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Abstract
Currently no industrially applicable fully predictive high fidelity numerical approach is available in literature
to model a car tire rolling over a coarse road surface. Therefore, a fully predictive high fidelity numerical
approach for the calculation of tire/road contact forces and hub forces during rolling with a constant angular
velocity over a coarse road surface is presented in this work. A nonlinear structural finite element (FE) tire
model in combination with an ALE formulation is used to describe both the rotational tire dynamics as well as
the coarse road excitation. No measurement data taken from a physical tire is used in the proposed approach,
thus keeping it fully predictive. A novel nonlinear projection-based model order reduction (MOR) technique
is applied to the proposed approach to greatly reduce the associated computational costs. The proposed
predictive high fidelity approach is shown to predict dynamic tire/road contact forces and hub forces with
good accuracy, thereby showcasing its use in virtual tire design exploration and design assessment.

1 Introduction

When optimizing the design of a passenger car tire, typically over 50 different performance criteria have to
be taken into account. These are related to (but not limited to) e.g. energy efficiency, handling, wear and
noise. Due to the complex structure of a typical passenger car tire, most of these criteria are coupled: trying to
enhance one performance will often decrease other performances. In order to cope with the increasing need to
optimize multiple tire performance criteria simultaneously, predictive numerical simulation techniques could
be used, rather than time-consuming experiments. A numerical approach offers the possibility to perform
various virtual studies and virtual assessment of different tire designs in a more efficient and cost-effective
manner than building and testing physical tires.

In this work, the prediction of structure-borne interior noise due to a tire rolling over a coarse road surface
is of interest. More specifically, the vertical hub force, resulting from the tire/road contact forces, is of inter-
est as it excites the vehicle suspension and results in the structure-borne interior noise. The structure-borne
noise due to tire/coarse road interaction tends to be dominant over airborne noise inside the passenger cabin
in the 0 – 500Hz frequency range [1]. Being able to predict the structure-borne noise of a specific tire design
is therefore valuable in an overall performance assessment during design exploration. Several approaches
to numerically predict the structure-borne tire/road noise have been suggested in literature. An extensive
overview can be found in e.g. the work by Hoever [2]. The numerical approaches to predict tire/road noise
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typically consist of a mathematical tire model and a tire/(coarse) road contact model. The tire models used in
the numerical approaches can generally be divided into two categories: reduced-order models (analytical and
semi-analytical) and high-fidelity models. Reduced-order models tend to be based on analytical descriptions
and physical insights, yielding computationally efficient numerical models that can be evaluated in a fast
and efficient manner. Examples of these models can be found in the works by Graham [3], Kindt et al. [4],
Kropp [5], Larsson et al. [6] and Pinnington [7], [8], amongst others. Linking parameters of these models
to physical tire design parameters, such as reinforcement material fiber angles, tire cross-section geometry,
rubber compound properties etc., is typically not possible. Furthermore, inherent nonlinear tire behavior
(due to e.g. the rubber compounds and reinforcement materials) is typically not included in these models,
unless the models are tuned to a specific configuration of a physical tire using measurements. Therefore, the
use of reduced-order models in a purely predictive numerical design optimization approach, where no mea-
surements and/or physical tires are available, is very limited. The use of high fidelity tire models, where the
models are built in a rigorous, mathematical analogous way to the real physical tire, appears to be more ap-
propriate. Physical design parameters, such as e.g. reinforcement material fiber angles, are typically mapped
one-to-one to the numerical model parameters. Different material properties can be described by dedicated
constitutive models, using material test data rather than system-level tire measurements. The tire geome-
try can be replicated, given an adequate discretization of the tire cross-section and circumference domains.
These properties enable the use of the high-fidelity models in a predictive numerical design optimization ap-
proach. High-fidelity tire models are typically described using a nonlinear finite element (FE) formulation.
Using a FE formulation allows to include all sorts of nonlinearities, thereby allowing to model all of the rel-
evant physical effects such as nonlinear large strain behavior, incompressible material behavior, time and/or
frequency dependent viscous material behavior, embedded reinforcement behavior etc. Examples of the use
of high-fidelity FE tire models to predict tire/road interaction can be found in the works by Brinkmeier et
al. [9], Lopez Arteaga [10] and Nackenhorst [11]. A major drawback of using these high-fidelity FE tire
models however, is the large computational cost associated with the evaluation of these models, thereby
limiting their use in a design exploration context.

