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Abstract
The current practice of machines health monitoring strongly relies on the use of condition indicators. They
ideally measure a certain property in the signal, whose occurrence is correlated with the symptom of a fault.
Despite their importance, the corpus of popular condition indicators is surprisingly narrow. In a recent pub-
lication, the first two authors introduced as statistical methodology to design new indicators from the time
domain which, among all possible indicators attached to a specific symptom, maximize the probability of de-
tection of the fault. The aim of this paper is to investigate the extension of this methodology to the frequency
domain. Cyclostationary symptoms only are of concern, due to their practical importance. Advantage is
taken of a recently proposed fast algorithm to compute the spectral coherence, on which all the proposed
condition indicators happen to be rooted. It is shown that different condition indicators can thus be designed
in a rather general setting, whether the fault frequency is known, partially known or even unknown.

1 Introduction

From its beginning, condition monitoring has strongly relied on the use of scalar indicators which aim at sum-
marizing the information contained in signals into single values [?]. The so-called ”condition” or ”health”
indicators are now routinely used, not only for monitoring, but also for fault detection, in machine diagnos-
tics and in prognostics. They also serve as the main inputs fed to statistical models for classification (e.g. in
diagnostics) and for regression (e.g. in prognostics). Typical examples are measures of non-Gaussianity (e.g.
kurtosis, crest-factor, power means [?]) and, to a lesser extent, measures of non-stationarity (e.g. indices of
cyclostationarity [?]). Surprisingly, the state-of-the-art on condition indicators has evolved slowly as com-
pared to new techniques that make heavy use of them, such as machine learning. The aim of this paper is to
contribute to bridging this gap.

In a recent publication, the first two authors introduced a statistical methodology to design new indicators
based on a probabilistic formulation of the symptoms to be tracked [?]. The resulting indicators are optimal
in the sense that they maximize the probability of detection of the symptoms for a given risk of false alarm.
It was shown that several known indicators could be recovered as particular cases of or as approximations
to this approach. Several new indicators were also discovered. At the same time, the proposed statistical
methodology has the benefit to provide a threshold against which the indicators can be compared, which is
crucial in applications and rarely available from other approaches.
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The goal of this paper is to investigate the possibility to extend the condition indicators of Ref. [?], which
were derived in the time domain, to the frequency domain. Since Gaussianity is generally preserved when
moving to the frequency domain, only condition indicators dedicated to the detection of cyclostationary
Gaussian signatures are investigated in this paper. They are indeed of prime importance in the condition
monitoring of rotating machines. Proceeding from the frequency domain may be advantageous for at least
two reasons. The first one is that it easily allows the consideration of non-harmonically related cyclic fre-
quencies (e.g. in the case of a sum of multiple cyclostationary signals, also called poly-cyclostationary
signals). The second one is that it allows the insertion of weights in the computation of the indicator, so as
to emphasize or reduce certain carrier and modulation frequencies. For the sake of simplicity, generalization
to cyclo-non-stationary configurations (e.g. non-constant rotating speed [?]) is not addressed in this work.

The description of Gaussian cyclostationary signals being completely contained in the spectral correlation, it
will appear without surprise that the proposed indicators are all rooted on this bi-spectral quantity; they will
try to resume its information into a single scalar value. At this stage, advantage will be taken of the recently
proposed fast algorithm to compute the spectral correlation [?].

The paper is organized as follows. First, a brief review is given in section ?? as how to design optimal
indicators from the methodology introduced in Ref. [?]. Next, the principle is extended to the frequency
domain in section ??. Two cases are investigated, whether the fault frequency is known or not. These
results are then used in section ?? to propose three plausible condition indicators: the first one is based on
known or partially known fault frequency, the second one applies when the fault frequency is unknown and
shows interesting similarity with a measure of roughness, and the last one is specifically designed to measure
accumulated fatigue damage.

