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Abstract
In this work we study the effect of using different types of excitation signals as training data when con-
structing black box nonlinear models. We focus in particular on the class of nonlinear systems which exhibit
autonomous oscillations. Three type of excitation signals are considered: random-phase multisines, filtered
white noise and swept sines. It is shown that depending on the excitation signal, the resulting model can
fail to reproduce the autonomous output. Results are presented for the forced Van der Pol oscillator and
the oscillatory wake of an submerged circular cylinder in a flow. It is moreover shown that broadband ex-
citations such as multisines or noise, are appropriate signals when intending to capture the synchronisation
principle observed for autonomous oscillators. The latter is shown on computational fluid dynamic data of a
submerged cylinder in a flow.

1 Introduction

An autonomous oscillator is a system that in the absence of an excitation maintains a steady oscillation.
The oscillator is in other words ‘self-sustained’ or ‘self-oscillatory’. In order for an oscillation to persist,
a constant transformation of internal energy, compensating for all dissipation, takes place. Self-sustained
oscillation is encountered in a variety of fields ranging from the chirps of neurons [20] to self-exciting
transmitters. It is known that such systems can be described by the class of nonlinear dynamic models [15].

A much studied autonomous oscillator is the flow about a bluff body, e.g. a circular cylinder, submerged in a
uniform flow. For a wide range of Reynolds numbers, defined by the diameter of the object, the unperturbed
flow speed and the viscosity of the flow, an alternating vortex shedding pattern forms in the wake. The wake
oscillates periodically, resulting in a periodic change of the pressure distribution on the surface of the body,
eventually resulting in fluctuating forces [22]. If the body is allowed some degree of freedom, a dynamical
fluid-structure interaction called vortex-induced vibrations (VIV) arises. VIV are potentially large amplitude
vibrations which may be harmful to the structure. Especially chimneys exposed to wind and slender bodies
exposed to ocean currents are known to suffer from accelerated fatigue and even failure, following from VIV
[21]. An accurate model, enabling simulation and prediction of VIV is therefore vital in the design phase of
such structures. So far, no analytical formulation of the dynamics has been found, though some empirical
models exist. What is evident is that the model will necessarily need to be nonlinear [1].

An effective approach, in particular when the structure of the underlying system is unknown, is black-box
modelling. During black-box modelling a model is built solely from data. The technique relies on a proper
selection of the model structure, flexible enough to be able to describe the observed data, and proper selection

2601



of the data itself, which should be a sufficiently rich description of the regime of interest of the system. In
[2] accurate results where presented of a nonlinear model able to describe the forces acting on an oscillating
circular cylinder in a uniform flow. It was shown that the polynomial nonlinear state-space (PNLSS) model
class is a sufficiently flexible model class in order to describe the considered fluid system. An important
question which remains is how the operating regime of interest can be described in an efficient way by the
data. Here efficient refers to the number of data points required. In other words, what excitation signals
should the training data be made of to ensure that the features of the system are captured and effectively
encoded into the model.

Experiment design, for the purpose of nonlinear system identification, remains an open problem. Nonlinear
models in particular tend to be highly conditioned on the training data, making them vulnerable for extrapo-
lation and in some cases even interpolation (illustrated in Section 1.2). Assembling an appropriate training
data set therefore continues to be an ad hoc procedure, tailored to the specifics of the system and to the
intended application of the model.

In this work we compare black-box models (of the PNLSS type) obtained from seemingly similar excitation
signals, i.e. exciting the same frequency band and of the same root-mean-square amplitude level, but of
different kinds. Three types of signals are considered: random-phase multisines, filtered noise and swept-sine
excitation. We focus on systems that, similar to the fluid system previously discussed, exhibit autonomous
oscillations. As a case study the well known Van der Pol equation is studied.

