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Abstract
Advanced friction models are often mathematically defined as nonlinear differential equations or complicated
algebraic operations acting in single degree-of-freedom systems; however, such simplified conditions are not
relevant to most design applications. As a result, current designers of practical structures typically simplify
friction modeling to classical, Coulomb-like descriptions. In order to be viable for design purposes, friction
models must be applicable to realistic structures and available in standard commercial codes. The goal of
this work is to implement several different friction models into the commercial code, Abaqus, as user-defined
contact models and to explore their properties in a dynamic simulation. A verification problem of interest to
the joints community is utilized to evaluate efficacy. Several output quantities of the model will be presented
and discussed, including frictional energy dissipation, amplitude, and frequency. The selected results are
comparable to commonly observed experimental phenomena in mechanics of jointed structures.

1 Introduction

Over the past century, many different mathematical descriptions of friction, or friction-like, behavior have
been developed beyond the standard Coulomb model. Several of these are of particular interest to the joints
community as whole-joint models, such as the famous Iwan-element [1], and their application can vary be-
tween modal models [2] or physical-domain models [3]. Regardless of their use however, these mathematical
reduced-order models are generally constructed to represent hysteretic, frictional behavior. In this work, a
set of models are used to represent tangential contact forces (friction) at each contact node in a continuum
FEA model, in contrast to a reduced-order representation of the joint. Specifically, the following models are
studied in this work,

• Coulomb

• Stribeck

• Jenkins/Mignolet Element

• 4 and 5 Parameter Iwan Element

• Bouc-Wen

• Dahl
∗Sandia National Laboratories is a multimission laboratory operated by National Technology and Engineering Solutions of
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Figure 1: 2-D Implementation of Contact Models

• LuGre

• Elasto-Plastic

In this work, only 2D (planar) problems with contact are studied, and the contact models are implemented at
each node, as shown in Figure 1.

All of these friction models can be grouped into two distinct categories, rate-independent and rate-dependent
models. The friction force, Ff , for the rate-independent models: Coulomb, Jenkins/Mignolet, 4 and 5
Parameter Iwan, Bouc-Wen, and Dahl can all be characterized by the following form,

Ff = L(u, z), (1)

ż = g (u, z, sgn (u̇)) u̇, (2)

where L(·) is an affine function, z is an internal state variable, and u is the curvilinear nodal displacement
along to the contact line. The second requirement, that the evolution of z is dependent only on the sign, not
magnitude, of u̇, specifically implies that these models are rate-independent. Likewise, the rate-dependent
models need not satisfy either Eq. (1) or Eq. (2). Individual descriptions of each of the models are provided
in the following subsections where the force Ff is assumed to oppose the nodal velocity u̇.

1.1 Coulomb

Coulomb friction is the defacto standard for FEA users that require fictional contact in their models. Mathe-
matically, Coulomb friction can be stated as,

Ff = µcN sgn (u̇) , (3)

where µc is the coefficient of friction and N is the normal force for that degree of freedom. This model does
not involve any dependence on an internal state variable.

1.2 Stribeck

The Stribeck model is another standard tool for many engineers and offers a simple improvement on the
standard Coulomb model by incorporating a difference between static and dynamic coefficients of friction.
The model can take many forms, but here it is be described as,

Ff = µsN sgn (u̇) , (4)

µs = µc + γ [exp (β |u̇|)− 1] + α |u̇| , (5)

where µc has the interpretation of static friction, γ and β are parameters involved with the transition between
static and dynamic friction, and α is a parameter that controls linear viscous damping [4] Again, this model
does not require dependence on internal state variables.
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Figure 2: Schematic of a Jenkins/Mignolet Element

1.3 Jenkins/Mignolet

The classical Jenkins element is simply a Coulomb slider in series with an elastic element, as shown in
Figure 2. Mathematically, the combined Jenkins/Mignolet element can be represented as,

Ff = z, (6)

ż =

{
ku̇ during slip,
0 during stick,

(7)

where k is the elastic stiffness. The onset of slip is dictated by,

slip onset‖u(t−)− z(t−)‖ = φ, (8)

after slip‖u(t+)− z(t+)‖ = θφ, (9)

where φ is interpreted as the stick-slip force for the internal variable, and θ ≡ µD/µS ≤ 1 is defined as the
ratio of dynamic to static friction. Note that when θ = 1, the Jenkins element is recovered, but θ ∈ (0, 1] is
defined here as the broader class of Mignolet sliders [5, 6].