2 Design of optimal indicators

This section briefly resumes the statistical methodology proposed in Ref. [?] to design condition indicators.
The starting point is two describe the health of the system under investigation by two alternative hypotheses,
H0 and H1, which correspond to the healthy and the faulty states, respectively. Let x = {x(n);n =
0, ..., L−1} be the measured signal from which a decision is to be taken, as whether the system is in stateH0

or in state H1. The next step is to describe the expected statistical properties of the signal states by means of
the probability density functions fX(x|H0) and fX(x|H1). A typical choice often found in the literature is to
assume that fX(x|H0) is Gaussian stationary in the healthy state and that fX(x|H1) reflects some departure
from this point of equilibrium, for instance through a non-Gaussian or a nonstationary behavior. Yet many
other scenarios are conceivable, as long as H1 includes H0 as a particular case (for instance a more general
scenario is to assume fX(x|H0) non-Gaussian stationary and fX(x|H1) non-Gaussian nonstationary). In
general, the probability density functions will depend on some vectors of unknown parameters θ0 and θ1
(with the dimension of θ1, say d1, greater than the dimension of θ0, say d0). The proposed condition indicator
is then defined as the time average of the logarithm of the ”generalized likelihood ratio” (GLR)

IX =

〈
ln

(
maxθ1 fX(x|H1, θ1)

maxθ0 fX(x|H0, θ0)

)〉
(1)

where symbol 〈· · · 〉 stands for the time average operator (the adjective ”generalized” refers to the fact that
the unknown parameters θ0 and θ1 are replaced by their maximum likelihood estimates in the likelihood
ratio). The so defined indicator has several properties:

• it is positive and theoretically nil (in the large sample limit) when H0 is true,

• it is optimal as it maximizes the probability of detection of state H1 given a probability of false alarm
pF under state H0,

• it comes with a statistical threshold – returned by Wilk’s theorem and equal to χ2
d1−d0,1−pF /L under

H0 – to be used in statistical tests.
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In the special case where H0 is Gaussian stationary and H1 is Gaussian cyclostationary with cyclic period
M , the corresponding indicator reads

IX = −
〈

ln

(
s2(n)

〈s2(n)〉

)〉
(2)

where

s2(n) =
1

K

K−1∑

k=0

|x(n+ kM)|2, K = [L/M ] (3)

is the synchronous average of the squared signal (the signal being assumed zero-mean). The associated
threshold under H0 and risk pF is χ2

N−1,1−pF /L.

It is noteworthy that, unless interpolation is used, the above formula applies only to cyclostationary signals
whose fundamental frequency is equal to α = 1/M with M ∈ N. This evidences one limitation of the time
domain approach.

3 Extension to the frequency domain

The aim of this section is to extend the previous methodology to the frequency domain. This is essentially
motivated by the needs to return indicators in frequency bands and to allow the weighting of frequency
components in the definition of indicators. There are several possible scenarios to be considered, essentially
divided into two families depending on whether the cyclic frequency of the signature to be detected is known
or not. From now on, signal x is assumed Gaussian (poly)cyclostationary with a set of cyclic frequencies
αp ∈ A, αp 6= 0, which are not necessarily harmonically related.

3.1 Known cyclic frequency

3.1.1 Strategy 1

In the case of a known cyclic frequency, an immediate extension of the GLR-based indicators to the frequency
domain is obtained after filtering the signal filtered in subbands. This is in principle quite trivial and should
not pose any practical problem, as long as the bandwidth of the subbands is set greater than the highest
cyclic frequency (i.e. ∆f > maxp αp) in virtue of the uncertainty principle. The resulting indicator, say
IX(fk,∆f), then depends on both the frequency fk (the center of the k-th subband) and on the frequency
resolution ∆f (the bandwidth).

3.1.2 Strategy 2

A second approach is to proceed from an estimate of the spectral correlation SX(α, f) of the underlying
stochastic process, which in theory is not subjected to the uncertainty principle [?]. The spectral cor-
relation is defined as the covariance function between two short-time Fourier transforms (STFT) when
the integration time grows to infinity (or equivalently the spectral resolution tends to zero): SX(α, f) =
limN→∞ E{XN (i, f)XN (i, f − α)∗} with XN (f) =