Several tire/coarse road surface contact models have been proposed in literature. The convolution approach
for tire/road contact, as proposed by Kropp [12], uses Green’s functions which describe the tire response,
convolved with contact force inputs. In this approach the tire is considered to be a linear time-invariant
(LTI) system that can be represented by a set of Green’s functions. The tire/road contact problem is solved
iteratively in the time domain, to allow for any contact nonlinearities. The method was further expanded and
combined with different types of tire models by e.g. Andersson et al.[13], Larsson et al. [14] and Wullens et
al. [15]. Lopez-Arteaga combined the Green’s function convolution approach with a high-fidelity FE model
in order to include large deformations [10]. Brinkmeier et al. [9] proposed to use measured road surface
data to generate equivalent time-harmonic contact forces that excite the rolling tire. All of these approaches
have in common that they cannot be used in a fully predictive nonlinear approach, as they either make
assumptions regarding the tire model (LTI models and constant Green’s functions) or tire/road contact forces
(fitting contact stifnesses and/or using measurement data). As the tire/road contact forces are the result of a
coupled problem, the proposed tire/road contact models are not usable in a fully predictive approach.

To the authors’ knowledge, a fully predictive high-fidelity approach has not been proposed in literature be-
fore. Therefore, such a predictive high-fidelity numerical approach for the calculation of tire/road contact
forces during rolling with a constant angular velocity over a coarse road surface is proposed and described in
this work. A high-fidelity nonlinear structural finite element (FE) tire model, in combination with an Arbi-
trary Lagrangian Eulerian (ALE) formulation [16] is used to describe both the rolling tire dynamics as well
as the coarse road excitation. The use of the ALE-formulation is limited to slick and ribbed slick (i.e. a tire
with only circumferential grooves) tire designs, as these have a constant circumferential geometry, which is
required by the ALE-formulation. As coarse road excitation and structure-borne interior noise is of interest,
this approximation of the tire design is justified, as there is little to no contribution of the tread pattern induced
airborne noise in the 0-500Hz frequency range [1]. The tire/road surface interaction is modeled using the
physics-based contact mechanics formulation, rather than non-predictive, semi-empirical approaches. More
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specifically, the tire/road contact is modeled by means of imposing geometrical contact constraints, which
is the classical computational contact mechanics approach [17]. Tire/road contact forces are calculated by
solving the constrained fully nonlinear tire/road problem. These contact forces are the forces necessary for
the tire to meet the geometrical contact constraints imposed in the footprint area (the coarse road rough-
ness asperities). As such, the contact forces are the result of imposing constraints rather than imposing
displacements. Therefore, the tire/road contact modeling can be considered as a physics-based high-fidelity
approach rather than the reduced-order approaches described before. The numerical costs related to evalu-
ating the proposed high-fidelity approach quickly rise with the complexity of the nonlinear FE tire model
and contact problem and typically even surpass the costs of physical experiments. Therefore, a nonlinear
projection-based model order reduction (MOR) technique, the Multi-Configuration Multi-Expansion point
Modal method (MCMEM) [18], is applied to the proposed predictive high-fidelity approach. This nonlinear
MOR technique belongs to a class of hyper-reduction techniques, which are nonlinear MOR techniques de-
veloped specifically for nonlinear structural FE problems. Applying the proposed hyper-reduction method
drastically reduces the numerical costs associated with the use of the high-fidelity approach, while still retain-
ing a high level of accuracy. The overall hyper-reduced, predictive high-fidelity approach allows to perform
a fully-predictive numerical virtual assessment of different tire designs, i.e. ranking, as an alternative to
performing the equivalent physical assessment using prototype tires.

2 Equations of motion

The equations of motion of a tire rolling with a constant velocity over a coarse road surface can be expressed
as follows:

Mẍ + GALE (x) ẋ + f (x, ẋ)− fALE (x) = fp (x, pa) + fc (x,xr) + fe (1)

