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Abstract
In this article, we develop a nonlinear data-driven model of the aerodynamic force on an aerofoil made to
oscillate in pitch in a wind tunnel under constant flow conditions. The proposed model structure is a poly-
nomial nonlinear state-space model (PNLSS) which is an extension of the classical linear state-space model
with nonlinear functions. In this work, we use experimental data of an aerofoil onto which a pitching motion
is imposed, using a dedicated cyber-physical fluid dynamic (CPFD) setup. The pitch angle is considered
as the input to the system, while the aerodynamic force is considered as the output of the system. Differ-
ent input signals (single sines, multisines) are considered at different amplitudes and offset angles for the
pitching aerofoil. Results show that the PNLSS model is three times more accurate than the linear model in
minimising the least squares cost function. To the author’s knowledge, this constitutes the first instance of a
fully nonlinear state space model of an oscillating aerofoil developed from experimental measurements.

1 Introduction

Reducing the weight of aircraft is an important factor in improving their performance. In order to ensure
that light-weight aircraft operate under an acceptable factor of safety, accurate identification of the nonlinear
dynamic response of the aircrafts becomes very important. Modelling unsteady aerodynamics is quite a
challenging task and even for 2D incompressible flows, closed form unsteady aerodynamic theories are not
trivial. Analytical models by Theodorsen [20] and the semi-empirical model of Leishman and Beddoes [12]
are still used today to gauge the performance of different unsteady aerodynamic models. The Theodorsen
model calculates lift and pitching moment of an aerofoil undergoing harmonic motion and Leishman et al.
presented a dynamic stall model for an aerofoil in pitch/heave motion. Comparison of different unsteady
aerodynamic models using potential flow theory can be found in [10].

In most cases, the analytical representation of the physical system is complex and sometimes even impos-
sible. Another approach to model nonlinear phenomena is by using data-driven (black-box) models con-
structed from input and output data. One such class of black-box models is the polynomial nonlinear state
space model (PNLSS). The PNLSS framework allows to model nonlinear phenomena in an efficient manner
which is suitable for computer implementation [15].

Decuyper et al. [4] modelled the kinematics of oscillating cylinder using the PNLSS technique. They used
Computational Fluid Dynamics (CFD) simulations to calculate forces acting on the cylinder for different
oscillating frequencies. Using the CFD data, they identified a PNLSS model. This model was able to capture
the dynamic features of oscillating cylinders such as the lock-in phenomenon and vortex shedding. In this
work, a similar strategy is adopted but instead of CFD data, experimental data of a pitching aerofoil is used
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to develop the PNLSS model. The experimental data is obtained from the Cyber-Physical Fluid Dynamic
(CPFD) setup developed by Ertveldt et al. [9].

2 Experimental Setup

Most of the recently developed experimental setups, such as Babbar et al. [1, 2], which allows for forced
motion of the wind tunnel model, are capable of exciting the wind tunnel model with harmonic excitation
signals only, whereas the CPFD setup allows to excite the wind tunnel model through arbitrary excitation in
both plunge and pitch. In case of the nonlinear systems, the choice of the excitation signal becomes very
important. The CPFD setup has the ability to excite the wind tunnel model with a variety of input signals,
e.g. single sines, swept sines and multisines, at different pitch amplitudes and offset angles [7, 8]. The CPFD
setup, shown in Figure 1, imposes pitching/plunging motion on a wing using four linear actuators, two on
each side of the wing. The resulting unsteady aerodynamic forces are measured by four load cells that are
placed between the linear actuator and the pitch beam. The pitch beam converts the linear motion of the
actuators to a rotary motion of the wing. The pitch beam is restricted by a linear mechanism to move only
in the plunge direction i.e. perpendicular to the wind. The setup is symmetric, i.e. the support and actuation
mechanism at both side of the wing are identical. The complete CPFD mechanism is installed in the wind
tunnel section with a test area 1.3 m × 0.45 m (width × height). A rectangular wing of profile NACA 0018
was used for its high thickness and therefore stiffness. The wing span is 1.22 m, which is almost equal to the
width of the test section. A modal analysis revealed that the first resonance frequency of the system is at 83
Hz.

