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Abstract
Acoustic metamaterials rely on sub-acoustic wavelength materials to achieve their unique material
properties. An application of interest requires acoustic metamaterials that are homogeneous but
anisotropic materials. Previous work has demonstrated at least three types of unit cells exhibit
homogeneous anisotropic mass density and homogeneous isotropic bulk modulus. An analysis into
the methods used to characterize the effective material parameters of different unit cells with water
as the background fluid was performed. Nondestructive acoustic excitation techniques were used to
extract the material parameters of different grades of foam to identify use in an acoustic metamaterial
to determine if they exhibited the desired homogeneous anisotropic behavior. Different grades of
foam glass exhibited varying degrees of anisotropic stiffness. The metamaterial unit cell behaved as
expected, demonstrating anisotropic mass density and isotropic bulk modulus.

1 Introduction

Acoustic ground cloaks, which conceal an object on a rigid reflecting surface, utilize a linear coordinate
transformation to map the flat surface to a void by compressing space into two cloaking regions
consisting of a homogeneous anisotropic acoustic metafluid. Previous work has demonstrated that
multiple material solid inclusion metamaterials are possible candidates for use in an acoustic ground
cloak [1]. One of the primary challenges to building an anisoptic metamaterial unit cell is finding
acceptable sub-scale materials with appropriate material properties. For a multiple material unit
cell to be used for in water applications, metal foams are a possible solution. Figure 1 is an Ashby
chart of metallic foams that relates density and Young’s modulus [2]. The light blue circle indicates
the region where a potential foam should be located for use in a dual material unit cell [3]. Clearly,
there are very few potential foams that posses the desired material properties. The primary focus
of this work is to determine if any candidate materials are acceptable for use in a dual inclusion
metamaterial.
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Figure 1: Example Ashby chart for metallic foams plotting Young’s modulus vs density that were
available in 1997. The blue circle indicates the region where a foam should fall with the desired
parameters. Image taken and adapted from [2].
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2 Candidate Materials

In order to create an anisotropic metamaterial that exhibits the desired material parameters for use
in an acoustic ground cloak, a foam inclusion with a density of roughly 160 [kg/m3] and a Young’s
modulus of roughly 500 [MPa] is required [3]. Previous authors have numerically simulated a metallic
foam without actually supplying a specific material. Popa et. al [1] referenced a commercially
available silicon carbide foam from ERG Duocel ® and an unidentified aluminum foam. After
searching commercially available materials, two types of foam were identified as potential candidate
materials. The first was an open cell aluminum foam from ERG Duocel ® [4], seen in Figure 2a,
which comes in three different degrees of porosity. The manufacture reported values that range in
density from 3% to 12% of fully dense aluminum and a Young’s modulus of roughly 100 [MPa].
Secondly, a closed cell glass foam from Pittsburgh Corning [5], seen in Figure 2b, was found with
densities ranging from 115 [kg/m3] to 200 [kg/m3] with a Young’s modulus between 900 [MPa] and
2144 [MPa]. These foams match well for the density requirement, but deviate from the desired
Young’s Modulus. In order to be certain, different gauge samples of each type of foams were tested
to verify the reported material parameters.
Before proceeding, it is worthwhile to discuss a basic assumption for material characterization tests
that foam materials may not explicitly satisfy. The techniques utilized in this chapter require that
the material being characterized is homogeneous and isotropic, which is completely valid for most
solid materials. Foam materials have introduced an additional substance, commonly air or gas, into
the native material. The resulting composite can either form an open cell metallic lattice structure,
as seen for the aluminum foam in Figure 2a, or a closed cell foam with small gaseous inclusions, as
seen for the glass foam in Figure 2b. The question of whether global isotropy is maintained can
create uncertainty in any extracted material parameter values because waves may travel through the
foams differently than a material that has a periodic continuous crystalline structure. Despite the
incertitude of the validity of this assumption, traditional techniques for material characterization
were tried first.
One of the more common techniques used to extract Young’s modulus for a solid material is using
an Instron machine [6]. Instron machines apply compressive and tensile loads at varying degrees of
stress to the material samples. The strain, which describes the material deformation, is measured
at various load stresses and the Young’s modulus is extracted via Hooke’s Law. Utilizing tensile
and compressive load tests on foam materials often fail quickly because the foam materials are not
as strong as traditional metals. Figure 3 contains pictures of the initial attempts to characterize a
foam glass sample. Figure 3a shows the assembly for a tensile test, however, the component quickly

