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Abstract
A highly nonlinear model which consider the impact of the frequency, amplitude and magnetic field de-
pendency for MS rubber and mobility for the foundation is developed for a MS rubber isolation system.
Harmonic loadings ranging from 60 to 160 Hz with different levels of force magnitude are applied for the
system. Vibration isolation effect is evaluated by assessing the energy flow into the foundation. It is found
that the energy flow into the system and the vibration isolation effect for MS isolator are highly related to
the amplitude and magnetic field dependency for MS rubber. Furthermore, by comparing the energy flow to
the foundation under zero and saturation magnetic field, a control strategy to reduce the energy flow to the
foundation by changing the magnetic field is obtained. After applying the control strategy it is found that the
energy flow into the foundation can be reduced by about 20% by changing the magnetic field compared to
traditional passive rubber isolators.

1 Introduction

Magneto-sensitive (MS) rubber is a kind of smart material which mainly consists of rubber matrix and
polarized iron particles. By applying magnetic field, a rapid, continuous and reversible change of its modulus
can be reached. Compared to vibration reduction components based on traditional rubber, MS rubber-based
vibration reduction devices have the ability to change its mechanical properties. Thus, an adaptability to
various loading conditions and an improved vibration reduction effect is available for MS rubber-based
vibration reduction devices.

Many studies have focused on the constitutive model for MS rubber. Initially, Jolly et al. [1] developed
a model by using the concept of dipoles in electromagnetism to represent the magnetic related mechanical
properties for MS rubber. Later, Dorfmann et al. [2, 3] developed a model for MS rubber by combine
Maxwell equation and continuum mechanics. After those work, model with considering the viscoelastic
properties is developed [4]. For the work mentioned above, the amplitude dependency for MS rubber are
rarely considered. However, according to the work by Blom and Kari [5], there is an unneglectable amplitude
dependency for MS rubber even for small strain and the amplitude dependency for MS rubber is strongly
related to the magnetic field applied. Therefore, a constitutive model which has the ability to depict the
mechanical properties of MS rubber properly is needed. Although Blom and Kari [6] have developed a
constitutive model with amplitude, frequency and magnetic field dependency for MS rubber, the vibration
reduction effect for MS rubber-based devices has not been fully studied.

In addition to the study of the constitutive model for MS rubber, large investigations dedicated to explore
the possibility of using MS rubber in vibration reduction area have been performed. Initially, Ginder et al.
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[7] designed an MS rubber-based bushing. Gong et al. [8, 9] developed a MS rubber tuned vibration ab-
sorbers(TVAs) and focused on the frequency shift property for the MS rubber-based adaptive tuned vibration
absorber. In addition to TVAs application area, application of using MS rubber to sandwich beam and the
effect of boundary conditions [10] and changing magnetic field [11] to the dynamic properties of MS rubber
sandwich beam were studied.

It is worth noting that, compared to the studies on the application of MS rubber in TVA and sandwich beams,
the research about MS rubber’s application in vibration isolation is not enough. Although the vibration
isolation problem based on MS rubber were investigated, but those researches [12, 13] are only focused
on base isolation problem. Another important type of vibration isolation problem, the isolation of machine
vibration is not included in their study. However, in reality vibration caused by rotating machine is often
encountered.

Based on the research status about MS rubber, a MS rubber isolation system which consists of a block mass
supported by four MS rubber isolators placed on an infinite extend foundation is studied in this paper. The
machine vibration is simulated by a harmonic force applied on the block mass. Subsequently, a nonlinear
model which consider the impact of the amplitude, frequency, magnetic field dependency of MS rubber
and the stiffness for the foundation is developed for this MS rubber isolation system. Energy flow is used
to serve as the indicator to assess the vibration isolation effect for this MS rubber isolation system. The
impact of the amplitude and magnetic field dependency for MS rubber to the isolation effect is investigated.
The outcome of this research facilitates the development of the adaptive MS rubber isolation devices with
nonlinear features considered. Meanwhile, the control strategy about the magnetic field applied can be
applied to other MS rubber-based devices where variable mechanical properties is needed.