1.4 4 and 5 Parameter Iwan Models

Perhaps the most well-recognized whole-joint model in the joints community is the 4-Parameter Iwan ele-
ment by Segalman [CITE]. This model consists of a parallel arrangement of Jenkins elements with a distribu-
tion of stick/slip parameters chosen such that the energy dissipation per cycle is linear with forcing amplitude
on a log-log scale. An extension of this model is the 5-Parameter Iwan model by Mignolet, which is essen-
tially identical to the 4-Parameter model but with the Jenkins elements generalized to Mignolet elements and
θ being the 5th parameter. The 5-Parameter model technically encompasses the 4-Parameter model and can
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be described as,

Ff =
N∑

i=1

zi, (10)

żi =

{
kiu̇ during slip,
0 during stick,

(11)

(12)

slip onset‖u(t−)− zi(t−)‖ = φi, (13)

after slip‖u(t+)− zi(t+)‖ = θφi, (14)

In addition to θ, there are four other parameters needed to specify the model, (Fs,Kt, χ, β). Depending
on the methodology of the user’s application, it may be more useful to specify other parameters related to
the derivation of these model; however this work relies on the traditional interpretation given by these four
parameters. Please see the work of Segalman and/or Mignolet to clarify the proper parameter transformations
[7, 1, 6].

1.5 Bouc-Wen

The Bouc-Wen model as derived by Y.K. Wen [8], based on prior work by Bouc [9], defines the output
friction force as,

Ff = kj [c · u+ (1− c) z] , (15)

ż = {A− [α sgn (zu̇)− β] |z|n} u̇. (16)

Note that in this case, slightly different definitions of this model are available dependent on the source. The
Bouc model, from which Wen’s work draws from, is actually a subset of the parameter-space of Bouc-Wen
models when (β, n) = (0, 1),

ż = (A− α sgn (u̇) z) u̇. (17)

1.6 Dahl

Dahl’s model can be defined as,

Ff = z (18)

ż = σ0

∣∣∣∣1−
(
z

zc

)
sgn (u̇)

∣∣∣∣
n

sgn

(
1−

(
z

zc

)
sgn (u̇)

)
u̇, (19)

where zc has the interpretation of static friction, σ0 is analogous to a linear stiffness, and n is given specified
bounds in Dahl’s work as,

n ∈
{
[0, 1) for brittle materials,
[1,∞) for ductile materials.

(20)

The interesting features of this model are that it can reduce to either the Jenkins element or Bouc model
dependent on the parameter space. For the case of (n, σ0, zc) = (0, k, φ), Dahl’s model yields identical
results to the Jenkins element in a continuous-time sense. For the case of (n, σ0, zc) =

(
1, A, αA

)
, the model

reduces the differential equation exactly to the Bouc model. Sometimes in the literature, this Bouc form of
the Dahl model is what is colloquially referred to as the Dahl model, but Dahl’s original work is given by
Eq. (19). Dahl’s model was specifically included in this work because of its historical relation between the
Bouc-Wen and LuGre models, [10].
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1.7 LuGre Model

From Dahl’s model, the LuGre model was constructed as,

F = σ0z + σ1ż + f (u̇) , (21)

ż =

(
1− sgn (u̇)

(
1

g (u̇)

)
z

)
u̇, (22)

g (u̇) ≡ 1

σ0

(
zc + (zs − zc) e−

(
u̇
u̇s

)2)
, (23)

where f (u̇) is often defined as a linear function, i.e. linear damping, such that,

F = σ0z + σ1ż + σ2u̇. (24)

In terms of the mathematical structure, this model is similar to the Dahl model with n = 1, the Bouc model.
The LuGre model deviates from that model by introducing a Stribeck-like term, g (u̇). Additionally the
damping term f (u̇) gives additional flexibility to the model to capture viscous damping effects [11].