(a) ERG Duocel ® Aluminum Foam (b) Pittsburgh Corning Glass Foam

Figure 2: Photos of the two types of foams tested. Photos from companies websites [4, 5].
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Figure 3: Photos of traditional Instron testing. (a) Glass foam sample in configuration for tensile
load test which failed, as seen in (b), because of fracture at joints. (c) Configuration for compressive
load test.

failed at small stress levels by breaking at the end joint as seen in Figure 3b. Figure 3c is the set-up
for a compressive load test. Unlike the tensile test, the compressive load test was able to provide
an estimate for Young’s modulus, but the test failed because the brittle nature of the glass foam
caused the sample to crumble at the ends. Additionally there was significant variability for samples
of different sizes, creating additional uncertainty in the accuracy of the estimates.
Given the failure of the Instron methods, it was clear that an alternative testing method was needed.
Because the ultimate environment in which these foam materials would be tested is underwater, a
test method that would extract the desired material parameters underwater would be ideal. Two
potential methods for underwater material characterization include a pulse tube test to extract
impedance or a volumetric compression test to extract bulk modulus. The underwater equivalent
of an impedance tube in air, a pulse tube determines the impedance of sample material from the
complex reflection coefficient measured by a hydrophone in a water filled tube. For the volumetric
compression test, a sample of the material is submerged in a sealed rigid walled container. A
determined volume of water is injected into the container, resulting in an increase in the pressure
within the chamber. The bulk modulus of the sample can be calculated from the change in pressure
to the change in volume. Unfortunately, neither of these resources were available at the time of
testing, so a different technique was utilized.

3 Theoretical Background

The technique that was selected for this dissertation leverages the fundamentals of acoustics and
vibrations. When a solid bar is excited by an excitation force, the response will be a superposition of
the natural modes of the system. Depending upon the excitation force, three classes of wave motion
could potentially be excited. Longitudinal waves are compressional waves in which the disturbance
travels parallel to the axis of the bar. Torsional waves exhibit a twist or angular rotation around the
neutral axis of the bar. Flexural bending waves result in a transverse displacement with respect to
the direction of wave propagation. Longitudinal and torsional waves are described by a traditional
second order wave equation while flexural bending waves are described by a fourth order equation of
motion. Any fundamentals of acoustic book contains the derivation of the equations of motion and
natural frequencies for bars with free-free boundary conditions, and the reader is directed there for
more information [7]. For longitudinal waves, the nth natural frequency of a free-free bar is given by

fLn = n

2L

√
Y

ρ
(1)
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where n is the mode number, L is the length of the bar, Y is the Young’s Modulus, and ρ is the
density. For torsional waves, the nth natural frequency of a free-free bar is given by

fT n = n

2L

√
12h2β

w2 + h2

√
Y

2ρ(1 + ν) (2)

where n is the mode number, L is the length of the bar, h and w are the height and width of the
bar cross section, Y is the Young’s modulus, ν is Poisson’s ratio, ρ is the density and β is a constant
dependent upon the ratio of w to h. For all the bars tested, h/w was equal to 1 so β was 0.141.
Finally, utilizing Euler-Bernoulli beam theory, the nth natural frequency of a free-free bar for flexural
bending was is

fF n = πκ

8L2

√
Y

ρ
(2n+ 1)2 (3)