The layout of the paper is as follows: in Section 1.1 the Van der Pol system and its key features are introduced.
Section 1.2 illustrates why nonlinear models become conditioned upon their training data. In Section 2 the
polynomial nonlinear state-space model class is introduced. Section 3 comprises a case study on the Van der
Pol equation. In Section 4 the usage of multisine excitation on the true fluid system is illustrated. Section 5
provides the conclusions.

1.1 The Van der Pol system

The Van der Pol equation is a nonlinear oscillator which has been the starting point of a great number of
wake oscillator models [4, 8, 14]. It is a second order ordinary differential equation (ODE) with a nonlinear
damping term. In reduced form it reads

ÿ + ε(y2 − 1)ẏ + ω2
0y = u, (1)

where u is a forcing term which we will refer to as the input and y is regarded as the output. Bold lower case
letters denote vectors while regular lower case letters are used for constants. A weight on the nonlinear term
is provided through the Van der Pol parameter ε. The linear stiffness parameter is denoted by ω2

0 such that the
angular natural frequency of the underlying linear system equals ω0. When used as a wake oscillator model,
u is generally considered as the displacement of the body while y represents the nonlinear force acting on
the structure. In order to model the fluid-structure interaction VIV, Eq. (1) is often coupled to a second linear
ODE in u which then incorporates the linear dynamics of the structure [6].

At any given time the state of the system described by Eq. (1) is defined by the set of state variables x =
[ẏ y]T . One can study the stability of Eq. (1) from a linearisation at its fixed points, i.e. the points which
satisfy the autonomous equation ẋ = 0. It can be seen that the origin, where y = 0 and ẏ = 0, is the only
fixed point. Evaluating the Jacobian in the origin gives

J0 =

(
ε − ω2

0

1 0

)
. (2)

We hence have a set of complex conjugate eigenvalues with positive real parts for ε > 0 and in that case an
unstable oscillatory fixed point at the origin. For increasing amplitude of y, positive damping will appear for
|y| > 1, eventually leading to a limit cycle oscillation [3].
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Figure 1: Illustration of the lock-in region. The frequency of y is given by ω, the frequency of the forcing u
is denoted Ω and γ is the amplitude of forcing. Figure was taken from [15].

For the forced case, u 6= 0, periodic forcing can draw the frequency of the output away from ω0, thereby
synchronising to the input frequency (denoted Ω). The latter is referred to as lock-in or entrainment. The
region of parameter space for which synchronisation is observed is known as the lock-in region. Figure 1
illustrates the typical v-shaped lock-in region in the frequency-amplitude plane of the forcing [15].

1.2 Phase-space trajectories

One can track the evolution of a system by visualising its so-called trajectory through phase space. At any
given moment of time, t, the evolution of the state of the system depends on the current state, x(t), and the
input u(t). Connecting the triplet of coordinates (x1(t), x2(t),u(t)), in the case of a second order system,
reveals the trajectory.

To illustrate the key difference between linear and nonlinear systems and discuss its implications concerning
modelling, the phase-space trajectories of the Van der Pol system and a classical linear mass-spring-damper
system are shown in Figure 2. To reduce the dimensions, the input u is set to zero. Along the trajectories the
functions are evaluated in terms of ÿ. To explore the phase space, the trajectories corresponding to a range
of initial states are shown. The expressions are given by

ÿ = −ε(y2 − 1)ẏ− ω2
0y, (3)

for the Van der Pol system and

ÿ = − d

m
ẏ− k

m
y, (4)

for the linear system. Here m is the mass, d the damping coefficient and k the stiffness constant (m, d, k ∈
R+). What can be observed from Figure 2 is that linear systems evolve along a hyperplane wheras nonlinear
systems describe a manifold. This difference constitutes the fundamental reason why nonlinear models
become conditioned upon the training data used during the identification step. A model which approximates
well the true system within the region of the phase space covered during training might perform poorly when
evaluated in another region.

