nature of the contact makes
the problem very computationally expensive.

A nonlinear simulation of a bolted interface includes several steps. First, the preload step must be simulated,
where the torque applied to the bolt clamps the connecting members together. As the members come into
contact, friction is generated at the joint interface that limits lateral motion. In a second step, external forces
or displacements are applied, causing the bolted surfaces to try to slip relative to each other. As the strength
of the external forces increases, the contacting members will experience microslip, or slipping near the edge
of contact where the clamping pressure is lowest. For very large forces the joint may slip completely and
transition from microslip to macroslip where in the macroslip regime, severe nonlinearity can be observed.
Microslip is responsible for energy dissipation at the joint and therefore causes damping, up to 90 percent of
the damping in some systems [?], and softening in the joint that varies with loading as the microslip region
evolves. Various studies have shown that structures with bolted joints can exhibit variations in damping of
hundreds of percent with response amplitude, so a new analysis method for bolted joints should examine
a spectrum of loads. If dynamic loads are of interest, then the area of contact, frictional forces, stresses,
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etc... must be solved for at every time step and, extrapolating based on the static simulations presented in
[?], computation times within conventional FEA can be expected to be measured in decades or centuries.
In an attempt to reduce the costs required to simulate the response of a structure with joints, Festjens et al.
[?] proposed a model reduction technique that spatially decomposes a structure into a linear domain away
from the joint and a nonlinear domain near the joint. Then the inertial term in the joint domain is neglected
and the joint is assumed to behave quasi-statically. Allen et al. later [?] presented a variant on this method,
known as Quasi-Static Modal Analysis, and applied it to structures where the joints were modeled as discrete
Iwan elements. It was found that Quasi-Static Modal Analysis produces very accurate estimates of nonlinear
behavior of the joint, especially the amplitude-dependent modal damping and natural frequency when the
response is dominated by a single mode.

For Lacayo and Allen's work, Iwan elements were selected since they can capture the opening and closings
experienced by the joint, which gives rise to energy dissipation and nonlinear behavior of the joint (to be
discussed later). However, Iwan elements require four parameter inputs that must be tuned based upon
prototype experiments since they cannot be deduced from first principles [?],[?]. Thus a better method
would simply require a full element model of the assembly which would eliminate the need for prototype
experimenting and producing a new model for every variation of joint geometry, preload, material, etc. Using
the best available methods to date, this is still very computationally expensive. For example, Jewell et al.
[?] implemented quasi-static modal analysis method within a commercial finite element package. In that
work they found computation times ranging from 16-50 hours for relatively simple 3D finite element models
with one or two bolted joints. Ahn and Barber [?] proposed a static reduction procedure as a way to speed
up contact mechanics simulations. This work proposes to combine their approach with quasi-static analysis
to seek to predict the nonlinear stiffness and damping of a joint at a significantly reduced cost compared
to existing analysis methods. Several enhancements are presented for the approach in [?] to speed up the
analysis, in order to make it practical for the joints that are of interest.

The following sections review the quasi-static modal analysis method and the approach used by Ahn and
Barber. Then, the proposed enhancements are outlined and the algorithm is applied to a test structure.

2 Review of the quasi-static modal analysis method

The Quasi-Static Modal Analysis method implemented in this paper is similar to one developed by Festjens,
Chevallier, and Dion, [?], where the effective natural frequency and modal damping ratios are extracted from
a nonlinear static analysis. This is done by imposing a quasi-static load to the model that would excite only
a single mode of the linearized structure. Allen and Lacayo, [?] recently elaborated on this method, and
used the modal load-displacement curves to construct a hysteresis curve from which the effective natural
frequency and damping were estimated. The method is reviewed below.

Suppose that a preload is applied to a structure such that the members come into contact in at least one
location. The equation of motion for the coupled structure(s) can then be written as,

Mẍ + Cẋ + Kx + fj(x, θ) = fext(t) (1)

where M, C, and K are, respectively, the mass, damping, and stiffness matrices of the system, and x, ẋ, and
ẍ are the displacement, velocity, and acceleration vectors, respectively. The vector fj represents the internal
forces due to a joint model containing internal sliders, and θ is a vector that captures the state (slip or stick)
of each slider element.

