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Abstract
Classical (independent) interval analysis considers a hyper-cubic input space consisting of independent in-
tervals. This stems from the inability of intervals to model dependence and might result in a serious over-
conservatism as no physical guarantee of independence of these parameters exists. In a spatial context,
dependence of one model parameter over the model domain is usually modelled using a series expansion
over a set of basis functions that interpolate a set of globally defined intervals to local (coupled) uncertainty.
However, such approach might prove to be too inflexible to model the dependence between a large number of
model parameters. This paper therefore presents a flexible approach for the modelling of dependent intervals
that is also applicable to high-dimensional problems. Specifically, it is proposed to construct the depen-
dence structure in a similar approach to copula pair constructions, yielding a limited set of 2-dimensional
dependence functions. The applied case studies indicate the flexibility and performance of the method.

1 Introduction

The calculations needed to perform a structural design usually involve the solution of sets of partial differen-
tial equations (PDE). The approximative solution of these PDE’s is usually provided by means of a numerical
modelM(x), parametrized by a parameter vector x(r) ∈ X ⊂ Rdi with X the set of physically admissi-
ble parameters and k ∈ N. For example, x(r) may contain inertial moments, clamping stiffness values or
constitutive material parameters as a function of a spatial coordinate r ∈ Ω ⊂ Rd over the model domain Ω
with dimension d ∈ N. In caseM(x) is constructed following a finite element approach, Ω is discretised by
means of a set of finite elements, yielding d structural degrees of freedom (DOF). The modelM(x) provides
a vector of model responses y(r) ∈ Y ⊂ Rdo , with Y the set of admissible model responses and do ∈ N,
through a set of function operators mi, i = 1, . . . , do, which are defined as:

M(x) : yi(r) = mi(x(r)) i = 1, . . . , do (1)

with mi : Rdi 7→ R Note that the dependence of y on r is only valid when nodal or elemental responses are
considered. This is for example not the case when y consists of eigenfrequencies.

One of the key challenges in the application of interval theoretical approaches for modelling uncertainty
in finite element models, is the inability of intervals to account for dependence between multiple uncertain
parameters. In the context of spatial dependence of a single parameter, recent work of the authors focussed
on modelling spatial dependence via interval fields [1]. Following the method presented in [1], an interval
field xI (r) is modelled as a series expansion, where local uncertainty is modelled using nb ∈ N globally
defined independent interval scalars αI ∈ IR and basis functions ψ(r) : Ω 7→ R:

xI (r) =

nb∑

i=1

ψ(r) · αI
i (2)
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with IR the domain of real interval scalars, r ∈ Ω ⊂ Rd a spatial coordinate over the model domain Ω with
dimension d ∈ N. This framework for the modelling of spatial uncertainty modelling was recently applied
in the context of inverse uncertainty quantification [2, 3] and the modelling of various dynamic phenomena
[4, 5, 6, 7], as well as additively manufactured plastic components [8].

However, while being very valuable for modelling spatial phenomena, when considering the dependence
between multiple physical parameters of a dynamic model, such a weighting approach might not be appro-
priate. Typically, more flexibility is needed in this context since the dependence structure can differ greatly
from parameter pair to parameter pair. Especially for high-dimensional problems, the accurate definition
of a set of basis functions to model dependence between different model parameters proves to be highly
challenging. In the context of probabilistic modelling of uncertainty, techniques based on Copula [10] are
being applied widely, for instance in the modelling of dependence in system reliability [9]. Copula pair
constructions further extend these concepts towards a flexible modelling of high-dimensional uncertainty
[11].

This paper explores the application of vine copula approaches for the modelling of dependence between un-
certain parameters of a dynamic FE model that are modelled as intervals. In section 2, a concise introduction
to copula in a probabilistic context is presented. Then, section 3 proposes a new method to propagate high-
dimensional interval uncertainty with dependence between the interval valued parameters. Section 4 and 5
present two case studies to illustrate these ideas. Conclusions are listed in section 6.