Given that the internal state variables are generally not accessible through measurement one cannot a priori
know whether certain inputs will lead to an extrapolation of the model to unexplored regions of the phase
space. In Section 3 it will moreover be shown that such extrapolations might occur for input signals which
are very similar in terms of frequency band and amplitude but differ in kind.
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(a) (b)

Figure 2: (a) Manifold described by the nonlinear Van der Pol equation when evaluated from a range of
initial states and in the absence of an input. (b) Hyperplane described by a linear second order system when
evaluated from a range of initial states and in the absence of an input. Different colours indicate a different
initial state with the states being x = [y ẏ]T .

2 Black-box nonlinear state-space modelling

The conditioning upon training data of nonlinear data-driven models is present for all model classes. In
this work polynomial nonlinear state-space (PNLSS) models are used to illustrate the matter. PNLSS is a
very generic model class, intuitively obtained by extending the linear state-space equations with nonlinear
functions (i.e. polynomials):

{
x(k + 1) = Ax(k) + Bu(k) + Eζ(t)

y(k) = Cx(k) + Du(k) + Fη(k),

(5a)

(5b)

where bold upper case letters denote matrices of coefficients and ζ and η contain monomial crossproducts
between the states and the input raised to a user defined total power [13].

Given the nonlinear feedback, introduced by the state equation (Eq. (5a)), a wide class of nonlinear systems
is covered by this model structure. Noël et al. [12] showed that hysteretic systems can be modelled using
PNLSS models and in [2] both autonomous and forced oscillations of the forces arising from vortex shedding
on a submerged cylinder were modelled.

Identifying a PNLSS model is a three step procedure:

1. Identify a parametric linear approximation of the system.

2. Use the parametric linear model as initialisation of the PNLSS model. Initialise the nonlinear coeffi-
cients in E and F with zeros and run a nonlinear optimisation routine to tune all the coefficients of the
model on the basis of the training data set.

3. Assess the performance of the model on validation data.

Typically the best linear approximation (BLA) is used as an initial linear model [17]. Using frequency-
domain subspace identification a parametric estimate is obtained [11, 16]. To tune the full nonlinear model,
a least-squares cost function is minimised using a Levenberg-Marquardt algorithm. The identification proce-
dure is made available in the Polynomial Nonlinear State-Space toolbox for MATLAB [19] and can be found
online at http://homepages.vub.ac.be/˜jschouk/.

2604 PROCEEDINGS OF ISMA2018 AND USD2018



3 A Van der Pol case study on selecting training data

In this section we create PNLSS models that approximate the forced Van der Pol oscillator. The models
differ only on the basis of the data from which they are built. As training data, three types are considered:
random-phase multisine realisations, filtered noise and swept sines. All three signals are designed such that
they cover the same frequency band (0−4ω0) and that they are of equal rms amplitude level (rms(u) = 200).
Choosing ε = 1.5 ensures strong nonlinear effects, ω0 is set equal to π. This places the excitation entirely in
the lock-in region.

3.1 Acquiring data of the Van der Pol system

To obtain data of the forced Van der Pol oscillator a discretised state-space formulation is used. Choosing as
state vector x = [y ẏ]T and implementing a first order Euler discretisation one can rewrite Eq. (1) as





x(k + 1) =

[
1 Ts

−ω2
0Ts εTs + 1

]
x(k) +

[
0
Ts

]
u(k)

+

[
0
−εTs

]
x21(k)x2(k)

y(k) = [1 0]x(k).

(6a)

(6b)

with Ts indicating the sample period and k a sample index such that tk = kTs. Note that the Van der Pol
oscillator is indeed covered by the PNLSS model class (the nonlinearity is described by a polynomial cross
product of state variables) and that Eq. (6) approximates Eq. (1) only for sufficiently small Ts. A detailed
discussion on the discretisation error of nonlinear state-space models is given in [7, 18].

As input signal u(t) three types are considered: random-phase multisines, filtered white Gaussian noise and
swept sine singals.