At low amplitudes the joints can be replaced with springs equivalent to the zero-load equilibrium stiffness of
the joints,

KT =
∂fJ
∂x
|x=0 (2)
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and an eigenvalue problem can be solved to estimate the mass-normalized mode shapes, Φ0 , of the structure

([KT + K]− λrM)Φ0r = 0 (3)

To characterize the effect of the joints on each mode of vibration, a force fext = MΦ0r is applied which
distributes a load over the entire structure such that only mode r of the system would respond if the structure
were linear. Using the approach in [?],[?], this force is applied to the nonlinear model resulting in the
following quasi-static problem,

Kx + fj(x, θ) = MΦ0rα (4)

where α is a scalar which sets the load amplitude. This is then solved to find x(α), which can then be mapped
onto the rth mode using:

qr(α) = ΦT
0rMx (5)

Using this approach, the hysteresis curve can be constructed from a single, linearly increasing loading from 0
to α if the nonlinear forces are independent of the velocity and if each mode obeys the Masing assumptions,
Using mass-normalized mode shapes, the modal force is

fr(α) = ΦT
0rMα = α (6)

Then using Masing'rules, the force (and similarly displacement) over a full loading cycle can be estimated
from the following forward and reverse loading curves.

f̂1(qr) = 2fr(
qr + qr(α)

2
)− α (7a)

f̂1(qr) = α− 2fr(
qr − qr(α)

2
) (7b)

The secant of this hysteresis curve is then used to estimate the instantaneous natural frequency of the mode
in question:

ωr(α) =

√
α

qr(α
) (8)

The area enclosed by the loop is the total energy dissipated D(αj) per cycle of vibration, which is readily
obtained with trapezoidal integration of the difference (f̂ j1 (qr) − (f̂ j2 (qr) with respect to qj . Then, using an
energy balance between the dissipation and an equivalent viscous damper, the effective damping ratio can
then be calculated as follows.

ξr(α) =
D(α)

2π(qr(α)ωr(α))2
(9)

Jewell et al. [?] used this approach within a commercial finite element package to estimate x(α), which
proved costly and the static solver was not always reliable. As mentioned previously, this work will employ
static reduction and an algorithm based on [?] to solve the reduced problem.

3 Static Reduction

In this section, the mathematical and theoretical basis of the static reduction procedure is described. First,
the case of a single elastic body in contact with a rigid surface is considered, which is then extended to the
case of contact between two elastic bodies.
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3.1 Single Elastic Body

Following [?] and using equation (??), as done in [?] we relate the dynamic response to the quasi-static
response over a single loading cycle. For example, in the case study that follows we have a finite element
model containing 2158 nodes, of which 124 are located at the interface and may potentially come into
contact. The force vector may also be partitioned between the forces at the interface fCand the other forces
fE . A standard Guyan reduction [?] is performed to reduce the system to only the nodes at the interface,
with displacements uC and to obtain the reduced stiffness matrix KC . Then we can write the equilibrium
for the contact nodes as,

fC = fw + KCuC (10)

where the force and displacement vectors can be decomposed into forces and motions normal to and parallel
to the surface as,

fC =

[
Q
P

]
; fw =

[
Qw

Pw

]
;uC =

[
v
w

]
(11)

where, Qw and Pw are the time-varying nodal reaction forces in the lateral and vertical directions respec-
tively, that would be generated by the given external load if all the nodes were restrained from moving. The
displacement of the contact nodes, are denoted v in the lateral direction and w in the direction normal to the
surface.

Figure 1: Example of a mesh with the directions of the displacements and loading specified. The mesh is
statically reduced so that only the interface or contact nodes, shown in red, are retained.