∑
n∈Zw(n − iR)x(n)e−j2πfn, w(n) a data win-

dow (e.g. a Hann window) of length N centered on time instant iR and R the time step (it is noteworthy
that SX(α, f) ultimately does not depend on i). Therefore, it appears that under H1 the set of STFTs
{XN (i, fk); i = 1, ..., I, k = 0, ..., F − 1} (assumed independent with respect to index i) arranged in col-
umn vectors Xi = (XN (i, f0), ..., XN (i, fF−1))T , i = 1, ..., I is distributed like a multivariate complex
Gaussian with covariance matrix CH1(A),

f(X1, ...,XI) =
e−

∑I
i=1 X

H
i CH1

(A)−1Xi

πI |CH1(A)|I , (4)
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where [CH1(A)]kl = SX(fk−fl, fk) for any combination fk−fl = αp ∈ A and is zero otherwise (the nota-
tion CH1(A) is to emphasize that the covariance matrix depends on the cyclic frequencies αp ∈ A). This is
now to be compared to the null hypothesis where the covariance matrixCH0 is diagonal with k-th diagonal el-
ement equal to the power spectral density (PSD) SX(0, fk). After replacing in the LR the covariance matrices
CH1(A) and CH0 by their maximum likelihood estimates [ĈH1(A)]kl = I−1

∑I
i=1XN (i, fk)XN (i, fl)

∗ =

ŜX(fk−fl, fk) and [ĈH0 ]kl = δkl[ĈH1(A)]kl = ŜX(0, fk)δkl, respectively, the following indicator is found

IX(A) = ln
|ĈH1(A)|
|ĈH0 |

= ln

∣∣∣∣Ĉ
− 1

2
H0

ĈH1(A)Ĉ
−H

2
H0

∣∣∣∣ . (5)

Note that IX(α) = 0 when ĈH1(A) = ĈH0 . The associated threshold at risk pF is χ2
F (F−1),1−pF /(2I).

Unfortunately, at first sight, this result is rather impractical as it involves the computation of a potentially very
large determinant. It has however a theoretical value since it establishes that the quantity of interest in the
GLR is actually the (empirical) spectral coherence, i.e. the normalized estimate of the spectral correlation,
γ̂X(α, f) = ŜX(α, f)/(ŜX(0, f − α)ŜX(0, f))−1/2.

From here on, several suboptimal indicators can be devised. The simplest one is probably to replace the
log-determinant measure in Eq. (??) by the Frobenious norm of the off-diagonal elements. This simply
reads

I
(1)
X (A) =

1

FP

∑

αp∈A

F−1∑

k=0

wk,p · |γ̂X(αp, fk)|2 (6)

where the sum is taken over P = |A| cyclic harmonics of interest and wk,p ≥ 0 is an optional weight used to
emphasize or reduce some frequency components. Another possibility is to replace the log-determinant by
its upper bound given in Hadamard theorem, that is

I
(2)
X (A) =

1

2F

F−1∑

k=0

· log


1 +

∑

αp∈A
wk,p · |γ̂X(αp, fk)|2


 (7)

These quantities are eligible candidates to define indicators, as long as γ̂X(αp, fk) is a valid estimator. In
particular, I(1)X = I

(2)
X = 0 when γ̂X(αp, fk) = 0, ∀p. In order to keep their variance low, it is recommended

to limit the number P of cyclic frequencies. A major drawback of the approximations (??) and (??) as
compared to definition (??) is that their associated statistical thresholds are no longer given in a systematic
way by Wilk’s theorem.

3.2 Unknown cyclic frequency

The case with unknown cyclic frequency is of practical importance, especially in the context of diagnosis
where the fault frequency is not always known to an arbitrary degree of precision or is sometimes completely
unknown. It can be approached in several ways, some of which which are described hereafter.

3.2.1 Strategy 1: tuned cyclic frequencies

The first approach is to include the cyclic frequencies as unknown variables in the GLR and then to maximize
the latter with respect to them. This leads to the indicator

I
(3)
X (A) = Arg max

αp∈A
ln

∣∣∣∣Ĉ
− 1

2
H0

ĈH1(A)Ĉ
−H

2
H0

∣∣∣∣ . (8)

and its related approximations given by Eqs. (??) and (??). The computation of I(3)X might become trou-
blesome if the number of unknown cyclic frequencies is high. An easier situation arises when the cyclic
frequencies are harmonically related, i.e. αp = pα, in which case the maximization in Eq. (??) is carried out
only over the fundamental frequency α.
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3.2.2 Strategy 2: full-scan

The second approach is to include in the indicator all possible cyclic frequencies, that is to replace the
covariance matrix ĈH1(A) in (??) by its counterpart ĈH1 computed for all frequency differences fk − fl
and not only those satisfying fk − fl = αp ∈ A. The ”full-scan” indicator then reads

I
(4)
X =

1

F1F2

F1−1∑

l=1

F2−1∑

k=0

wk,p · |γ̂X(νk, fk)|2, (9)

where the notation ν is used instead of α to emphasize the fact that ν is now a free variable and where care
is taken to not include the zero cyclic frequency ν0 = 0 in the sum.