Here M ∈ Rn×n is the configuration-independent mass matrix, GALE (x) ∈ Rn×n is the ALE skew-
symmetric Gyroscopic matrix and fALE (x) ∈ Rn the ALE rotational inertia force vector [16] which de-
scribe the constant rolling. The steady-state tire material flow is modeled using a Eulerian formulation in a
fixed frame of reference. Conceptually a spatial mesh (which coincides with the tire domain) is used to de-
scribe the motion of tire material particles passing through spatial points (which are part of the spatial mesh),
rather than tracking the tire material particles individually. The deformation of the spatial mesh is described
using a Lagrangian formulation. This yields a time-independent description of the steady-state rolling be-
havior of the tire. Mass and Gyroscopic matrices arise to describe the dynamic response during constant
velocity rolling due to excitation by e.g. road surface asperities. Furthermore, f (x, ẋ) ∈ Rn is the internal
force vector which includes the nonlinear strain-displacement behavior and nonlinear nearly-incompressible
(visco-) hyperelastic constitutive behavior, fp (x, pa) ∈ Rn the air cavity air-pressure force vector and pa the
applied inflation air pressure, fc (x,xr) ∈ Rn the tire/road contact force vector which is described using a
penalty method formulation [17], xr the current road surface contact constraints (described in more detail
in section 2.1) and fe ∈ Rn the configuration-independent external force vector. The current configuration
is defined as x = x0 + u ∈ Rn, where x0 is the reference configuration and u the total displacement at
time t with respect to the reference configuration. The time dependency is omitted from notation for clarity.
The first and second derivatives of the current configuration with respect to time are denoted as ẋ and ẍ
respectively. In order to describe the nearly-incompressible behavior of the (visco-)hyperelastic constitutive
models, a mixed displacement-pressure (u/p) formulation is used [19]. A variant of the implicit generalized-α
discrete time integration method, proposed by Arnold and Brüls [20], is chosen to time-discretize the equa-
tions of motion (1). This variant of the generalized-α method has second-order accuracy for the acceleration
field variables. Theory and implementation details can be found in [20]. An implicit rather than an explicit
time integration scheme is chosen, as this allows to use larger timesteps. This results in less timesteps to
be evaluated and in general lower overall computational costs. As an implicit scheme is used, the nonlinear
equations of motion (1) are consistently linearized in the spatial domain around the current configuration x.
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This yields the following set of equations:

Mẍ + GALEẋ + (K−Kp −Kc −KALE) ∆u = fp + fc + fe − (f − fALE) (2)

Here K ∈ Rn×n is the internal force tangent stiffness matrix, Kp ∈ Rn×n is the pressure load force tangent
stiffness matrix, Kc ∈ Rn×n is the contact force tangent stiffness matrix and KALE ∈ Rn×n is the ALE
inertia matrix [16]. The interested reader is referred to the work by Nackenhorst [16] for more information
about the ALE formulation for rolling bodies in contact. Solving the set of linearized equations of motions (2)
per iteration step quickly becomes very costly as the amount of degrees of freedom increases. For industrial-
sized design problems, e.g. the tire/road contact problem discussed in this work, the total computational
cost becomes too large and the simulations are no longer feasible to use in a design context. Therefore, the
MCMEM hyper-reduction method [18] is applied to the linearized equations of motion (2), yielding:

M̃q̈ + Ḡq̇ + K̄∆q = f̄ (3)

Here the reduced and hyper-reduced terms are:

Ḡ =

|Es|∑

i=1

siV
T
i Gi,ALEVi

K̄ =

|Es|∑

i=1

siV
T
i (Ki −Ki,ALE) Vi −

|Es
p|∑

i=1

si,pVT
i Ki,pVi −VTKcV

f̄ =

|Es
p|∑

i=1

si,pVT
i f i,p + VT fc + VT fe −

|Es|∑

i=1

siV
T
i (f i − f i,ALE)

Element force- and stiffness terms are denoted by the subscript i, element weights are denoted by si. A
subset of elements of the finite element mesh is denoted by E. The constant reduction space basis is denoted
as V. Details about its construction, the choice of the element subsets E and more information about the
MCMEM method can be found in [18]. The tire configuration and its derivatives with respect to time are
approximated as:

x ≈ x̃ = x0 + Vq (4)

ẋ ≈ ˙̃x = Vq̇ (5)

ẍ ≈ ¨̃x = Vq̈ (6)

2.1 Dynamic ALE contact constraints

Following the ALE approach, the road surface can be considered to be flowing through the spatial tire mesh
as well. This results in time-dependent road surface contact constraints xr which are applied to spatial
points rather than material points. As a time-discretized dynamic problem (2) is solved, the time-dependent
contact constraints xr are discretized as well. Given the maximal temporal frequency of interest due to the
road coarseness excitation, fmax, the minimal discrete sampling timestep ∆t used to sample/discretize the
contact constraints can be determined by applying the Nyquist sampling theorem:

∆t =
1

2fmax
(7)

Defining the set of contact constraints, by means of sampling a real road surface or by defining an analytical
equivalent road surface, the minimal discrete spatial sampling length/wavelength needs to be determined.
Given a material particle velocity vm and using the Nyquist sampling theorem again, the corresponding
minimal discrete spatial sampling length ∆λ can be determined as:

∆λ =
vm

2fmax
(8)
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Here ∆λ is in fact the wavelength which for a given material particle velocity vm results in a temporal
frequency 2fmax. The spatial sample length can be considered as the spatial equivalent of the discrete
timestep ∆t. The relationship between the temporal and spatial sampling lengths can thus be given as:

∆λ = vm∆t (9)

A schematic overview of the dynamic ALE contact constraints formulation is shown in Figure 1. An ex-
ample of contact constraints applied in a spatial point is shown in Figure 2, where a duration of 1 second is
considered.

Figure 1: Schematic overview of applying dynamic contact constraints in the ALE-formulation

Figure 2: Example of dynamic contact constraints applied in a spatial point

2.2 Persistency contact condition in dynamic ALE contact

As dynamic contact is considered, an additional contact condition needs to be taken into account. Apart from
the Karush-Kuhn-Tucker (KKT) [17] contact conditions, the so-called persistency condition [21] needs to
be included as well. This condition states that two points that are in contact need to have the same velocity
as long as they are in contact (and thus be in persistent contact). For the tire/road contact problem, a tire
material point is in persistent contact with a road surface asperity as long as said road asperity travels through
the tire footprint. Not enforcing the persistency condition results in tire material points coming into and out of
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contact with the road surface, during the travel of the road asperities through the tire footprint. As discussed
by Suwannachit et al. [22], using an adapted integrator (as proposed by e.g. Laursen [21]) or having enough
numerical dissipation in the integrator leads to enforcement of the persistency constraint. Therefore, in
this work the ρ∞ parameter is set to a low value to ensure the persistency condition. Furthermore, contact
constraints are applied and held constant for multiple smaller timesteps, in order to ensure that the persistency
condition can be met. Not doing so would lead to violation of the persistency condition, as impact-effects are
not allowed to decay in one timestep, but need multiple to do so (in order to meet the persistency condition).

3 Numerical test setup

A nonlinear high-fidelity FE tire model of a ribbed slick tire design consisting of over 100,000 finite elements
and 300,000 DOFs is used in this work. While not large by today’s standards, this model is fully nonlinear:
nonlinear visco-hyperelastic and hyperelastic constitutive models are used to model the rubber compounds
and reinforcement materials, while nonlinear large strain behavior and nonlinear follower and contact forces
are included as well. As per iteration step every element needs to re-evaluated to construct the force vectors
and stiffness matrices in equation (2), the computational costs quickly rise with the model size. Therefore,
even relatively small models (as the one used in this work) result in very large computational costs. Material
parameters are extracted from a material database and the geometry of the numerical tire model is based on
the tire design drawings. The tire is mounted on a rigid rim and inflated to a specific air pressure pa. The
numerical test-setup consists of the tire being loaded force-controlled on a rotating drum with a coarse road
surface. The external loading force is held constant. An example of a high-fidelity ribbed slick tire model
and a set of road surface contact constraints is shown in Figure 3:

Figure 3: A high fidelity tire model and set of a road surface contact constraints

The drum angular velocity corresponds to a surface velocity of 13.89 m
s (which results in a tire rolling speed

of 50 km
h ) and drives the rotation of the tire. The tire can thus be considered to be in a free-rolling regime.

Given the maximum excitation frequency of interest, this leads to a minimal timestep and sampling length,
as discussed in section 2.1. The applied road surface contact constraints correspond to a maximum excita-
tion frequency of 500 Hz. The corresponding minimal sampling frequency is 1 kHz, leading to a minimal
timestep ∆t = 0.001s and minimal sampling length ∆λ = 0.0139m. The minimal sampling length is used
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as a criterion for the footprint mesh density. As discussed before, the hyper-reduced discretized equations
of motion (3) are solved using a generalized-α integrator [20]. A smaller timestep is used to ensure stabil-
ity, as the unconditional stability property does not hold for nonlinear problems [20]. A total of 1 seconds
of constant rolling is simulated, using a discrete timestep ∆t = 0.0001s. This yields a frequency reso-
lution of 1Hz, which is sufficient for the assessment and ranking of the tire structure-borne interior noise
performance. The MCMEM method is applied to the predictive high-fidelity approach, which results in
computational speedups of a factor 300 and higher [18], while still maintaining a good accuracy with respect
to the unreduced problem. More specifically, application of the MCMEM method results in computational
times of hours instead of weeks.