2 Model and method

2.1 Composition and parameters for the model

The schematic diagram for the whole system is in Figure 1. External force Fext is applied at the center for the
block mass and the force provided by each MS rubber isolator is FMS. The displacement for the block mass
and the foundation are u and uf , respectively. The geometrical dimensions and material parameters for this
system are set to be: distance between MS isolator in y-direction 2ly= 0.3 m , distance between MS isolator
in z-direction 2lz= 0.4 m, thickness for each MS rubber element hMS = 0.002 m, area for each MS rubber
element A = 0.025 × 0.025 m2 and the thickness for the infinite extent concrete foundation hf = 0.35 m.
The total mass for the solid mass block is m = 40 kg. The density, Poisson’s ratio and Young’s modulus for
the concrete foundation is set to ρf = 2300 kg m−3, νf = 0.2 and Ef = (1 + 0.02j) × 2.6 × 1010 kg m−3,
where j is the imaginary unit.

Figure 1: Schematic diagram for the MS rubber isolation system.
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2.2 Governing equation for the model

The governing equation for this model is

mü+ 4 · gMS(u− uf) = Fext, (1)

where
··

(·) denotes the second time derivative and gMS(·) is the nonlinear function representing the relation
between FMS and displacement (u− uf) for each MS rubber isolator.

Based on the work by Alberdi et al. [14], it is assumed that the foundation is much more rigid than the MS
isolator, thus uf � u. The governing equation is simplified as

mü+ 4 · gMS(u) = Fext. (2)

This second order nonlinear equation can be solved numerically based on Newmark’s method [15].

After obtaining u and FMS, the displacement uf can be obtained by the mobility matrix for the foundation

ṽf(i) = (j2πf) · ũf(i) = YikF̃MS(k), i, k = 1, 2, 3, 4, (3)

where (̃·) is the Fourier transform for the signals. Parameters ṽf(i) and ũf(i) represent the velocity and
displacement for the point connected to the ith MS rubber isolator, frequency is f and Yik represents the
mobility on point k to the velocity on point i.

The mobility [16] for the transfer point with a distance of r to the driving point is

Y (r) =
ω

8Bk2B

[
H

(2)
0 (kBr)− j

2

π
K0(kBr)

]
, (4)

where ω is the angular frequency for the force, B = EI
/
(1− ν2) is the bending stiffness for the plate,

I = h3
/
12 is the cross-sectional second moment of per unit width. Parameters E, ν, h and ρ are the Young’s

modulus, Poisson’s ratio, thickness and density for the concrete foundation, respectively. The mass per unit
area for the foundation is m = ρh. Lastly, H(2)

0 is the zero order Hankel function of the second kind, K0

is the zero order modified Bessel function of the second kind and kB = 4
√
m/B

√
ω is the bending wave

number.

2.3 Constitutive model for MS rubber

According to the research by Blom and Kari [6] the absolute value of shear modulus of MS rubber is strongly
related to the amplitude, frequency and magnetic field applied; while the impact for the magnetic field
dependency to the loss factor is relatively neglectable. A constitutive model describes the relation between
the strain γ and stress τ is developed. The rheological model is shown in Figure 2.
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Figure 2: Rheological model for MS rubber.

The total stress τ splits up to three parts: τe, τve and τf . The elastic shear stress is linearly related to shear
strain by the elastic shear modulus Ge

τe(t) = Ge · γ(t). (5)

The viscoelastic shear stress and shear strain is connected by a relaxation convolution integral [17]

τve(t) =
b

Γ(1− a)

d

dt

∫ t

0

γ(s)

(t− s)ads, (6)

where a and b are the parameters in the relaxation convolution integral and Γ is the gamma function.

The relation between frictional stress τf and shear strain γ is described by bounding surface model. For the
details of bounding surface model, the reader is referred to Ref. [18]. The main idea about bounding surface
model is that two surfaces which includes a yield surface and a bounding surface are used to calculate the
frictional stress. For one dimensional case with a vanishing size of yield surface for bounding surface model
[19], it can be visualized in Figure 3. Symbols X−X′ −Y′ −Y represent the bounding surface and the
curve inside is the yield surface. The evolution laws are

τ̇f = α̇=Hγ̇ (7)

and

˙̄τf = β̇=Hpγ̇, (8)

where H and Hp are plastic modulus for the yield surface and the bounding surface. A bar over τf means
the stress on the bounding surface, α and β are the back stresses which serve as the center for the bounding
surface and yield surface, respectively.