• Random-phase multisine excitations are periodic signals obtained from a sum of harmonically re-
lated sines with a user-defined amplitude spectrum and a set of independent random phases

u(t) =
N∑

n=1

An sin(2πnfbt+ φn), (7)

with fb the base frequency,N the number of excited harmonics andAn the amplitude associated to the
nth harmonic. The phases are independently drawn from a uniform distribution on the interval (0, 2π].

• Filtered white noise excitation is sampled from a zero-mean normal distribution and low-pass filtered
using a Butterworth filter of 6th order.

• Swept-sine excitation. A linear frequency sweep given by

u(t) = A sin((αt+ β)t), (8)

with β = 2πf1, α = π f2−f1
TSWS

, f1 and f2 being the start and the cut-off frequencies respectively. The
sweep period, TSWS, was set equal to 1/fb.

In Fig. 3 the spectra of the three excitation signals are shown. All signals have been scaled such that rms(u) =
200. The probability density functions highlight the fact that both the multisine realisation and the noise are
asymptotically normally distributed while the swept sine signal is not.

Fig. 4 depicts the phase-space trajectories corresponding to the 3 input signals. It is clear that different
regions of the phase-space are covered, depending on the type of excitation signal. For this configuration of
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Figure 3: The left column are the spectra of a random-phase multisine realisation, a low-pass filtered noise
signal and a swept sine respectively. On the right the histograms of the signals are shown. Frequency axes
are normalised with respect to f0 = ω0/(2π).
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{ε, ω0, rms(u), f1, f2} the swept sine covers a thin shell with, apart from a transient path leading away from
the initial condition, no coverage of the region around the origin. The multisine and the noise excitation do
however cover a much denser region around the origin. This is highlighted by studying the intersections of
the trajectories with the plane x1 = 0 (Fig. 7c, 7d, 4f). Notice that for this particular swept sine, the covered
region does not include the limit cycle trajectory of the autonomous solution (shown in red).

3.2 Approximating the Van der Pol system with a nonlinear state-space model

We now apply the identification procedure of Section 2 to the 3 training datasets introduced in Section 3.1.
To initialise the nonlinear model the best linear approximation is used. For the nonlinear optimisation to to
run, the initialised model should be able to simulate the training data. Hence the model should remain stable
on the training data. A BLA obtained at a higher amplitude level, rms(u) = 300, was found to provide a
stable initialisation as apposed to using the training data level of rms(u) = 300.

From the frequency-domain subspace identification, second order parametric BLAs are obtained. As nonlin-
ear basis functions, the monomial crossproduct between the states and input raised to the power 3 are used in
the state equation and no nonlinearity is introduced in the output equation. Hence all nonlinear contributions
in the data are approximated using the following set of basis functions:

η(t) =




x31
x21x2
x21u
x1x22

x1x2u
x1u2

x32
x22u
x2u2

u3




. (9)

Table 1 shows the estimation results, expressed in terms of relative root-mean-square error:

erms =

√
1
N

∑N
k=1(y(k)− ysim(k))2
√

1
N

∑N
k=1 y(k)2

, (10)

with N the number of data ponts, y the true output and ysim the output simulated by the PNLSS model. The
left column indicates the type of data to which the model has been trained.

Table 1: Estimation results (relative errors) on the training data of the PNLSS models tuned to multisine,
noise and swept sine data respectively. ‘R’ denotes the number of realisations used.

erms BLA erms PNLSS
3 R multisine 0.36 1.7e-5

3 R noise 0.35 2.3e-6
swept sine (sweep up) 0.62 8e-4

The results of Table 1 indicate that all 3 PNLSS models could be tuned well and approximate the provided
training data very accurately. Notice that no measurement noise was added to the data and that hence the 3
models are indeed accurate approximations of Eq. (6) within their trained domains.
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Figure 4: Phase-space trajectories of (a) 3 random-phase multisine realisations (c) 3 filtered noise realisations
(e) a swept-sine excitation (sweep up). The column on the right shows the linearly interpolated intersections
with the plane x1 = 0. Red markers indicate the limit cycle described by the autonomous solution.
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Figure 5: The autonomous output of Eq. 6 simulated using model PNLSSS . PNLSSS was obtained from
training on a swept sine training data set. Since the training data did not cover the autonomous trajectory in
phase space, the model performs poorly.