3.2 Two Elastic Bodies

To extend this procedure to the case of two elastic bodies in contact, first, a separate finite element model
must be created for each body, the global stiffness matrix of each individual model must then be extracted,
and the reduced contact stiffness matrix KC

j , and the loading vectors fwj , must be computed by fixing the
interface nodes and computing the reaction forces at the interface when the external loading of interest is
applied to the structure.

When the two bodies are in contact, Newton's third law requires that the forces between the bodies be equal
and opposite, which is equivalent to the statement fC = fC1 = fC2 , where the subscripts 1, 2 denote the body
to which the vector of contact force relates. Therefore, we can write the following.

fC1 = fw1 + KC
1 u

C
1 (12a)

fC2 = fw2 + KC
2 u

C
2 (12b)
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The contact displacements must satisfy the following conditions.

uC1 = uC2 + uC2 (13)

We merge the equations (??) and (??) and finally, for two elastic bodies we can write,

fC = fw + KCuC (14)

where
fw = [KC

1 [KC
2 ]−1 + I]−1 + (fw1 + KC

1 [KC
2 ]−1fw]) (15a)

KC = [KC
1 [KC

2 ]−1 + I]−1KC
1 . (15b)

Hence, a contact problem involving two bodies has been reduced to a form equivalent to contact between one
body and a rigid surface, and the same algorithm can be used for both. Therefore, from this point forward
the focus is on an algorithm to solve eq. (??).

4 Solution Algorithm: Block Gauss Seidel

To solve the contact problem, the authors initially employed the algorithm by Barber et al [?], which uses a
standard Gauss Seidel algorithm and iterates one node at a time, adjusting the forces and contact conditions
at each node until equilibrium is satisfied. This algorithm may have advantages in some cases, but in the
applications explored here this approach was found to be somewhat expensive since many iterations were
often required to obtain convergence. Furthermore, since the authors’ ultimate goal is to apply this reduction
to 3D Finite Element models, and Gauss Seidel is known to perform poorly in three dimensions, an alternative
was sought.

Therefore, a variation on the Block Gauss Seidel [?] procedure was developed for this application. For this
method, the displacements at nodes beyond the contact interface are assumed to remain unchanged. Then
the nodes at the contacting surfaces are placed into one of three baskets (nodes that are stuck, slipping, or
separated) at each point in time. The algorithm then cycles over the basket until the governing equations at
all basket nodes are satisfied to within a set tolerance. Then the nodes are evaluated and updated and the
procedure repeats for the remainder of the contact analysis. In order to speed up the analysis further, two
types of baskets were used: temporary and final. All nodes for which the contact condition is uncertain at
a given time step t are place in a temporary basket, while nodes that either cease to change state for two
successive iterations, or have never changed, are placed into a ”final” basket. Doing this, the algorithm does
not need to check the contact conditions for many of the nodes and this can help to speed up the computations.
However, if convergence involves large changes in the displacements of the nodes then there is a risk that the
solution would be inaccurate if some nodes end up in the wrong baskets.

4.1 Baskets

4.1.1 Contact/Stuck region (Contact region basket):

The nodes are in contact and there is no relative motion, so for each node in this category,

wi = 0v̇i = 0. (16a)

For this state to hold, the normal reaction must be compressive and the tangential reaction must satisfy the
Coulomb friction inequality, giving

Pi > 0;−µPi ≤ Qi ≤ µPi (16b)

where µ is the friction coefficient.
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4.1.2 Separation region (Separation region basket):

The node is not in contact, so the reaction forces are zero, giving

Pi = 0;Qi = 0 (17a)

For this to hold, the gap between the block and the plane surface must be non-negative, which requires

wi ≥ 0 (17b)

4.1.3 Slip region (Slip region basket):

The node is in contact and slipping, so
wi = 0; v̇i 6= 0 (18a)

The normal contact reaction must be compressive and the Coulomb friction law implies that sum of Qi and
Pi opposes the motion, giving

So we will find the Qi and Pi as follows

Qi = sign(Qi)µPi (18b)