Figure 1: The Active Aeroelastic Test Bench. CAD model illustrating the leading- and
trailing-edge linear actuators, the pitch beam, and the wing (left). One side of the
CPFD mounted to the wind tunnel (right) [7]

In this work, single sine and multisine excitation signals are used as the input and the resulting forces are
measured on the aerofoil undergoing pitch oscillation at different offset angles. Forces on the trailing and
leading edge of the wing are measured separately by two load cells each. The total force is calculated by
adding the forces on each actuator. The contribution of the aerodynamic forces in the total force is estimated
by subtracting the inertial forces exerted by the wing. Details about the aerodynamic force calculation are
given in [6].

3 PNLSS modelling strategy

Polynomial nonlinear state-space (PNLSS) models are an extension of the linear state-space models where
the state and output equations are extended with nonlinear functions f and g, as shown in Equation (1). The
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PNLSS model is built in discrete time which is more suitable for control applications. The output of the
system, which is the lift force in our case, is denoted by cl and the input, which is pitching angle, is denoted
by α. The set of internal variables, called the states, are given by x.

x(k + 1) = Ax(k) + Bα(k) + f(x(k), α(k)) (1a)

cl(k) = Cx(k) + Dα(k) + g(x(k), α(k)) (1b)

where x(k) ∈ Rnx is the state vector with nx being the order of the linear part. The input vector α(k) ∈ Rnα
with nα equal to the number of inputs and cl(k) ∈ Rncl , which is a vector of all the ncl outputs. As
mentioned earlier, forces at trailing and leading edge of the aerofoil are measured separately. Thus we have
a single input (pitch oscillation) and multiple output (trailing and leading edge forces) SIMO system. In this
work, we have identified a nonlinear model for the trailing edge forces only, thus making it a Single Input
Single Output SISO system, where ncl = nα = 1. A nonlinear model for the leading edge forces can be
identified in the same way and the two nonlinear models can be used to calculate the aerodynamic force on
the complete wing as discussed in section Section 2. Using the SISO implementation, the dimensions of the
matrices of the state and the output equations become: A ∈ Rnx×nx , B ∈ Rnx×1, C ∈ R1×nx and D ∈ R1×1.

In the PNLSS case, the nonlinear functions f and g are expanded in monomial basis functions. This can be
written as a product of a matrix of monomial basis functions and a vector of coefficients for the selected
terms of the monomials. Hence Equations (1a) and (1b) can be rewritten as:

x(k + 1) = Ax(k) + Bα(k) + Eζ(k) (2a)

cl(k) = Cx(k) + Dα(k) + Fη(k) (2b)

where ζ(k) ∈ Rnζ and η(k) ∈ Rnη contain the nonlinear monomials in the state and output equation respec-
tively. The monomials ζ(k) and η(k) are formed as cross products between the input and the state variables
raised to a degree p for the state equation (Equation (2a)) and q for the output equation (Equation (2b)).
Generally, the first degree is omitted since these contributions are already covered by the linear part of the
structure. An example of an element in ζ(k) is given by :

ζg,h1,...,hnx (k) = αg(k)

nx∏

i=1

xhii (k) (3)

with the total degree of the monomial satisfying the condition: g+Σnx
i=1hi ∈ {0, 2, 3, ..., p} with [g, hi] ∈ N.

Therefore, E ∈ Rnx×nζ and F ∈ Rnx×nη , with nζ and nη the number of combinatorial products between the
states and the input, satisfying the condition on the total degree of the monomial [3].

3.1 Cost function

The choice of the cost function depends upon the features of the training data that the user wants to incorpo-
rate in the resulting PNLSS model. Since we wanted the PNLSS model to be more accurate in the frequency
band of interest (0-25 Hz), we used a frequency-domain weighted least squares cost function to minimise the
error on the selected frequencies as given in Equations (4a) and (4b).

VWLS(θ) =

Nf∑

k=1

|e(ωk, θ)|2 (4a)

e(ωk, θ) = W (ωk)(CL(ωk)− CLmod(ωk)) (4b)
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Here W ∈ RnCL×nCL is a frequency domain weighting matrix specified by the user. CL and CLmod are
the discrete Fourier transform (DFT) of the training data and the simulated output of the nonlinear model
respectively andNf is the total number of frequency lines. θ is a vector of parameters to be optimised. These
parameters are all the coefficients in the A, B, C, D, E, and F matrices:

θ = [vec(A); vec(B); vec(C); vec(D); vec(E); vec(F)] (5)

where vec denotes the operator which stacks all the elements of a matrix in a single column vector.