where κ is the radius of gyration κ = h/
√

12, h is the height of the cross section, L is the length of
the bar, Y is the Young’s modulus, ρ is the density, and n is the mode number. For a sample of
unknown material properties, density can easily be calculated from the weight of the sample divided
by the volume. Therefore, knowing the density, the geometry of the sample and the first natural
frequency, Young’s modulus can be calculated from either the longitudinal or flexural bending modes.
Poisson’s ratio can then be calculated from the torsional natural frequency.
Given the dimensions of the beams selected, Timoshenko beam theory would provide a better
estimate for the Young’s modulus for the flexural bending modes because it accounts for the effects
of shear deformation and rotary effects. However, Timoshenko beam theory requires an accurate
knowledge of Poisson’s ratio, which is unknown given the uncertainty of the behavior of the foam bars.
As a result, slight discrepancies in the extracted values of Young’s Modulus exist for those extracted
for longitudinal and flexural bending modes. For the desired purpose of finding an acceptable foam
material for use in a dual inclusion unit cell, the density of the foam material is of more importance
to adjust the anisotropic density tensor components of the overall unit cell. Because the Young’s
modulus of the foam material only affects the effective bulk modulus of the unit cell, Euler Bernoulli
beam theory is sufficient to ensure the foam materials exhibit a Young’s modulus value within an
acceptable range.
When an object experiences an excitation force, such as an impulsive force from an impact hammer,
the structure will vibrate and the vibration will radiate an audible sound. The radiated sound can
be captured with a microphone and the frequency content of the signal can be calculated from
the autospectrum of the microphone signal. Depending upon the location of excitation, multiple
types of vibrational modes will be excited, which will appear as peaks in the sound spectrum.
Properly identifying which peaks in the received spectra correspond to the different types of modes
is essential to accurately predict the material properties of the sample. Fortunately, the higher
modes of longitudinal and torsional waves are related by integer multiples of the fundamentals while
flexural bending modes are related by a (2n+ 1)2 relation. For example, consider a steel bar with
a length of 8.89 [cm] and a square cross section of 1.27 [cm] by 1.27 [cm]. Steel has a density of
7650 [kg/m3], a Young’s modulus of 195 [GPa] and a Poisson’s ratio of 0.28. Figure 4 shows the
frequency of each of the three mode types plotted as a function of mode number. Because there is a
distinct separation in frequency between the fundamentals of each of the mode types, relating higher
modes back to the fundamental is relatively straight forward. The difference in the slopes of the
longitudinal and torsional waves is related to the additional terms in the natural frequency equation
for the torsional wave, specifically the 2(1 + ν) which converts Young’s modulus to shear modulus.
Before applying this technique to foam materials where the response to an excitation is uncertain, a
preliminary test was performed on an additive manufactured steel bar. This bar was selected to
learn more about solid metal deposition’s ability to print fully dense parts in an attempt to leverage
additive manufacturing for other aspects of the project.
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Figure 4: Plot of frequency vs mode number for longitudinal (blue), torsional (orange) and flexural
(green) modes for a 1.27 [cm] x 1.27 [cm] x 8.89 [cm] steel bar.

4 Experimental Procedure

In order to quantify the response of the system, either the vibrations of the bar need to be measured
with an accelerometer or the radiated sound recorded with a microphone. Traditional experimental
modal analysis commonly uses an accelerometer mounted to the surface to measure the vibration.
However, trying to test very light foam samples complicates the measurement procedure because
an accelerometer weighs on the same order or more than the foam bar. Therefore, the boundary
condition for the side with the accelerometer is no longer a free boundary condition and is now a
mass loaded boundary condition. As a result, the equations for the natural frequency of free-free bar
are no longer valid and more complicated equations would need to be derived in order to accurately
extract the material parameters. The alternative approach is to utilize a microphone that is not
attached to foam bar to measure the radiated sound. Because only the frequency of vibration is
desired and not the relative amplitude of vibration, as would be required to determine mode shapes,
using the microphone is a perfectly acceptable alternative to an accelerometer.
Figure 5 shows the experimental set-up for the two excitation locations designed to excite different
classes of wave motion. The set up depicted in Figure 5a is intended to excite the longitudinal waves.
The microphone is oriented parallel to the cross section of the beam while the impact hammer excites
the opposite end of the bar. The second orientation is intended to excite torsional and flexural waves.
As seen in Figure 5b, the impact hammer excites a corner on the top of the bar and the microphone
is aligned with the opposite diagonal corner. Two thin pieces of fishing line are stretched across a
small vice grip and the bar is rested on top of the strings in order to simulate a free free boundary
condition. The fishing line is thin enough that it does not impede the vibration of the bar, and
slightly moving the bar for each impact, so the strings are in contact at different points on bar for
each average, negate any effect on the overall measurement.
The bar depicted in Figure 5 is one of the glass foam samples. All the samples tested were cut to
have the same dimensions of a 1.27 [cm] by 1.27 [cm] cross section and a length of 8.89 [cm]. For
the experiments, a National Instruments 4431 USB data acquisition system was used to acquire
the signals from the PCB 086E80 impact hammer and the half inch PCB 378B02 microphone at a
sample rate of 102.4 [kHz]. An in-house LabView code was used to record the data and calculate
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(a) Longitudinal Excitation (b) Flexural Excitation