2 Copula in a probabilistic context

2.1 Copulas

Copula are functions that construct a joint distribution function F1:di(x1, x2, . . . xdi), with x1, x2, . . . xdi ∈
[0, 1]di starting from their one-dimensional marginals Fi, i = 1, . . . , di. As such, the modelling of the de-
pendence is decoupled from the modelling of the non-determinism in the model parameters. The application
of Copula on a bivariate distribution is based on Sklar’s theorem [10]:

F1:di = c1:di (F1 (x1) , F2 (x2) , . . . , Fdi(xdi)) (3)

with c1:di : [0, 1]di 7→ [0, 1] the copula function, which is unique if all Fi, i = 1, . . . , di are continuous.
Note that a copula is always contained between the Fréchet-Hoeffding bounds:

max

(
1− di +

d∑

i=1

xi, 0

)
≤ c1:di ≤ min(xi) (4)

which bound the dependence between the parameters and correspond to the probability mass lying on the
principal diagonals of [0, 1]di .

However, it may not be physically accurate to use the same copula family (i.e., dependence structure) to
model the dependence between all combinations of parameters since this dependence is in general not the
same. Furthermore, sampling from a copula in d > 2 proves to be a daunting task [9].

2.2 Pair Copula Construction

To overcome the limitations of these regular copula, the di-dimensional density f(x1, . . . , xdi) is constructed
using a product of d(d − 1)/2 bivariate (conditional) copula [11]. For instance, when considering 3 prob-
abilistic parameters x1, x2 and x3, the joint density f(x1, x2, x3) can be decomposed into a product of
conditional densities as:

f(x1, x2, x3) = f3|12(x3|x1, x2) · f2|1(x2, x1) · f1(x1) (5)

5072 PROCEEDINGS OF ISMA2018 AND USD2018



Then, by applying eq. (3), the bivariate densities can be written as:

f2|1(x2|x1) = c12 (F1 (x1) , F2 (x2)) (6)

f3|2(x3|x2) = c32 (F3 (x3) , F2 (x2)) (7)

f3|12(x3|x1, x2) = c13|2(F1|2(x1|x2), F3|2(x3|x2)) (8)

which yields:

f(x1, x2, x3) = f1(x1) · f2(x2) · f3(x3) · c12 (F1(x1), F2(x2)) · c23 (F2(x2), F3(x3))

· c13|2(F1|2(x1|x2), F3|2(x3|x2))
(9)

with cij|k the bivariate copula linking Fi and Fj conditional on xk. For higher di, a similar construction can
be made. As such, the joint density f(x1, . . . , xdi) can be represented as the product of marginal densities
and a product of bivariate (conditional) copula. This enables the modelling of dependence between two xi
with a much higher degree of flexibility, since different cij can be employed for all xi.

As can be noted, a huge number of constructions can be contrived when di is large. Most commonly,
therefore a set of nested trees is used to visualise and enumerate these constructions via graph theory. Such
set of nested trees is also referred to as ”vine copula”. An extensive literature exists discussing many aspects
of Copulas, Copula pair constructions and different types of vine copula. The interested reader is referred to
[11] or the book of Mai and Scherer [12].

3 A copula based approach for interval finite element computations

3.1 Interval finite element method

The goal of an interval FE calculation is to find the bounds on the uncertainty in the model responses of eq.
(1), given an interval description of the uncertainty in xI ∈ X I ⊂ IRdi For multiple parameters, the interval
vector xI is defined as the Cartesian product of the intervals xIi :

xI = xI1 × . . .× xIdi (10)

and as such spans a hypercubic set by definition [13]. The interval FE method can thus be expressed as
finding the solution set ỹ:

ỹ =
{
y|y =M(x);x ∈ xI

}
(11)

Generally, ỹ spans a non-convex manifold in Rdo , as the output responses yi are (possibly non-linearly)
coupled through the PDE of the FE model under consideration. Therefore, instead of calculating the real
uncertain solution set spanned by ỹ, the uncertainty at the output of the FE model generally is approximated
using an interval vector yI , which is usually calculated following a bounded optimisation problem, where
the bounds y

i
and yi on each output quantity yi of the solution interval vector yI are determined by searching

the domain, defined by xI [13]:

y
i

= min
x∈xI

mi(x) i = 1, ..., do

yi = max
x∈xI

mi(x) i = 1, ..., do
(12)

where yIi = [y
i
; yi] is the result interval scalar for the ith component of the solution interval vector of the

model. Solution of equation (12) returns the smallest hyper-cubic approximation yI of ỹ. Also methods that
try to estimate ỹ by its smallest convex set have been introduced in recent years [14, 15].
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3.2 Dependence between intervals