The PNLSS model identification consists of four main steps:

1. First a linear nonparametric estimate (Ĝ) of the system is obtained from data. The linear nonparametric
estimate is a frequency response function (FRF).

2. Secondly a linear parametric estimate Ĝpar(θlin) of the FRF is obtained using linear identification
techniques.

3. Next, all coefficients are further tuned to the data via nonlinear optimisation of the cost function given
in Equation (4). As initial values for the A, B, C and D matrices the parametric estimate Ĝpar(θ) is
used, E and F are initially set to zero. The data used in this step is called the training data.

4. Finally, the model is validated by assessing its performance of simulating the output to a new (not used
during the tuning of the model) data sequence. This new data is called the validation data.

3.2 Optimisation

As discussed previously, the parametric PNLSS model is tuned to training data using a nonlinear optimisation
of the cost function given in Equation (4). The optimisation is performed using the Levenberg-Marquardt
(LM) algorithm [13], which is a gradient descent based method. The LM algorithm falls under the category
of local optimisation techniques, thus it strongly depends on the choice of the initial values. Given the
starting values, the optimisation can be seen as a descending path along the cost function. Unfortunately, the
optimisation may easily end up in a local minimum, close to the starting point. It is in fact unlikely that the
global minimum is obtained. To increase the chances of ending up in a sufficiently good local minimum,
one would like to descend the cost function over multiple paths, in different descending directions. A way
to come to different descending paths, from a certain starting point, is by calculating the gradient based on
a subset of the parameters, as opposed to all parameters simultaneously. Keeping a number of parameters
constant during the optimisation reduces the degrees of freedom, resulting in different paths. This is a valid
approach considering that generally not all monomials and hence degrees of freedom are required.
We have used the same optimisation strategy as described in [4]. In each iteration run, a number of possible
subsets are individually tested and the resulting models for each subset are compared on the basis of their
Root Mean Square (RMS) error. The model with the lowest RMS error is selected to proceed to the next
iteration step and this iterative process is continued untill no subset can be found for which the optimisation
yields a better estimate. The details on the optimisation strategy are given in [3, 4].

4 PNLSS model identification

In this section the PNLSS model identification technique is used to estimate a nonlinear model for the training
data. The identification process starts with calculating the linear nonparametric estimate of the training data.
The nonparametric estimate is used to obtain a parametric model, which is subsequently used as the initial
model for the optimisation algorithm to identify the best nonlinear PNLSS model.
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4.1 Training data

The training data used for the PNLSS model identification is the experimental data of forces acting on the
pitching aerofoil. Making a model which captures the dynamical features of the system requires a training
data which covers the desired region of the solution space. This results in the fact that the nonlinear model
will be strongly conditioned on the training data which was used. An efficient way of covering the solution
space of nonlinear systems is by exciting it using a multisine excitation signals [16]. A multisine signal is
composed out of N harmonically related sines, which are integral multiple of a base frequency f0.

α(t) =
N∑

k=1

Ak sin(2πkf0t+ φk) (6)

The amplitude Ak of each harmonic can be explicitly selected by the user. We have used an odd random
phase multisine signals in which only the odd harmonics are excited and some of the odd harmonics are
randomly omitted. The omitted frequency lines allow for the estimation of nonlinear distortions [22]. The
phases φk are randomly chosen between [0-2π). Choosing random phases for the multisine signal has a
number of advantages. Random phases avoid the energy accumulation at the start of frequency band, thus
improving the crest factor [17]. Random signals are more suitable for estimating nonlinear distortions and
random phase multisine resembles a random signal as it attains a gaussian distribution for a sufficiently large
number of data samples [18].

4.2 Non parametric linear approximation

The local polynomial method (LPM) developed by Schoukens et al. [19] is used to obtain a non-parametric
linear approximation of the system. The noise and the nonlinear distortions in the training data are also
estimated. The noise on the training data is estimated by calculating the variance over multiple periods of the
data. Generally, the nonlinear distortions are estimated by calculating the variance over multiple realisations
of the data, but the odd random phase multisine signals allow for the calculation of the nonlinearities from a
single realisation.