Figure 5: Experimental set up for two types of bar excitation: (a) logitudinal excitation and (b)
flexural excitation. The bar is excited with a tap from an impact hammer and the radiated sound is
measured with a microphone either aligned with the long axis (a) or with the opposite corner from
the excitation (b).

the autospectrum of the microphone signal. Figure 6 shows the microphone autospectrum for the
additive manufactured steel bar. Examining the peaks in the longitudinal excitation curve, the most
prominent peak appears at a frequency around 27 [kHz] and corresponds to the first longitudinal
mode. The two lower peaks in the spectrum at 7.3 [kHz] and 18.4 [kHz] correspond to first two
flexural bending wave modes and roughly follow the (2n + 1)2 relation. Examining the flexural
excitation curve, the biggest difference is the lack of the longitudinal peak which is expected because
tapping on the top corner of the bar is less likely to excite a mode that travels along the long
axis of the bar. The absence of the 27 [kHz] peak confirms its correspondence to the longitudinal
mode. An additional peak appears in the spectrum at roughly 16 [kHz] and corresponds to the first
torsional mode. A pair of peaks around 32 [kHz] are the second torsional mode and third flexural
mode respectively. The relations between the peaks aligned well with what the fundamental theory
suggested. Given the dimensions of the bar and the fundamental frequencies of the longitudinal
and torsional modes, the Young’s modulus and Poisson’s ratio of the bar can be calculated. The
density of the bar was measured to be 7653 [kg/m3], 99.4% of the density of solid steel. The Young’s
modulus was calculated to be 179 [GPa] with a Poisson’s ratio of 0.20; both slightly lower than
traditional steel, but within a reasonable range.

5 Metal Foams Results

Having confirmed the ability of the measurement technique to accurately extract the material
parameters of a solid steel sample, the first samples tested were the open cell ERG Duocel ®
aluminum foams. Three samples of aluminum foam were obtained that had a different number of
pores per inch (PPI): 10, 20 and 40. No specific material parameter data is available for foams with
explicit PPI. Figure 7 shows the microphone autospectrum for longitudinal and flexural excitation

Table 1: ERG Aluminum Foam Material Parameter Results

Material Density Young’s Modulus
Longitudinal Flexural

[kg/m3] [MPa] [MPa]
ERG PPI 10 245 247 189
ERG PPI 20 230 268 160
ERG PPI 40 205 245 190
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Figure 6: Microphone autospectrum for logitudinal and flexural excitaitons. The longitudinal,
torsional and flexural modes are labeled. Notice the longitudinal is not present in the flexural
excitation as expected.

of the three different foam grades. Integer multiple peaks are present for longitudinal excitation
for each foam sample and the flexural peaks follow the expected relation. No torsional peaks could
be identified for the aluminum foam bars. Table 1 contains the extracted material parameters for
the metal foam bars. The discrepancy in the Young’s modulus is attributed to Euler Bernoulli vs
Timoshenko beam theory.
Ultimately, the aluminum foam was determined be an unacceptable material because the density
and Young’s modulus were too low, which would result in a smaller effective bulk modulus for
the dual-inclusion unit cell. Additionally, the open cell nature of the foam posed problems for
implementing in an underwater application. Any open cell metallic foam sample would need to be
sealed with some type of wrap to trap the air in order to maintain the density. If water flooded the
cavity, then the material would no longer be less dense the background fluid, negating the ultimate
objective of having an anisotropic density tensor component less than the background fluid.