In a bivariate context, the concept of dependence can be illustrated using figure 1. This figure shows two
arbitrary parameters x1 and x2. The corresponding uncertainty is scaled for both parameters to the interval
[0,1] for illustrational purposes, which is a straightforward operation on the data. In case no dependence
between these parameters is taken into account, the space of admissible parameter combinations corresponds
to the unit square [0, 1]2, which is also illustrated using the striped line. However, in case dependence is
present between these two parameters, this can be modelled in an interval context by defining a set D12 that
limits the range of admissible parameter combinations. The degree of dependence can then be computed as
the relative area of D12 with respect to [0, 1]2 [3, 16].

x1

x2

D12

x1

x2

a b

x1

cD12 D12

x2

Figure 1: Illustration of dependence between two arbitrary parameters x1 and x2, modelled as a convex
region D12.

The definition of D12 can be based on expert knowledge, first principle fundaments, joint measurements of
the uncertain parameters, etc. D12 can take any shape within [0, 1]2, as long as it is physically relevant. In
the specific case of figure 1, in a) a dependence is assumed that slightly decreases as x1 and x2 increase,
figure b) illustrates a negative ellipse-shaped dependence. Finally figure c) illustrates a large dependence in
the centre of [0, 1]2 and small dependence in the tails.

In case more than 2 parameters are considered, the definition of D might prove to be very cumbersome or
even impossible. Therefore, a similar dependence pair construction is proposed to allow for a more flexible
definition of the joint-dependence structure. Similarly to eq. (9), when considering the joint dependence
between three intervals xI1,xI2 and xI3, the joint dependence D(xI1, x

I
2, x

I
3) can be decomposed as:

D(xI1, x
I
2, x

I
3) = xI1 · xI2 · xI3 · D12 · D23 · D13|2 (13)

with Dij the bivariate dependence between xi and xj . Also here, the concept can easily be extended to
general d dimensions. This concept is illustrated in figure 2. This figure shows the unit cube [0, 1]3, together
with D12, D23 and D13|2. As can be noted, the set D13|2 is not necessarily constant over x2, allowing for the
definition of highly complicated dependence structures with a very limited set of parameters.

In the context of propagating this uncertainty through the numerical model, this decomposition serves as an
equality constraint for the global optimisation that underlies the interval finite element model. Specifically,
to infer the bounds on y, following set of constrained optimisation problems is solved:

y
i

= min
x∈xI mi(x) s.t. x ∈ D(xI) (14)

yi = max
x∈xI mi(x) s.t. x ∈ D(xI) (15)

where the optimiser checks whether the new candidate point lies insideD. In caseD consists only of convex
dependence pairs, this reduces to a set of linear inequality constraints, which can easily be solved by any
gradient-based or evolutionary optimisation solver.
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Figure 2: Decomposition of the d = 3-dimensional dependence using the proposed dependency pair decom-
position.

Note that, while employing a similar decomposition structure as in a probabilistic context, the underlying
meaning is fundamentally different. Instead of decomposing a high-dimensional density function, into its
marginals and a set of bivariate copula, this method presents a way to limit the hypercube xI1 × . . . × xId
of admissible values by a set of two-dimensional sets. While similar, still no inference of the likelihood of
certain values within this set is made or aimed at. As such, the interval paradigm is not violated following
this approach.

4 Case study 1: analytical function

As a first example, dependent interval uncertainty is propagated through a simple analytical equation having
three parameters xi, i = 1, . . . , 3:

y = x1 · x2 − 2 · x3 (16)

with xI1 = [1, 4], xI2 = [2, 6], xI3 = [3, 5].

This function is constructed such that the extreme values for y do not correspond with either x or x. The
dependence between these parameters assumes following structure:

D12 = H(|x2 + x1 − 1| − θ1) (17)

D23 = H(|x1 − x2| − θ2) (18)

D13|2 = xI1|2 × xI3|2 (19)

withH the Heaviside function, || denoting the absolute value and θ1 = 0.5 and θ2 = 0.15.