4.2.1 Quantification of nonlinearity

The experimental data from the CPFD setup is in the low-speed subsonic regime. In this flow regime,
the major source of aerodynamic nonlinearity are the boundary layer and the separated flow regions, as
compressibility effects are negligible. The experiments were performed below the stall angle of attack of the
aerofoil. The NACA 0018 aerofoil has a very gentle stall behaviour and its stall angle of attack is around
21◦ [21]. At lower angles of attack, the boundary layer remains attached at all times and the resulting
aerodynamic nonlinearity is weak. Strong aerodynamic nonlinearity generally occurs only when part of
the flow is separated either permanently or instantaneously. Separated flow occurs around bluff bodies and
streamlined bodies at high angles of attack or motion rates [5]. As we were interested in modelling the
aerodynamic nonlinearity, the experiments with high offset angles were considered for the PNLSS model
identification.

The noise and nonlinear distortion estimates obtained are very useful in comparing the available experimental
datasets. The estimated FRF, noise and nonlinear distortion for the experimental data of 35 m/s at 12◦ offset
angle and 4◦ pitch oscillation are shown in Figure 2.
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Figure 2: FRF measurement of the force at one load cell of trailing edge actuator of
the CPFD setup with quantification of the level of nonlinear distortions and the noise in
the measurement.

The level of nonlinearity for the available experimental datasets are compared by computing the average
of the FRF, the noise and the nonlinear (NL) distortion as shown in Table 1. The pitch oscillation for
experiments at 35 m/s and 30 m/s are 4◦ and 2◦ respectively. The gap between the magnitude of the FRF,
which is the linear response of the system, and the nonlinear distortion is around 20-40 dB. This shows that
the nonlinear distortions are less than 10 % of the linear response of the system. The level of the nonlinear
distortion increases with the increase of the offset angle but the level of noise on the data also increases. A
good nonlinear model should capture the nonlinearities above the noise floor. In terms of difference between
the nonlinear distortion and the noise level, data for 35 m/s and 12◦ offset angle has the largest gap. This
data was used as the training data for the PNLSS model identification.

Table 1: Average of the FRF, nonlinear distortion and noise in the experimental
datasets at different velocities and offset angles

Velocity Offset angle FRFavg Noiseavg NLavg FRFavg - NLavg NLavg - Noiseavg
(m/s) (deg) (db) (db) (db) (db) (db)

35 8 9.71 -33.30 -26.71 36.41 6.60
35 10 8.09 -30.76 -25.03 33.12 5.74
35 12 7.90 -30.09 -18.86 26.77 11.22
30 12 7.55 -22.86 -16.16 23.71 6.70
30 14 7.64 -21.24 -14.34 21.98 6.90
30 16 8.64 -19.30 -17.05 25.69 2.24
30 18 9.37 -15.97 -13.02 22.39 2.96

4.3 Parametric linear approximation

Linear parametric models were identified using both the frequency domain subspace module [14] and the
frequency domain identification FDIDENT [11] tool box for the selected training data. Models with order
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1-5 were scanned and the model order with the best fit in the excited band was selected. It may be noted
that a high order model does not ensure a better fit. Increasing the model order also increases the number
of states which leads to a combinatorial growth of the parameters to be estimated and may result in over-
fitting. Models with too low order, on the other hand, may not be able to capture the dynamics of the system
appropriately. The third order model estimated by FDIDENT toolbox gave the best fit and was therefore
used as the initialisation for the PNLSS model.