1.8 Elasto-Plastic Model

Using the LuGre model as a base, several other researchers have expanded on this work to incorporate
different phenomena. One popular LuGre variant is the Elasto-Plastic Friction Model, which attempts to
further reflect the original hypothesis of Dahl, that elasto-plastic deformation at the micro-scale, material
failure of surface asperities, is the primary culprit of friction forces [12].

The general concept for the description of the restoring force remains the same; however, the evolution of
the internal, hysteretic variable z changes,

F = σz + σ1ż + σ2u̇, (25)

ż =

(
1− α (z, u̇)

z

zss (u̇)

)
u̇, (26)

where zss is the steady-state friction value with respect to velocity, given by,

zss (u̇) =
g (u̇)

σ0
. (27)

The function g (u̇) has the same connotation as from before in the LuGre model; however the form changes
by adding an exponent,

g (u̇) = zc + (zs − zc) e−
(∣∣∣ u̇

u̇s

∣∣∣
)n

, (28)

where the authors specify integer n, i.e. n ∈ Z. The additional rate-dependent function α (z, u̇) is given by,

α (z, u̇) =





0, |z| ≤ zba ∧ sgn (u̇) = sgn (z) ,

αm (∗) , zba < |z| < zss ∧ sgn (u̇) = sgn (z) ,

1, zss ≤ |z| ∧ sgn (u̇) = sgn (z)

0, sgn (u̇) 6= sgn (z) ,

(29)

where zba is the break-away displacement such that,

0 < zba ≤ zmaxss , (30)

and
zmaxss = max (zss (u̇)) =

zs
σ0
. (31)
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The function αm (∗) is given by,

αm (∗) = 1

2
sin


π



z −

(
zmax
ss +zba

2

)

zmaxss − zba




+

1

2
. (32)

2 Numerical Implementation

In this work, the aforementioned advanced mathematical models for frictional contact forces are imple-
mented into Simulia’s commercial finite element code, Abaqus, through user-defined Fortran subroutines.
The models of interest to this work can be generally classified as phenomenological models which accept a
displacement input and give a force output. This is in contrast to stress/strain constitutive models. Because
of this phenomenological structure, these models are only capable of being directly implemented into the
Abaqus Explicit simulations using the VFRIC subroutine. In order to implement these models into Abaqus
Implicit simulations would require that they be reformulated as stress/strain relationships, a non-trivial en-
deavor and outside the scope of this work.

Despite the VFRIC subroutine allowing for direct input of phenomenological models, user-defined subrou-
tines in Abaqus are generally limited in the sense that Abaqus itself is still a black-box from the perspective
of any subroutine. One of the primary consequences of this code structure is that the evolution equations
for z in this study cannot be included in the set of coupled-nonlinear ODEs that Abaqus solves. Thus evo-
lution of the internal variables was calculated within each subroutine. The calculation method varied for
each model; however they can be grouped into three classes. The zero-dimensional models: Coulomb and
Stribeck, did not involve internal variables and did not require additional work. The differential models:
Bouc-Wen, Dahl, LuGre, and Elasto-Plastic, were all conceptually similar in that they merely required the
solution of a nonlinear ODE, and in this case, the ODE was solved for these models using the standard RK4
method. Test problems were used to ensure that the calculation accuracy was sufficient. In contrast, the
Iwan-type models: Jenkins/Mignolet and the 4 and 5 Parameter Iwan model are defined by complex alge-
braic relationships depending on the stick/slip state of the internal variables. Further, the incorporation of
the difference between static and dynamic friction, through θ, creates solutions with discontinuities. A more
sophisticated selection algorithm was developed to calculate the evolution of these models. For each node in
contact and for each Jenkins/Mignolet-type element in that contact model, two state variables were assigned,
z and slip. The variable z is the internal state variable as shown previously, but slip is a binary variable that
represents whether or not an individual slider is sticking or slipping. The algorithm can be concisely stated
for each time-step, n, as,