4 Numerical results

In order to validate the proposed predictive high-fidelity approach, measurement data is taken from a physical
tire corresponding to the numerical tire model. Similarly as in the numerical setup, the physical tire is inflated
to a specific air pressure pa and loaded onto a drum rotating at 13.89 m

s with a coarse road surface. This coarse
road surface is used to generate the dynamic ALE contact constraints which are applied to the high-fidelity
tire model. One second of vertical hub force data is taken from both the experimental setup and numerical
approach. The frequency spectra of the experimental and numerical vertical hub force are compared and
shown in Figure 4:

Figure 4: Comparison of the vertical hub force frequency spectra of experimental data and numerical data
obtained via the proposed high-fidelity approach

A relatively good match between the experimental and numerical data can be observed. The accuracy of
the fully predictive high-fidelity approach could be further improved by fine tuning the tire model such that
the dynamic properties of the tire model perfectly match with the dynamic properties of the tested tire and
including the vibro-acoustic coupling with the air cavity, as the air cavity resonance peak is missing from
the simulation results (but clearly visible in the experimental results). This showcases the potential of the
proposed fully predictive high-fidelity approach, as the nonlinear high-fidelity tire model can be created a-
priori for any new tire design and any type of road surface can be applied as well. Furthermore, the effect
of the nonlinear filter behavior of the tire can be observed when comparing the frequency spectra of the total
vertical contact force and the resultant hub force, as shown in Figure 5:
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Figure 5: Comparison of the frequency spectra of the total numerical vertical contact force and numerical
vertical hub force

As the contact forces arise as part of the solution of the nonlinear equations of motion (1), they are dependent
on the nonlinear structural behavior of the tire and boundary conditions. Figure 5 shows the relation between
the dynamic contact forces in the footprint and the resulting hub forces. The tire clearly shows nonlinear
behavior between the road surface texture and the hub forces. An additional benefit of the proposed predictive
high-fidelity approach is the availability of the dynamic contact forces resulting from rolling over a road
surface texture. These dynamic contact forces are very hard to retrieve experimentally. The influence of
different tire design parameters onto the dynamic contact forces offers an increased insight during the tire
design process.

5 Conclusion

In this work, a fully predictive high-fidelity numerical approach for the calculation of tire/road contact forces
during rolling with a constant angular velocity over a coarse road surface is proposed and described. The
approach combines a high-fidelity nonlinear FE tire model, an ALE-formulation and a computational contact
mechanics description of the tire/road contact to numerically predict the time-varying dynamic tire/road
contact forces and the corresponding hub forces. These dynamic tire/road contact forces and hub forces are
used to e.g. assess the structure-borne interior noise performance of a specific tire design. No measurement
data, obtained from physical tires, is needed for the proposed approach. Other approaches presented in
literature typically need some form of measurements or are not predictive due to other restrictions. Therefore,
these approaches cannot be used in virtual tire design exploration. Also different from other approaches, is
the application of contact constraints to calculate the contact forces, rather than imposing displacements or
contact forces (calculated seperately) to the tire. Key to making the proposed approach feasible to use in a
design exploration context, is the application of the MCMEM hyper-reduction method. Overall simulation
times are drastically lowered using the MCMEM method, effectively making the high-fidelity predictive
approach more efficient and cost-effective than building and testing physical tires.

When comparing the numerical hub force results, obtained with the proposed approach, with experimental
hub force data, a good correspondence between both results can be observed, especially given the fact that
no tuning of the numerical tire model was performed. The potential of the proposed fully predictive high-
fidelity approach is showcased, as the nonlinear high-fidelity tire model can be created a-priori for any new
tire design and any type of road surface can be applied as well. The proposed approach also allows to directly
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compare the contact forces arising for different tire designs and/or road surfaces, which is very hard to do
so in an experimental setting. Future research will be dedicated to e.g. including more complex contact
conditions, boundary conditions and performing an extensive case study to further showcase the use of the
proposed fully predictive high-fidelity approach.
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