4.4 Optimising the PNLSS model

The selected parametric model is used as an initial model for the PNLSS iterative optimisation routine. The
excitation signal used for the training data is the odd random phase multisine excited in the frequency range
of 0-5 Hz. The training data consists of 90 000 samples and has a sampling frequency of 5 kHz. A uniform
frequency weighting from 0-25 Hz is used during the PNLSS optimisation step. The output of the third order
linear model, which was used for initialisation of the PNLSS optimisation, is compared with the PNLSS
model output at only the excited lines in Figure 3. The relative RMS error on the excited lines for the PNLSS
output is only 3% compared to the relative RMS error of 11.5% for the linear model output. The outputs of
the linear model and the PNLSS model are shown in Figure 4 along with the error of the PNLSS output and
the noise level in the training data. The PNLSS output has a good agreement with the training data in excited
as well as unexcited frequency range. It can be observed that the error is almost at the noise level, indicating
that the nonlinear model was able to capture almost all the nonlinear behaviour of the system.
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Figure 3: Comparison of the output of the Linear model and the PNLSS model at the
excited frequencies
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Figure 4: Comparison of the DFT of the measured output (training data), the PNLSS
output along with the error on the outputs and the noise on the measured output in the
time domain (left) and frequency-domain (right)

The relative RMS error of the linear model and the PNLSS model for the output on excited lines, excitation
band and the weighted band are shown in Table 2. The PNLSS model is three times more accurate than the
linear model.

Table 2: Comparison of the relative RMS error of the linear model with the PNLSS
model at the excited harmonics, the excitation band and the weighted band.

Models
Relative RMS error %

Excited harmonics Excitation band (0-5Hz) Weighted band (0-25Hz)
Linear 11.5 22 33
PNLSS 3 6 10

5 Validation

To assess the performance of the estimated model, validation is performed on a dataset which was not used
for model estimation. The validation datasets are chosen so to resemble the operating conditions of the
model. It is not necessarily so that the model which gave the least RMS error during the estimation will also
perform best in the validation step as well. It may happen that due to overfitting of the estimation model,
it performs poorly on the validation data. Therefore, all models obtained during the optimisation procedure
(where every iteration yields a new model) were saved and validated.

The estimated model is validated on a single sine experiment at 2 Hz for the same velocity and offset angle
as that of the training data but with 1◦ pitch oscillation. The relative RMS error of the on the validation data
is 21% while the error of the linear model is 32%. The output of both models is compared with the validation
data in Figure 5. The linear model was not able to accurately estimate the maximum amplitude. The DFT of
the output reveals the limitation of the linear model, as linear models cannot estimate the higher harmonics
of the excited frequencies. The PNLSS model, on the other hand, estimates the amplitude of the excited
harmonic as well as the higher harmonics.
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Figure 5: Comparison of the output of the PNLSS validation model with the linear
output and the validation data in frequency domain (Left) and time domain (Right)

The model was additionally used to simulate the output of two single sines experiments at 1 Hz and 5 Hz for
the same speed, offset angle and pitch oscillation as that of the validation data. The error of the PNLSS model
is high but it is still three times lower than the error of the linear model. The reason for the high error on
the validation data is that the estimation model was tuned on limited training data as only a single realisation
was used. The accuracy of the model can be improved on the validation data by using data for multiple
realisations as the training data. The high error on the single sine validation might indicate that single sines
induce a considerable different flow regime than multisine at the same wind speed and angle of attack. If
single sines are the intended operating signals then training to swept sines might be more appropriate.

Table 3: Comparison of the relative RMS error on the output of the PNLSS model and
the linear model for single sines at 1, 2 and 5 Hz.

Frequency
(Hz)

Relative RMS error %
PNLSS Linear

1 78 240
2 21 32
5 38 170

6 Conclusion

This work presents a first polynomial nonlinear state space (PNLSS) model able to simulate the aerodynamic
force on a pitching aerofoil. The experimental data used to estimate the model is obtained from the Cyber
Physical Fluid Dynamic (CPFD) setup. Initially a non-parametric model is obtained using the Local Poly-
nomial Method (LPM) which was then used to obtain a linear parametric model. The parametric model was
used as initialisation for the PNLSS model, which was optimised using the Levenberg-Marquardt algorithm.
To improve the optimisation, an iterative procedure was adopted in which subsets of parameters were opti-
mised instead of all the parameters at once. The estimated PNLSS model performed significantly better than
the linear approximation yielding an error of 6% on the training data in the excitation band. Thus, we show
that a reliable model can be constructed from wind tunnel data that correctly captures the nonlinearity of the
aerodynamic force. Higher error were observed for the single sine validation. It was suggested that single
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sine experiments induce a flow regime which may be considerably different from the one obtained using
multisines.
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