3.3 Validating the nonlinear state-space approximations

In this section the PNLSS models trained on the basis of the different training sets are cross-validated on
the remaining data types. The model tuned to multisine data will be denoted PNLSSM , the one tuned to
the swept sine PNLSSS and the one tuned to noise PNLSSN . For validation on the basis of the same data
type as the training data a new realisation is used in case of the multisine and the noise and the opposite
sweep direction, i.e. sweep down, in case of the swept sine model. Als the autonomous output is used for
validation.The validation results are shown in Table 2.

Table 2: Validation results (relative errors) of the PNLSS models tuned to multisine, swept sine and noise
data respectively.

erms aut. erms multisine erms swept sine erms noise
PNLSSM 0.01 1.9e-5 1.4e-4 2.3e-5
PNLSSN 0.003 2.4e-6 1.2e-5 2.6e-6
PNLSSS 1.39 0.02 6e-3 0.07

From Table 2 it is observed that the models which were trained to data that includes the region of the
autonomous solution in phase space, i.e. PNLSSM and PNLSSN , were indeed able to reproduce the limit
cycle output. The simulated output of PNLSSS along with the error is depicted in Fig. 5. Also notice how
extrapolating PNLSSS to the wider regions covered by the validation multisine and the validation noise
realisation results in considerably lower errors than the error on the autonomous output. This illustrates how
an extrapolation does not necessarily lead to poor results.

In practice, the estimated models are likely to show larger errors on the training data than the ones shown in
Table 1, e.g. the data might be of lesser quality or the system might not belong to the selected model class.
To study the effect of larger estimation errors, PNLSS models with a relative error in the order of 1% are
validated in Table 3. The models are obtained by deliberately ending the optimisation procedure when the
error has dropped to the 1%-level.
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Table 3: Validation results (relative errors) of the 1% PNLSS models tuned to multisine, swept sine and noise
data respectively.

erms aut. erms multisine erms swept sine erms noise
PNLSSM 1.11 0.01 0.04 0.01
PNLSSN 1.19 0.01 0.05 0.01
PNLSSS 1.71 0.12 0.02 0.28

The 1%-error models of Table 3 show that also PNLSSM and PNLSSN fail to reproduce the correct au-
tonomous output when their fit to the training data is less accurate. Recalling the cross-section plots of Fig. 4
it is concluded that the coverage of the region where the autonomous solution exists was not dense enough
with higher concentrations of data lying away from the origin. Having increased model errors adds to the
sensitivity for extrapolation in those regions.

It is concluded from this section that excitation signals of equal amplitude level and frequency band but
different in kind can cover different regions of the phase-space. Data-driven models, built upon different
signals are hence only good approximations of the underlying system in their distinct regions. We have
seen that swept sine signals tend to provide a less dense coverage of the region around the origin compared
to Gaussian signals. This can result in models obtained from swept sine signals to fail in reproducing the
autonomous solution, typically found in a region around the origin. Also randomness of phases has shown
to improve the uniformity of covering the phase space [5].

4 A fluid oscillator example

In Section 3 it was shown that broadband excitation such as random-phase multisines are appropriate signals
to model an autonomous oscillator. In this section we study the response of a true autonomous oscillator, i.e.
the oscillatory wake behind a submerged cylinder, when applying multisine excitations.

The input to the system is the imposed motion of the cylinder, transverse to the incoming flow, the output is
the force coefficient measured on the cylinder along the axis of motion:

cy =
Fy

1
2ρDU

2
, (11)

with Fy begin the resulting force acting in the y-direction, ρ the density of the fluid D the diameter of the
cylinder and U the unperturbed velocity of the flow. Data is obtained from a computational fluid dynamic
simulation at Re = 100. Validation of the CFD models can be consulted in [2]. Fig. 6 shows the set up. The
flow is considered uniform and travelling parallel to the x-axis for increasing x.