1) if: A reversal has occurred, i.e. sgn (u̇n) 6= sgn (u̇n−1).

– Slip state is automatically set to stuck, i.e. slipn = 0

– ż = 0 =⇒ zn = zn−1

– Fn = un − zn
2) else: No reversal has occurred, i.e. sgn (u̇n) = sgn (u̇n−1).

Predict the friction force using the internal state-variable from the previous time-step by Fpre =
un − zn−1

2a) if: The slider was stuck in the previous time-step, i.e. slipn−1 = 0; two possible sub cases:

2ai) if: The slider is still stuck, i.e. |Fpre| ≤ φ.
− slip state does not change, i.e slipn = slipn−1

− ẋ = 0 =⇒ zn = zn−1

− Fn = Fpre
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2aii) else: the slider was stuck and is now slipping
− Slip state changes from stick to slip, i.e. slipn = 1

− Fn = θφ

− Use the jump discontinuity to calculate x, i.e. zn = un − Fn
2b) else: The slider was and is sliding and nothing is changing, i.e. slipn−1 = 1

− slip state does not change
− Fn = θφ

− ż = u̇ =⇒ xn = un − Fn

Once the code evaluates the evolution of all of the Jenkins/Mignolet elements in the model at that node, the
total force at that node is evaluated as a summation of the forces of all of the elements.

Furthermore, there are additional physical conditions that need to be accounted for. In a contact problem
between two deformable bodies, one of the implicit requirements for a physically meaningful solution is
that the strongest possible friction forces are those that enforce no-slip conditions. The force required to
maintain no-slip conditions at a particular degree of freedom, Fstick, is problem-dependent, and solution
state-dependent. Many of the models in this study mimic this behavior for the internal state variable, z,
but only the Coulomb and Stribeck models are capable of enforcing this requirement in all cases. It is also
commonly known to engineers that friction forces generally scale with the normal force; however again,
only Coulomb and Stribeck account for this phenomena. In order to enforce these requirements in general
for all of the models, a “Meta-Coulomb” concept was developed. Using this concept, the tangential frictional
contact force in the FEA problem at a particular degree of freedom, Ft, can be mathematically be stated as,

Ft = min [Fstick, (µmN)Ff sgn (u̇)] , (33)

where µm is defined as the meta coefficient of friction, and N is the normal force for the degree of freedom.
By convention, Fstick is assumed to be positive in this work, but it is also assumed that Ft is always in
the direction opposing the slip direction. Multiplication of Ff by sgn (u̇) reorients the friction force to be
in the proper direction for this convention. These conventions are chosen to be consistent with Abaqus
documentation. In addition to the physically-motivated reasons shown previously, another benefit of this
approach is that because the normal load and meta coefficient of friction are used to provide appropriate
scaling, the hysteretic friction force, Ff should generally be of O(1).
A final consideration is that of numerical stability. Hysteresis phenomena are numerically difficult to solve
for a variety of reasons. At reversal points, the derivative of the internal state variables are discontinuous,
leading to non-smooth, potentially numerically-stiff solutions. The solution of the state-variables themselves
can also be discontinuous, as shown with the Mignolet-type models. Additionally, because many of these
contact models incorporate elastic stiffness effects, there are limited regions of the hysteresis curve during
which the friction force might not oppose the slip when the elastic element is releasing stored energy. In
the context of Eq. (33), this would be the case of Ft < 0. Such situations can actually lead to unstable
solutions, as stated in the Abaqus user-subroutine documentation. Interestingly, another scientific area where
hysteresis shows up is the numerical/mathematical electromagnetics community [13]. While the application
is different, the underlying differential equations are similar, and those hysteresis problems also suffer from
numerical stability in time-dependent problems. In the case of continuum mechanics problems, the reason
for this instability is that the time-marching algorithm used in Abaqus Explicit is of relatively low-order.
Specifically, Abaqus Explicit uses central-difference integration with limited adaptability based on wave-
propagation and damping through the structure. For this work, that algorithm was found to be insufficient
for realistic problems and it is not currently possible to adjust the time-marching algorithm within Abaqus
Explicit. To compensate for this difficulty, the absolute value of the friction force is taken to ensure the
stability requirements dictated by the Abaqus documentation,