Table 1 lists the results when the problem is solved both with and without taking this dependence into
account. The •̂ operator indicates the interval that yields the extreme values for y. As can be noted, the
results without dependence between the interval parameters are highly over-conservative with respect to the
case when the dependence is taken into account following the proposed approach. The efficiency of the
propagation is solely dependent on the used optimisation algorithm, which should be selected based on the
topology of the objective function (i.e., the numerical model) at hand.

This dependence structure is illustrated in figure 3, which illustrates the shape of the setsD12 andD23, as well
as the set D13 resulting from modelling the dependence as listed in eq. (17) to eq. (19). This visualisation is
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Table 1: Results of the propagation of the interval uncertainty through eq. (16)
Problem x̂ x̂ yI

Independent [1, 2, 5] [4, 6, 3] [−8, 17.5927]
Dependent [1.0005, 4.6792, 4.6344] [3.9916,4.0112,3.7096] [−4.5874, 8.5919]

obtained by propagating a Sobol Sequence containing 50000 samples through the analytical function. Note
that the latter set is not the one as defined in eq. (19), since it is not conditional on the value of x2. Rather, it
is a visualisation of all D13|2 for all values of x2.

Figure 3: Illustration of the dependence structure of the analytical model, employed for the case study.

5 Case study 2: composite blade

The second case study concerns a finite element model of a long and slender blade. The structure has a total
length of 30 m and the width is 1 m at the widest part. This blade is produced using a multilayer laminar
composite material, with deterministic ply material properties E1 = 231 GPa, E2 = 77 GPa, ν12 = 0.31
and G12 = G23 = G13 = 42.7 GPa. Different lay-ups are placed in the structure, where close to the
attachment of the blade (left-most), the lay-up is thicker as compared to at the end-point (right-most). The
dynamic behaviour of the structure is modelled using a Finite Element model containing 621 nodes, 606
bilinear shell elements, 573 rigid connections, 10 concentrated masses and 132 rod elements. The finite
element model of this structure is shown in figure 4.

The model is solved for its 10 first eigen-modes and corresponding resonance frequencies. Table 2 lists the
result of the deterministic simulation. The effect of mode-crossover and -veering is accounted for by tracking
the mode shapes via the modal assurance criterion. To limit the computational expense, 10 4-layer Artificial
Neural Network with (4,6,4,1)-configuration are trained using Bayesian regulation back-propagation, based
on a training data set containing 1750 samples. Furthermore, a validation data set of 750 specimens was
used, indicating that the ANN are well capable of predicting the behaviour of the full FE model at highly
reduced computational cost.

To illustrate the developed method, 4 parameters are considered uncertain, and they are modelled as de-
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Figure 4: Finite element model of the composite blade

Table 2:
Mode number description f
1 1st vertical bending 0.79 Hz
2 1st horizontal bending 2.07 Hz
3 2nd vertical bending 3.11 Hz
4 3th vertical bending 7.72 Hz
5 2nd horizontal bending 8.67 Hz
6 4th vertical bending 14.45 Hz
7 3th horizontal bending 21.68 Hz
8 5th vertical bending 23.84 Hz
9 1st torsion 26.76 Hz
10 6th vertical bending 35.01 Hz

pendent intervals. Specifically, the primary and secondary Young’s modulus (E1 and E2), as well as the
thickness of two composite shells (t1 and t2, as indicated using respectively red and blue elements in figure
4) are considered for the analysis. For this 4-dimensional structure, the dependence is decomposed as:

D(E1, E2, t1, t2) = EI
1 · EI

2 · tI1 · tI2 · D12 · D23 · D34 · D13|2 · D24|3 · D14|23 (20)

in analogy to eq. (13), and where subscripts 1, 2, 3, 4 of D correspond to E1, E2, t1, t2 respectively. For
notational simplicity, the dependence of Dij on xi and xj is omitted. This specific decomposition structure
is analogous to the D-vine representation of a pairwise copula construction. This construction is appropriate
in this case, as it allows for the direct description of the dependence between EI

1 , E
I
2 and tI1, t

I
2, whereas the

higher order terms can be included to model dependence between these two sets of parameters.