It is known that there exists a v-shaped lock-in region, similar to the one of Fig 1, centred around the so-called
Strouhal frequency:

fSt =
USt
D

, (12)

where St is the Strouhal number, which was observed to be 0.168 for Re = 100 in the present study [2]. We
will examine the response of the system for two random-phase multisine signals: one overlapping with the
presumed lock-in region and one covering a frequency band outside lock-in. The objective is to determine
whether the key feature of the fluid system, being the synchronisation of the vortex shedding, and hence cy,
to frequency components in the lock-in region is still observed when excited with a random-phase multisine.

In order to establish whether the wake is locked we can no longer use the existing definitions of lock-in [9]
which explicitly rely on the excitation being a single harmonic sine. We therefore introduce a lock-in test
based on initial conditions:
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Figure 6: Snapshot of a CFD simulation of a cylinder submerged in a Re = 100 uniform flow. The cylinder is
following an imposed random-phase multisine trajectory in the y-direction with a relative amplitude y/D =
0.30 and a frequency band ranging from 0.10 up to 4.5 Hz with a resolution of 0.10 Hz. The Strouhal
frequency is equal to 3 Hz. Flow is from left to right.

1. Apply the broadband excitation signal twice starting from different initial conditions. In practice the
input is initiated at different instances of the autonomous cycle.

2. Subtract both outputs.

3. The oscillator is only considered to be locked if the difference in output signals dies out over time,
indicating that the influence of the initial condition is lost.

Two random-phase multisines with the following specifications were applied:

• fex/fSt ∈ [1/30, 1.5] with a step of 1/30 and a relative amplitude of A/D = 0.20.

• fex/fSt ∈ [1/30, 0.6] with a step of 1/30 and a relative amplitude of A/D = 0.20.

The results are shown in Fig. 7. The proposed initial condition test clearly distinguishes the locked from the
non-locked wake. Based on the conclusions from Section 3 and the fact that the fluid system continues to ex-
hibit the key feature of synchronisation, we propose that random-phase multisine excitation is an appropriate
input signal for data-driven modelling of an autonomous oscillator.

5 Conclusion

In this work the intrinsic dependence upon the choice of training data in nonlinear black-box modelling is
highlighted. In particular systems which exhibit autonomous oscillations were studied. The impact of using
three different kinds of excitation signals as training data: random-phase multisine excitation, filtered white
noise and swept sine signals was studied for the forced Van der Pol oscillator. Nonlinear state-space models
were built from the data. It was found that swept-sine excitation results in a less dense coverage of the phase
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Figure 7: (a) Frequency spectrum of the imposed motion multisine not overlapping with the lock-in region.
(b) One period of transient-free cy starting from two different initial conditions (blue and red) and the differ-
ence between both (black) for an excitation not overlapping with the lock-in region. (c) Frequency spectrum
of the imposed motion multisine overlapping with the lock-in region. (d) One period of transient-free cy
starting from two different initial conditions (blue and red) and the difference between both (black) for an
excitation overlapping with the lock-in region. The boundaries of the lock-in region for A/D = 0.20 are
indicated with dashed red lines [10].

space compared to multisine or filtered noise, for the studied regimes. As a result, the model obtained from
swept sine signals was not able to reproduce the autonomous output while the models trained to multisine
excitation or filtered noise were. It was also shown that even the models based on the more dense covered
data suffer from extrapolation errors when model errors are introduced into the training step. Additionally
the use of multisine excitation on an autonomous fluid oscillator was studied. A new lock-in test, on the basis
of the dependence on the initial condition was proposed.

It would be interesting to study how general the present observations are on Monte Carlo simulations of the
Van der Pol equation.
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