Ft = min [Fstick, (µmN) |Ff | sgn (u̇)] . (34)
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Figure 3: Stabilized Hysteresis Curve
Unstable Hysteresis Curve: , Stable Hysteresis Curve:

This change can be thought of as a mapping to ensure stability. One interesting note regarding the map-
ping in Eq. (34) is that contact models involving only viscous and/or coulombic elements are mapped onto
themselves. An example of the effect of this change is shown in Figure 3

3 Verification

In order to ensure the efficacy of the calculations presented in this work, a representative, realistic test
problem was developed in order to verify that the advanced friction models are capable of representing
commonly observed experimental phenomena in problems with lap joints. The problem is derived from the
C-Beam used by the NOMAD Institute at Sandia National Laboratories.

3.1 Problem Setup

While nearly all lap-joints are three-dimensional problems by nature, the methods presented here are only
capable of representing two-dimensional (planar) problems involving contact. A schematic of the test prob-
lem is shown in Figure 4. The test problem used in this study is essentially a two-dimensional cross section
of the C-Beam with the shank of the bolt allowed to pass through the body of the beam. Tied contact was
used to fix the washers to the upper and lower faces of the beam, and because no other interactions were
prescribed between the bolt and beam, the shank of the bolt is allowed to move freely through the beam.
While this is certainly not a realistic way to design a structure with bolted connections, it is a reasonable
two-dimensional representation that captures a great deal of the physics of interest to this work.

Applying the bolt preload however was not nearly as simple. Abaqus Implicit has a built in subroutine
specifically designed to apply preload to bolts; however this algorithm has not yet been implemented in
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Figure 4: 2-D C-Beam Test Problem

Figure 5: 2-D C-Beam Test Problem Bolt

Abaqus Explicit. To compensate, a custom method was used. A small portion of the bolt was cut away near
the midpoint of the shank. The two revealed ends were each given a reference point and the revealed nodes
were kinematically-coupled to their respective reference points, i.e. the edge nodes are rigidly connected
to the reference point. The two reference points were then connected with an axial connector. This axial
connector acts as a slotted connection. The two reference points may translate axially along the connector,
but the connector does not allow for relative notation, only rigid rotation. A schematic of this connection is
shown in Figure 5. A relatively small preload of 2000N was applied as a connector force to act as a preload.
The actual magnitude of the preload is arbitrary in this situation, but it was found to be sufficient to uncover
significant phenomena.

This method of applying the bolt preload is applicable to both Abaqus Explicit and Abaqus Implicit simula-
tions. That fact is important because linearized mode shapes and natural frequencies can only be calculated
after Abaqus Implicit static preloading steps. For this test problem, the lowest mode that participates in the
joint occurs at 331Hz and the corresponding mode shape is shown in Figure 6.