The expression for H is

H = Hp

(
1 +

δ

δin − δ

)
, (9)

where δ is the distance between the stresses on yield surface and bounding surface at present, parameter δin is
the distance to the bounding surface at the previously turning point for τf . Initially, it is set that δin = Syield.
With the development of the strain, the values of δ, δin and H are continuously update in the subsequent
calculation .
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Figure 3: One dimensional case for bounding surface model with a vanishing size of yield surface.

Based on the work by Blom and Kari [6], the magnetic field sensitivity is introduced for the elastic and
frictional part in the model as

Ge = G0
e

[
1 +

(
M

Ms

)2

δ1

]
, (10)

Syield = S0
yield

[
1 +

(
M

Ms

)2

δ2

]
(11)

and

Hp0 = H0
p0

[
1 +

(
M

Ms

)2

δ3

]
, (12)

where G0
e , S0

yield and H0
p0 are parameters at zero magnetic field for MS rubber. The parameter Ms represents

the upper limit for the applied magnetic field. Physically, it is the saturation magnetic field for the MS rubber.
Parameters δ1, δ2 and δ3 represent the magnetic influence factors.

2.4 Fundamentals about energy flow

Energy flow which is the time averaged product for the force and velocity, describes the change rate of energy
for dynamic system. The fundamentals of this method is based on energy conservation law. Compared with
other indicators like force and displacement transmissibility, energy flow can assess the vibration isolation
effect more properly [20]. The time averaged energy flow is expressed as

〈P 〉 = lim
T→∞

1

T

∫ T/2

−T/2
F (t)v(t)dt, (13)

where F (t) and v(t) are the force and velocity for the measured structure. According to signal analysis
theory [21], the averaged energy flow can be obtained by calculating the zero time delayed cross-correlation
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function R for velocity and force as

〈P〉 = lim
T→∞

1

T

∫ T/2

−T/2
F (t)v(t+ τ)dt|τ=0 = R(F, v)|τ=0. (14)

The relation between the zero time delayed cross-correlation function and cross-spectrum S is

R(F, v)|τ=0 =

∫ ∞

−∞
S(F, v)df. (15)

Lastly, the cross-spectrum can be obtained by Fourier transform as

S(F, v) = lim
T→∞

1

T
E
[
F̃ (f)ṽ∗(f)

]
, (16)

where (·)∗ represents the complex conjugate operator, (̃·) is the Fourier transform and E [·] denotes the
expected value operator.

3 Numerical study

3.1 Shear modulus for MS rubber

Based on the measurement results by Lejon and Kari [22]. Firstly, the parameters for zero magnetic field
are identified by the nonlinear least square method using the “lsqnonlin” command in Matlab R© (MATLAB
Release 2015b, The MathWorks, Inc.,Natick, Massachusetts, United States). The results are Ge0= 3.0712×
106 N m−2, S0

yield0 = 0.4531 × 105Nm−2, H0
p0 = 0.1026 × 106Nm−2, a = 0.2997 and b = 0.2709 ×

106 N sa m−2. After obtaining the parameters for zero magnetic field, a second time of nonlinear least square
method is applied and it is obtained δ1= 0.2594, δ2= 0, δ3= 0.7576 and Ms= 0.5615 T. The comparison
between the simulation results and the measurement results are shown from Figure 4 to 6. It reveals that the
simulation results fit well with the measurement results in most part of the measurement frequency range.
The jump for the measurement results between 600 and 700 Hz is caused by the resonance for the machine.
Therefore, the constitutive model developed for MS rubber in this paper is capable of prediction the am-
plitude, frequency and magnetic field dependency for MS rubber. After identifying the material parameters
for MS rubber, the mechanical behavior of MS rubber is extrapolated to a low frequency range from 20
to 100 Hz. Since the frequency dependency for MS rubber is relatively small in low frequency range and
the main goal for this paper is to investigate the impact of the amplitude, magnetic field dependency to the
isolation effect, the extrapolation does not affect the feasibility for this MS rubber isolation model.
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Figure 4: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.0005.

Figure 5: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.0015.

TUNED VIBRATION ABSORBERS AND DAMPERS 4217



Figure 6: Measured (symbols) and simulated (lines) dynamic stiffness for MS rubber versus frequency with
shear strain of 0.005.