If the approximation given in Eq. (??) is considered with unit weights wk,p = 1, F1 = F2 = L, it can be
shown that the full-scan indicator boils down to

I
(4)
X =

L

I2

∑

p

K(p)2
(
〈|x̃(n)|2|x̃(n− p)|2〉 − L

N
〈|x̃(n)x̃(n− p)|2〉2

)
, (10)

where x̃(n) stands for the whitened signal as obtained form the inverse STFT of Xw(i, f)/
√
SX(0, f) and

where the autocorrelation function of the data window, K(p) =
∑

iw(n − iR)w(n − p − iR), is found
almost independent of n and R when R � N . Interestingly, this is recognized as the total ”mass” of the
autocorrelation of the squared envelope, which is therefore justified as a valid indicator within the present
formalism. Incidentally, the relevance of the autocorrelation of the squared envelope to evidence diagnostic
information has been recognized in a recent publication [?]. A remarkable case is when N = 1 and thus
R = 1 – i.e. when no Fourier transformation is done – which then simply yields

I
(4)
X = 〈|x̃(n)|4〉 − 1 =

|x(n)|4
〈|x(n)|2〉2 − 1, (11)

a result which connects the kurtosis with the sum of the squared envelope spectrum and first established in
Ref. [?].

Here again, Wilk’s theorem cannot be invoked since this is an approximation to the GLR. There is another
drawback with indicator I(4)X . To see it, one should remark that the empirical matrix ĈH1 is generally
different from ĈH1(A): the former is a full matrix while the latter is sparse (made of a few non-zero elements
aligned along parallel diagonals, i.e. such that [CH1(A)]kl = [CH1 ]kl ·I[fk−fl ∈ A] with I the characteristic
function of set A). Consequently, when all frequencies are summed in the Frobenius norm, the estimation
errors in the complimentary set Ā are accumulated and might eventually mask the contribution from the set
A. This fact jeopardizes the capability of the indicator in terms of detection. This is equivalently seen in
Eq. (??), where the autocorrelation of the squared envelope mixes all frequencies with the risk to hide the
diagnostic information.

3.2.3 Strategy 3: measure of roughness

Based on the above observation, a different point of view is taken to design an indicator based on the spectral
coherence. The principle is to consider the squared magnitude of the estimated spectral coherence as the
random quantity of interest, rather than the signal. Note that a random field is now of concern, rather than a
random process. Under the null hypothesis H0, the random field |γ̂X(νl, fk)|2, seen as a function of the two
frequency variables νl and fk, can be shown to have zero probability of being nil at any ”position” (νl, fk)
even though having small values. Under the alternative hypothesis H1, it will have higher magnitudes along
parallel lines defined by νl = αp, αp ∈ A. The objective is to keep only these values and to zero all
the other ones. The following empirical steps are proposed. The presence of a possible bias (as typically
produced by transient disturbances in the signal or the presence of unexplained nonstationarities) in the
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squared magnitude of the estimated spectral coherence is first removed by subtracting a running median.
The results is then standardized by dividing it with a running median of the absolute deviation. This step is
necessary to produce a pivotal statistics, i.e. whose variance does not depend on the location in the frequency
plane (ν,f ). These two steps can be though as a ”normalization” of the H1 statistics with respect to the H0

statistics. The rationale for using a running median is to leave unaffected informative peaks in the spectral
coherence (i.e. under H1). Let γ̃2X(νl, fk) denotes the resulting statistics. The next step is to zero all non-
significant values in γ̃2X(νl, fk) which are found below a given threshold. A reasonable choice is to define
the threshold as a high percentile pc (e.g. pc = 0.99), which means that only the 100(1 − pc)% highest
values will be kept. Thanks to the standardization step, the threshold is constant over the full (ν, f) plane.
The resulting indicator reads

I
(5)
X =

1

F1F2

F1−1∑

l=1

F2−1∑

k=0

wk,p · γ̃2X(νl, fk) · I[γ̃2X(νl, fk) > pc]. (12)

By analogy with the result given in Eq. (??), the above indicator might be interpreted as a kurtosis, yet
sensitive only to cyclostationary components. It is proposed to call it ”roughness” indicator, for reasons to
become clear in the next section.