4.2 Algorithm

A flow chart documenting the algorithm is given in Figure 2. The algorithm begins each time step by placing
all contact nodes in the temporary contact/stuck basket. From this assumption, the reaction forces at the
interface are found and the inequalities in equations (??) and (??) above are checked. If equation (??) or
(??) is found to be satisfied, the nodes are moved into the final contact basket, if not, they would move into
the appropriate temporary sliding or temporary separation basket. Then the algorithm progresses to the next
basket as shown in Fig.1, and the procedure is repeated and each of the baskets checked again until every
node is in the final basket, or in other words until the status of each node has remained unchanged for two
iterations so that it is transfered to the final basket.

The convergence tolerance is defined based on the change in displacements. Specifically, in each iteration
the changes ∆vi, ∆wi in the displacements vi , wi at all slipping and separated nodes during the last iteration
are less than a given proportion of the corresponding displacement. In other words, when ε0 ≤ ε, where

ε = maxvi,wi

(
∆vi
vi

,
∆wi

wi

)
. (19)

The tolerance is then checked and if it is not satisfied then another iteration begins in which the final baskets
of the previous iteration become the temporary ones for the new iteration (i.e. moving the nodes from the
final basket of the contact/stuck region to the temporary basket of the contact/stuck region, and similarly for
the separation and slip). Typically a few iterations are required until the tolerance would be satisfied for the
current time. Then we can proceed to the next time step with the same procedure as before. .

5 Modeling, Results and Discussion

5.1 Modeling

In this section the algorithm is applied to evaluate its robustness and also the results are compared with
the result from a commercial software package, Abaqus®. A 2D model was constructed consisting of two
cantilever beams stacked on each other with a bolted joint joining the free ends. Hence, when the joint sticks
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Figure 2: Flow chart explaining the proposed algorithm
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Figure 4: Von Mises stress results from quasi-static modal analysis on 2D model.

axially the beam has an effective height that is twice as large. Each beam is 203 mm [8 in] long, 6.35 mm
[0.25 in] thick and is assumed infinite in width due to the selection of plane strain CPE4 elements. A fixed
boundary condition is applied to one end of the structure. The bolt is modeled by a line pressure load on
both the top and bottom faces of the stacked beams in a 6.35 mm [0.25 in] wide section 25.4 mm [1 in] from
the free end of the structure. A pressure of 288 Nm [2546 lb-in] is applied on each segment, corresponding
to the clamping pressure that would be applied by a 6.35 mm [0.25 in] diameter bolt with 4450 N [1000 lb]
of preload.

Both the bolt and beams were made of steel with material properties E = 200 GPa, ν = 0.285, and ρ = 6600
kg/m3. The material is linear elastic so that the only damping in the model comes from Coulomb friction
and material damping is neglected since it can be readily added after the analysis if need be. The structure
is then meshed with smaller elements around the bolt and washer regions which are expected to experience
microslip. The final mesh used for the quasi-static analysis is shown in Fig. ?? where the elements are
colored to highlight key regions within the model. The contact is considered only near the bolt and not along
the full length of the beams, with a coefficient of friction µ = 0.6. This same structure was considered in [?]
using Abaqus®to solve the quasi-static problem so it provides a good test case for this new algorithm.

Figure 3: Finite element model of 2D bolted structure model composed of top beam (dark green), bottom
beam (light green), bolt region with pressure line loads (maroon), and washer region (blue).

5.2 Quasi-Static Analysis

After creating the finite element model, the quasi-static analysis method was implemented. The analysis
procedure consists of three parts, 1.) Pre-processing, which includes computing the forces acting on the
beam for each time step, 2.) Solving for the displacements x =

[
uT vT

]
T using the proposed algorithm ,

3.) Post processing the displacements to construct the force-displacement curve and compute the effective
natural frequency and damping ratio.