3.2 Energy flow

Harmonic force ranging from 60 to 160 Hz with magnitude of 3, 10 and 30 N are applied at the center for
the block mass. The energy flow to the whole system and foundation are plot from Figure 7 to 9. It is found
that the energy flow reaches a peak at the resonance frequency for the system. After applying the magnetic
field, the value for the resonace frequency increases. This is caused by the magnetic field dependency for
MS rubber. In addition to this, the energy transmitted to the foundation is much smaller than the energy
flow into the whole system. It means that most part of the energy is dissipated by the MS isolator and the
assumption uf � u is reasonable. Furthermore, by comparing the energy flow for different magnitude of the
harmonic loading, it is found that difference between the energy flow for zero and maximum magnetic field
case becomes smaller as the increase of the magnitude for the harmonic loading. It is caused by the fact the
magnetic field dependency is stronger for smaller amplitude case for MS rubber.

Figure 7: Energy flow to the whole system and foundation with force magnitude equals 3 N.
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Figure 8: Energy flow to the whole system and foundation with force magnitude equals 10 N.

Figure 9: Energy flow to the whole system and foundation with force magnitude equals 30 N.

Furthermore, by comparing the energy flow to the foundation under zero and maximum magnetic field, it is
found that a reduced energy flow into the foundation can be reached by changing the magnetic field applied
for different frequency. Assuming that the frequency for which the two energy flow have the same value (zero
magnetic field and maximum magnetic field) is called the coincidence frequency (fc), the control strategy
to change the magnetic field for MS rubber is listed in Table 1. The frequency for the harmonic loading
is f . For example, when the magnitude for the excitation force is 3 N, the coincidence frequency is found
to be 103 Hz. In order to reach a reduced energy flow to the foundation, the switch of the magnetic field
applied should follow the control strategy shown in Figure 10. The energy flow peaks for zero, maximum
and switching magnetic field cases to the foundation are shown in Table 2 . It is found that after applying the
control strategy, the energy flow into the foundation is reduced by more than 20% for switching magnetic
filed case compared to zero and maximum magnetic field cases.

Criteria Magnetic field applied

f < fc Maximum magnetic field
f ≥ fc Zero magnetic field

Table 1: Control strategy for the harmonic loading case.
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Fext [N] fc [Hz]
Maximum energy flow [W]

Zero magnetic Maximum magnetic Switched magnetic

3 106 7.510× 10−5 8.369× 10−5 5.193× 10−5

10 103 6.836× 10−4 7.398× 10−4 5.234× 10−4

30 97 5.696× 10−3 6.314× 10−3 4.666× 10−3

Table 2: Energy flow to the foundation for different magnetic field

Lastly, it is found that the coincidence frequency for the control strategy is strongly related to the force
magnitude. The energy flow to the foundation for three levels of harmonic loading after implementation of
control strategy is shown in Figure 11. Combining with the results in Table 2, it is found that for an increased
force, the coincidence frequency (fc) decreases. This is caused by the amplitude dependency for MS rubber.
An increased force leads to an increased strain and a decreased modulus for MS rubber, thus the coincidence
frequency increases in frequency domain.

Figure 10: Energy flow to the foundation and the magnetic field required in frequency range.

Figure 11: Energy flow to the foundation after application of control strategy for different level of force.
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4 Conclusion

A highly nonlinear model aimed at predicting the dynamic behavior for MS rubber isolation system and
optimizing the vibration isolation effect is developed in this paper. The amplitude, frequency and magnetic
field dependency for MS rubber, the stiffness for the infinite foundation to the isolation effect are incorporated
in this model. Energy flow is used to serve as the indicator to evaluate the vibration isolation effect for MS
rubber isolator. Simulation results for harmonic loading case reveal that by changing the applied magnetic
field for different frequency range, the resonance for the MS isolation system can be avoided to some extent
and the energy flow into the foundation can be reduced. In addition to this, it is found that the amplitude
dependency for MS rubber has a great impact on the isolation effect for this MS rubber isolation system.
Thus, for the achievement of good vibration isolation effect, the amplitude dependency for MS rubber should
take into consideration at the design stage. The control strategy developed in this paper provides guidance
for the design of the control strategy for MS rubber isolators and other MS rubber-based devices.
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