The beam was loaded in two steps. First, a quasi-static preloading step was used to load the bolt as previously
described, and then a 1.0ms haversine impulse was applied to the midpoint of the upper branch of the C-
Beam. This approach was symmetric about the y-axis and thus reduced the problem size greatly. Several
different magnitudes of haversine impulse were applied to beams containing each of the different contact
models. The impulse magnitudes were: 10N , 50N , 100N , and 200N . Notably, no significant difference
was found between Abaqus’ built-in penalty friction model and a strict Coulomb friction model, thus Abaqus’
penalty, or default, friction was used as the baseline for this study. The transient response was calculated for
1.0 sec of simulation time.

DAMPING 1067



Figure 6: Dominant Mode of the Verification Problem

During the investigation of this work, it was found that the friction models were extremely sensitive to
parameter tuning. In order to glean meaningful comparisons between the different friction models, a tuning
scheme was used to ensure that the energy dissipation per cycle among the models was similar. A meta
coefficient of friction of µm = 0.5 was arbitrarily chosen. Additionally, because the Coulomb friction
model’s parameter, µc, is redundant within the meta coefficient of friction framework, it was set to unity,
i.e. µc = 1. The other friction models were then tuned in comparison to the Coulomb model by examining
the response of a single degree of freedom excitation. The output forces, Ff , for each of the models were
calculated assuming a sinusoidal input of,

uinp = uo sin (ωfd t) , (35)

where uo is a characteristic displacement and ωfd is the fundamental natural frequency of the system. Exam-
ining the results for different loading impacts on the beam with the Coulomb model revealed that a reasonable
characteristic displacement at the interface is approximately uo = 10−7m, and it is was shown previously
that the relevant fundamental natural frequency is ωfd = 331Hz. Note that the forcing frequency is relevant
only for the rate-dependent models. The tuned hysteresis curves are shown in Figure 7.

3.2 Results

Two metrics were primarily studied in this system, modal frequency response functions and frictional energy
dissipation. For each of the transient simulations, the displacement data was decomposed by the modeshapes
identified through Abaqus’ linear perturbation analysis to uncover the modal response of the mode shown in
Figure 8. In that figure, it can be seen that the tuning scheme is effective in calibrating the models somewhere
between 50N and 100N , but as the load changes, the response of the system can change considerably
depending on the model.

In addition to comparing the models, another goal of this verification problem is to assure that the different
models obey commonly observed experimental phenomena, particularly as the impact magnitude changes.
Figure 9 shows the effect of changes the loading impact magnitude on the Coulomb model and the Iwan
model. As the magnitude of the impact increases, the damped natural frequency decreases, and the damping
increases in a nonlinear fashion.

Finally, the total energy dissipated through contact is examined in Figure 10. This output quantity, known as
ALLFD in Abaqus, is able to shed light on the different regimes of the response. Note that this metric only
measures the dissipation through frictional contact, not material damping. In this case, the material damping
is extremely small, only large enough to mitigate numerical issues, such that microslip can be assumed to
be the only significant source of damping in the system. In the early portion of the response, up to 0.5 sec
depending on the model, the energy dissipation is large, indicating that micro-slip is a dominant effect. In
the later portions of the response however, the interface locks and only material damping is present. This
can be see as the frictional energy dissipated asymptotically approaches a steady-state value. Each model
approaches a slightly different value depending on its parameters and behavior.
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Figure 7: Tuned, Stabilized Hysteresis Curves
Coulomb: , Stribeck: , Jenkins/Mignolet: , Iwan:

Bouc-Wen: , Dahl: , LuGre: , Elasto-Plastic:

4 Conclusion

In this work, several of the best friction models available in academic literature have been combined with
commercially available software to open up new possibilities for physical-domain analysis of jointed-structures.
Using a representative verification problem, it was shown that standard experimentally observed nonlinear
damping phenomena can be recovered, and differences between the different models can be observed. Fu-
ture work in this research area will include extension of the methodology into three-dimensional contact
problems, and analysis of the effects of parameter tuning on system response.
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Figure 8: Frequency Response Functions Under Different Loading Conditions
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Figure 9: Frequency Response Functions for Different Models
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Figure 10: Frictional Energy Dissipation for the Whole Model
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