5.2.1 Pre-processing: Loading

For this part, the first bending mode was extracted from a modal analysis using Abaqus (shown in Fig. ??)
and it is the focus of further analysis. Once the first mode shape was extracted, the shape of the load in Eq. ??
was determined. The load magnitude was specified by giving a desired vertical tip deflection at the free end
of the structure. This displacement value was then translated to a maximum forcing amplitude that would
scale the forced mode shape to yield the specified tip deflection at the final analysis step. The distributed
load was then applied to the beams with the interface nodes fixed in order to compute the reaction force at
the interface nodes, fw in Eq. ??.

1796 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 5: The force-displacement curve,

5.2.2 Solving the Quasi-Static equation

The force, fw, found above, was applied to the reduced model and the corresponding displacement uC was
found in each step using the enhanced GaussSeidel algorithm. The results from this quasi-static analysis
were requested at 50 points. After solving the problem for the first time step, the time required to solve the
problem would significantly be reduced because the force varies minimally between each time step and we
can use the result from the previous step as a guess for the next time step. Therefore, the number of iteration
in each time step decreases making the algorithm more efficient.

5.2.3 Post-processing

After computing uC at each time step, the displacement of full model is reconstructed by finding uC for
both beams and using the recovery procedure associated with the static reduction. Also, Eq. 5 is then used
to compute the modal displacement at each load step. The nonlinear part of force displacement curve is
constructed, shown in Fig. ??. The algorithm computes only the loading portion of the force-displacement
curve (red circles) from which Masing's rules were used to obtain the complete hysteresis curve, shown in
blue. The energy dissipation was then calculated from the full hysteresis curve using the trapezoidal rule
from which Eq. ?? was used to calculate the damping ratio that the structure would have when vibrating in
this mode. Then the secant of the hysteresis curve was used in Eq. ?? to determine the natural frequency
as a function of amplitude. The resulting damping ratios and natural frequencies are plotted versus the peak
velocity amplitude in Fig. ?? and the results are compared with the Abaqus solution.

5.3 Discussion

To solve the 51 load cases in Abaqus took 201 seconds. In contrast, the algorithm presented here took
approximately 4 seconds on a 2.2GHz Intel i7 mac in Matlab using uncompiled code. This represents a 50x
speed up compared to Abaqus.

Upon examining the natural frequency plot, the lowest forcing magnitudes gave an initial natural frequency
around 198 Hz. This is in quite close agreement with the first mode found by the eigensolver at 198.4 Hz,
which therefore confirms the accuracy of the stiffness in the quasi-static model. Moreover, the damping curve
matches that computed in Abaqus almost identically, and the damping is seen to change by a factor of about
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Figure 6: Damping ratio and natural frequency of the model versus the peak velocity, compared to the
Abaqus results,
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3 for the range of loading amplitudes considered. This is encouraging because the study in [?] revealed that
it was challenging to be sure that Abaqus did not contaminate the damping due to the forces used to stabilize
the solution, and having a second, independent solution that agrees is encouraging. At this point, the cause
of the small offset between the natural frequency computed by Abaqus and by this algorithm is unknown.
There could be inaccuracy in the stiffness computed by this algorithm due to static reduction or the way in
which the applied load at the interface is approximated as the load when the interface is completely fixed.
This will be explored further in future studies.

6 Conclusion

This work has presented a variant of a method used in the contact mechanics community that combines the
standard Guyan static reduction method with a block Gauss-Seidel algorithm efficiently simulate contact
problems. Recent works such as [?, ?] show that the dynamics of low frequency modes are governed by the
quasi-static response at the interface, and so using the methods there one can apply approaches such as these
to dynamic problems. A basket concept was developed that solves the largest possible portion of the whole
model at each iteration, while allowing the contact condition of the nodes to change between iterations.
The algorithm was found to provide a dramatic reduction in computational cost compared to commercial
software. This provides a welcome alternative to commercial code, which is more difficult to customize
should different friction laws be of interest. Future works will seek to extend this algorithm to 3D models,
where QSMA has been found to take between 16-50 hours even for relatively simple models.
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