(a) ERG Duocel ® PPI 10 (b) ERG Duocel ® PPI 20 and 40

Figure 7: Microphone Autospectrum for ERG Duocel ® Foams.
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6 Glass Foam Results

Unlike the open cell aluminum foam, the glass foam materials made by Pittsburgh Corning ®
have significantly more attractive attributes including being closed cell, corrosion resistant, and
impermeable to water. As a result, there is no need to seal the inclusions to maintain the density of
the material. The original application for the glass foam is thermal insulation in both the building
and industrial marketplaces. Five different grades of the foam glass were generously sent by the
manufacturer: FOAMGLAS® ONETM, HLB 800, HLB 1200, HLB 1600 and HLB 2400. Figure 8a
shows photos of two of the foam bars. In addition to different grades, samples of each grade were
sent that were cut from different orthogonal directions from the original source block. Samples
cut from the vertical plane are referred to as up - down, l, and samples cut from a horizontal
direction are referred to as side - side, ↔. Figure 8b shows a diagram indicating the directions the
samples were cut from the source block. Two bars were cut from each combination of foam grade
and orientation for a total of 20 bars. The density of each bar was determined by measuring the
specific bar dimensions and weighing the samples.

Figure 8: (a) Photos of the FOAMGLAS® ONETM and HLB 2400 bars. (b) Diagram indicating the
directions the samples were cut from the source block.

Figure 9 contains the microphone autospectrum for the longitudinal and flexural excitations for
both directions of three grades of glass foam. Figures 9a and 9b show the labeled peaks for the up -
down and side - side orientation of the FOAMGLAS® ONETM sample. Each orientation displays the
attributes expected for longitudinal and flexural waves. However, the torsional peaks do not appear
prominently in the spectra as in the solid sample. Instead there are additional peaks in the spectrum
that do not explicitly follow an integer relation that would indicate a specific mode type. The other
interesting fact is that fundamental frequencies of both the longitudinal and flexural modes of the
two orientations are not the same. For the up - down orientation, the fundamental frequency of the
longitudinal mode is 8.2 [kHz], while for the side - side orientation it is 11.9 [kHz]. The discrepancy
is too large to be accounted for in a small size difference in the length of the bar. Additionally, the
densities for both orientations were the same which indicates that the Young’s modulus of the two
orientations are different. The same trend was seen for all grades of glass foam, as seen in Figures 9c
and 9d for the HLB 800 and HLB 1200 foams respectively.
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(a) FOAMGLAS® ONETM Up - Down (b) FOAMGLAS® ONETM Side - Side

(c) HLB 800 Foam (d) HLB 1200 Foam

Figure 9: Microphne autospectrum of three different grades of glass foam: (a) and (b) FOAMGLAS®

ONETM, (c) HLB 800, and (d) HLB 1200. Longitudinal excitations are plotted in blue and flexural
excitations are plotted in green.
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Table 2 contains the measured density and Young’s modulus calculated from both the longitudinal
and flexural mode theory. No Poisson’s ratio was calculated because it was not possible to determine
which peaks corresponded to the torsional waves. Examining the values in the table it is clear that
the side - side orientations clearly have a higher Young’s modulus than the up - down orientation.
Additionally, the Young’s modulus for the flexural modes is slightly lower than the longitudinal,
which is most likely attributed to the fact that the cross section of the bars were not significantly
smaller than the length as required for Euler Bernoulli theory. Each value was calculated from an
average of the extracted results from at least two individual foam bars.

Table 2: Measured Material Parameters of the Foam Glass

Material Orientation Density Young’s Modulus
Longitudinal Flexural

[kg/m3] [GPa] [GPa]