4 Condition indicators

This section exploits the theoretical results that have been established so far to define condition indicators.

1. The approximation of indicator (??) by the Frobenius norm of Eq. (??) has been used by the authors to
define a condition indicator dedicated to the diagnosis of rolling element bearings [?]. First, assuming
that the bearing fault is localized in a certain frequency band (which may be identified from a pre-
analysis with the kurtogram), the weights wk are designed as a bandpass filter; second, assuming that
the fault frequency is not exactly known but that it is contained in a band B, the indicator becomes

I
(6)
X = Arg max

α∈B
1

FP

P∑

p=1

F−1∑

k=0

wk,p · |γ̂X(pα, fk)|2 (13)

where P stands for the number of harmonics of interest. A slightly different version of this indica-
tor, based on the post-processed spectral coherence γ̃2X(νl, fk) introduced in subsection ?? instead of
|γ̂X(pα, fk)|2, has been proposed in Ref. [?].

2. A related condition indicator is directly obtained by specializing Eq. (??) in frequency bands where
the fault is expected, that is

I
(7)
X =

1

F1F2

∑

νl∈BP

F2−1∑

k=0

wk,p · γ̃2X(νl, fk) · I[γ̃2X(νl, fk) > pc] (14)

where AP is the union of the bands that contain the P harmonics of interest and F1 = |BP | is the
number of frequency lines in this set.

3. Another condition indicator is obtained by noting that I(5)X is very similar to Aures’ roughness measure
used in psychoacoustics [?]. The latter is well approached by setting the weights wk,p so as to select
the audible frequency range from about 20 Hz to 20 kHz and the audible modulation range from about
15 Hz to 200 Hz. One difference is that Aures’ roughness is based on a decomposition of the signal
through a Bark filter bank whereas a narrow-band decomposition is used in this paper, yet this is more
or less transparent after integration over the frequency plane (ν, f). Another difference is that Aures’
roughness does not involve any time average and is therefore prone to significant estimation errors. On
the contrary, the indicators introduced in this work are statistically ”consistent” (i.e. their variances
converge to zero when the signal length increases).
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4. Finally, a condition indicator is proposed which intends to measure the fatigue damage sustained in a
bearing. Let pα, p = 1, ...P be the bearing fault harmonics and m the exponent in the fatigue crack
growth model provided by Paris’ law. Then, using Miner’s rule, the accumulated damage during a
time duration T can be shown to be

I
(8)
X = CTα




P∑

p=1

∣∣∣∣∣
F−1∑

k=0

ŜX(pα, fk)

∣∣∣∣∣

2



m
2

(15)

where C is a constant of proportionality which depends on the bearing. It must be emphasized that this
formula theoretically applies to the stress history, which unfortunately is rarely observable. In order to
remove the effects of the transfer function when the vibration signal is observed instead of the stress,
it might be advantageous to substitute the spectral correlation for the spectral coherence γ̂X(pα, fk) in
Eq. (??).

5 Conclusion

This paper has investigated the possibility to define condition indicators directly from the frequency domain
by following a statistical methodology recently introduced by the first two authors. As compared to the
time-domain approach, the main advantages are that non-harmonic cyclic frequencies are easily handled and
that weights in the form of filters can be inserted so as to emphasize or reduce the contribution of some
carrier and modulation frequencies. The optimal indicator has been found to involve the determinant of a
large matrix filled with the values of the spectral coherence, whose computation seems unfortunately quite
impractical. Consequently, several suboptimal indicators have been proposed, all rooted on the spectral
coherence for which a fast estimator has recently been proposed. A challenging configuration is when the
cyclic frequencies of the signal are not known, which requires either to plug in estimates in the indicator or
to compute the latter for all possible values. This second strategy has led to the proposal of an indicator that
bears a strong similarity with a measure of roughness, as used in psychoacoustics.
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