As a first case study, the dependence between the intervals is specifically modelled as:

D12 = H(|E2 + E1 − 1| − θ1) (21)

D23 = EI
2 × tI1 (22)

D34 = H(|t1 − t2| − θ2) (23)

D13|2 = xI1|2 × xI3|2 (24)

D24|3 = xI2|3 × xI4|3 (25)

D14|23 = xI1|23 × xI4|23 (26)
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with θ = [0.95, 0.85]. As a second case study, also dependence between E and t is included:

D12 = H(|E2 + E1 − 1| − θ1) (27)

D23 = H(|t1 − t2| − θ2) (28)

D34 = H(|t1 − t2| − θ3) (29)

D13|2 = xI1|2 × xI3|2 (30)

D24|3 = xI2|3 × xI4|3 (31)

D14|23 = xI1|23 × xI4|23 (32)

with θ = [0.95, 0.7, 0.85].

The cross-sections of this 4-dimensional convex dependence region are shown in figure 5. The blue area is the
domain covered by the independent intervals, whereas the orange and yellow areas correspond respectively
to cases 1 and 2. As can be noted, adding more terms to the dependence construction presented in eq.
(20) further reduces the set of admissible parameter value combinations within the hypercube spanned by
the intervals. Furthermore, in case 2, it is clear that no cross-dependence is present between the thickness
and Young’s modulus values. On the other hand, the inclusion of the cross-dependence term D23 in case 2
incorporates the dependence immediately for all combinations of the 4 parameters.

Figure 5: Two dimensional cross-sections of the 4-dimensional convex set of admissible values representing
the dependent intervals. Blue indicates the full hypercube, orange corresponds to the first case (i.e., no
cross-dependence between Young’s modulus and the thickness) and yellow corresponds to the second case.

To illustrate the effect of the dependence between these parameters, these dependent intervals are also prop-
agated through the numerical model of the composite blade. The result hereof is illustrated in figure 6.
This figure shows two-dimensional cross-sections of the 10-dimensional result manifold, obtained by prop-
agating 50000 Sobol samples from the dependent input parameters. Note that this is not a proper interval
propagation technique. However, the main goal of this figure is to illustrate the solution manifold given the
dependent intervals. As can be noted, when more dependence is included in the analysis, the solution man-
ifold becomes smaller and smaller. Furthermore, also the dependence between the resonance frequencies is

5078 PROCEEDINGS OF ISMA2018 AND USD2018



impacted. Finally, note that increasing the dependence between the input intervals yields a solution manifold
that is contained within the case of less dependence.

Figure 6: All combination of the 10 first eigenfrequencies, obtained by propagating the dependent intervals
through the composite blade model.

6 Conclusions

Classical (independent) interval analysis considers a hyper-cubic input space consisting of independent in-
tervals. This stems from the inability of intervals to model dependence and might result in a serious over-
conservatism as no physical guarantee of independence of these parameters exists. In a spatial context,
dependence of one model parameter over the model domain is usually modelled using a series expansion
over a set of basis functions that interpolate a set of globally defined intervals to local (coupled) uncertainty.
However, such approach might prove to be too inflexible to model the dependence between a large number of
model parameters. This paper therefore presents a flexible approach for the modelling of dependent intervals
that is also applicable to high-dimensional problems. Specifically, it is proposed to construct the dependence
structure in a similar approach to copula pair constructions, yielding a limited set of 2-dimensional depen-
dence functions. This definition of dependence also integrates well with the global optimisation approach.
A first case study, where the developed method is applied to an analytical function is included to illustrate
the main ideas. Application of a global optimisation algorithm also indicates that by introducing dependence
between the model parameters, the width of the output interval is decreased significantly. The second case
study applies the methodology to a realistic finite element model of a long, slender composite blade. Two
different dependence structures are propagated and it is shown that the method is well capable of limiting the
set of admissible parameter combinations, yielding tighter output sets. Future work will focus on applying
higher-order dependence constructions for the propagation of interval uncertain parameters, as well as on the
quantification of the dependence functions based on indirect measurement data.
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