FG ONE l 101 0.28 0.22
↔ 99 0.62 0.49

HLB 800 l 110 0.34 0.25
↔ 110 0.71 0.59

HLB 1200 l 146 0.60 0.52
↔ 145 1.12 0.94

HLB 1600 l 150 0.48 0.41
↔ 150 1.25 1.08

HLB 2400 l 168 0.78 0.65
↔ 168 0.65 0.57

The primary implications of the results in Table 2 is that the foam glass is inherently anisotropic.
The mostly likely reason for the unexpected anisotropy is traced back to the manufacturing process
of the glass foam. As with most closed cell foam materials, the native substance is heated to a
molten form and then an substance is mixed in causing a reaction which produces tiny pockets of
gas. As the foam cools to room temperature, gravity most likely pulls on the gas bubbles resulting in
ellipsoidal gaseous inclusions rather than perfectly spherical bubbles, which produces the anisotropy.
In order to investigate the anisotropy further, additional samples were cut for the HLB 800 and HLB
1600 grades from both provided orientations. The new samples were cut perpendicular, indicated as
90◦, to the original samples, indicated as 0◦. The supposition is that the side - side samples should
have a significantly smaller difference than the up - down samples and the 90◦ sample for the up -
down orientation should be similar to both side - side orientations.
Figure 10 depicts the results of the longitudinal excitation of the new and old samples of the HLB
1600 foam. As expected there is a slight deviation in the side - side samples and the 90◦ up - down
samples is consistent with the side - side samples. The only outlier is the up - down 0◦ which
supports the notion that gravity created ellipsoidal gaseous inclusions are producing the anisotropy.
More broadly speaking, the glass foam is an orthotropic material because there are planes of isotropy,
as indicated with the red lines in Figure 8b.
The effective material parameters of the dual inclusion unit cell are primarily determined from
the material parameters of the foam inclusion. Specifically the density of the foam controls the y
density tensor component and the Young’s modulus of the foam controls effective bulk modulus.
The objective of this work was to determine whether any of the foam glass materials were acceptable
for use in a dual inclusion inclusion metamaterial. Despite the overall goal of creating an anisotropic
mass density metamaterial, it is important to remember that material for the dual inclusion unit cell
should be isotropic, which some grades of the glass foam clearly are not. Examining the material
values in Table 2, the HLB 2400 glass foam has material parameters close to the desired range
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Figure 10: Microphone autospectrum for the HLB 1600 grade glass foam for logitudinal excitaitons
of orthogonal samples cut from the side - side and up - down orientations.

and a significantly smaller range of anisotropy than the other foams as seen in Figure 11. Because
of the separation in controlling the effective density and bulk modulus, and the overall goal of
demonstrating underwater anisotropic density, it was determined that the deviations of the HLB
2400 grade glass foam were small enough that Young’s modulus isotropy could be assumed. Thus, it
was decided that the HLB 2400 grade glass foam was the best material available for use in a dual
inclusion unit cell.

7 Conclusion

A traditional Instron tensile and compressive load test was unsuccessful at extracting the material
parameters of certain foam materials. Instead an acoustic method was used to extract the Young’s
modulus from longitudinal and flexural modes. Despite the lack of a homogeneous isotropic periodic
crystalline structure, foam materials behaved rather consistently with what the theory suggested.
Between the open cell aluminum foam and the closed cell glass foam, it was decided that the highest
gauge of glass foam was the best option for use in a dual inclusion unit cell. The Young’s modulus
of aluminum foam was too small for the desired application and the challenge of preserving the air
volume posed significant challenges and could potentially create unintended negative effects. Even
though the glass foam is inherently anisotropic, the HLB 2400 had a significantly lower degree of
anisotropy than the other foams and the two components are close enough that the foam could be
considered isotropic.
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Figure 11: Microphone autospectrum for longidutinal excitation of the HLB 2400 grade glass foam.
The degree of anisotropy is significantly smaller than for other grades of glass foam as seen in the
peaks of the two orientations.

[2] M. F. Ashby, A. G. Evans, N. A. Fleck, L. J. Gibson, J. W. Hutchinson, H. N. G. Wadley, Metal
Foams: A Design Guide, Butterworth-Heinemann Boston (2000).

[3] P. Kerrian, A. Hanford, Experimental and numerical advancements in underwater solid inclusion
metamaterials, Journal of the Acoustical Society of America.

[4] http://www.ergaerospace.com/material-applications-guide.html.

[5] http://www.industry.foamglas.com/en/industry/products
/foamglas hlb insulation/.

[6] http://www.instron.us/en-us/testing-solutions.

[7] L. E. Kinsler, A. R. Frey, A. B. Coppens, J. V. Sanders, Fundamentals of acoustics, Fundamentals
of Acoustics, 4th Edition, by Lawrence E. Kinsler, Austin R. Frey, Alan B. Coppens, James V.
Sanders, pp. 560. ISBN 0-471-84789-5. Wiley-VCH, December 1999., (1999), pp. 560.

PERIODIC STRUCTURES AND METAMATERIALS 3109



3110 PROCEEDINGS OF ISMA2018 AND USD2018


