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Abstract
Multiple coherence analysis is a well-known approach to address MIMO problems. It allows the estimation
of the contribution of partially coherent inputs to one or several outputs. This analysis can be conducted
either in the frame of waterfall subtraction [1] or using a diagonalization of the inputs [2]. Those techniques
are well established when dealing with converged cross-spectral estimates. However, some difficulties can
appear in practice because those quantities have never completely converged, due to the finite nature of time
records. The purpose of this work is to introduce some statistical significance tests in those approaches to
avoid the systematic overestimation of the multiple coherence that is due to estimation errors. The proposed
approach is applied to signals recorded inside and outside the cabin of an aircraft during a flight test. The
multiple coherence is applied either from outside to inside signals, to analyse the contribution of outside
noise sources to the interior noise.

1 Introduction

The Coherent Output Power Spectrum [3], introduced in the 70’s, is a concept related to noise source iden-
tification, in which a linear relationship is assumed between an output signal and a given reference. A linear
relationship is estimated (H1 estimator) and the Coherent Output Power Spectrum is obtained by combining
the Reference Power Spectrum and the estimated filter. In multiple input cases, this approach is limited by
the correlation between inputs. This issue led to the development of more advanced analysis techniques,
like partial and multiple coherence approaches[4, 5, 1], or virtual source analysis [2, 6, 7], that have proven
some efficiency in several industrial applications [8, 9, 10, 11]. Coherence-based methods have been exten-
sively used in the field of aeroacoustics [12, 13, 14, 15], which can be explained by the fact that aeroacoustic
sources are often physically distributed with relatively short coherence lengths, facilitating their separation
using statistical approaches. The difficulty is then to be able to represent the source of interest with a suffi-
cient number of references, in a context where the SNR can be strongly affected by flow noise.

The originality of the present work is to propose the implementation of a thresholding step in the multiple co-
herence calculation based on the consideration of the statistical laws of coherences estimated on finite length
time records. The first section is dedicated to theoretical aspects, including the establishment of asymptotic
probability laws for the coherence and multiple coherence. An hypothesis test is proposed so as to determine
if a coherence is significantly greater than 0 or not. An approach based on a Principal Component Analysis
of the reference cross spectral matrix is proposed to implement the test for the multiple coherence. Those
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theoretical developments are then illustrated in a second section dedicated to an experimental application to
microphone signals recorded during aircraft flight tests.

2 Theoretical aspects

2.1 Probability laws of the estimated coherence between uncorrelated signals

Let x(t) and y(t) be two uncorrelated Gaussian signals. Let X and Y be the Fourier coefficients of these
two signals at a given frequency (excluding 0 and Nyquist frequency bins), X and Y are random variables
following centered complex Gaussian laws. The expected value and variance of instantaneous auto and cross
spectra are in this case

E(|X|2) = σ2x ; V (|X|2) = σ4x (1)

E(|Y |2) = σ2y ; V (|Y |2) = σ4y (2)

E(XY ) = 0 ; V (XY ) = σ2xσ
2
y (3)

where σ2x and σ2y represent by definition the expected value of the power spectral density of signals at the
frequency of interest. If instantaneous auto and cross spectra are averaged over a numberN of time snapshots
with N high enough to apply the central limit theorem, then averaged results are following in the limit
Gaussian laws (complex for the cross spectrum) :

Sxx =
〈
|X|2

〉
N

∼
N → +∞

N
(
σ2x;σ2x/

√
N
)

(4)

Syy =
〈
|Y |2

〉
N

∼
N → +∞

N
(
σ2y ;σ

2
y/
√
N
)

(5)

Sxy =
〈
XY

〉
N

∼
N → +∞

Nc
(

0;σxσy/
√
N
)

(6)

The coherence function is defined as the following ratio

γ2xy =
|Sxy|2
SxxSyy

(7)

The probability law of the estimated coherence function of two uncorrelated signals is given by Carter [16] :

fγ2xy(x) = (N − 1)(1− x)N−2 for 0 < x < 1 (8)

fγ2xy(x) = 0 for x < 0 or x > 1

Asymptotically, assuming that N is high enough to replace Sxx and Syy by their expected values, then the
probability law of the coherence can be approximated by a chi-squared with 2 degrees of freedom:

γ2xy ∼
N → +∞

χ2
2

2N
, (9)

with an expected value and variance equal to 1/N and 2/N , respectively. In order to illustrate the conver-
gence of this approximation, simulations are conducted for different values of N . For each value of N , 105

realizations are drawn using complex centered normal distributions. The resulting histograms are drawn in
Fig. 1 together with the approximation (9). It can be seen that for values above N = 50, the histogram
perfectly fits the approximation.

These probability laws are obtained for non overlapping time segments. When using some overlap between
time segments, the number of average can artificially strongly increase, however it does not change the
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Figure 1: Histograms of coherence values for different average sizes. Solid lines : theoretical pdf (solid
black), asymptotic distribution (dashed red).

total record length and induces some redundancy between time snapshots [17]. However, using a Hanning
window, it is found that for an overlap greater or equal to 65%, the probability law of the coherence is

γ2xy =
χ2
2

2κ N0
= χ2

2

nsnap
2 κ ntot

, (10)

where nsnap and ntot are the number of samples of a snapshot and of the total record, respectively, verifying
ntot = N0nsnap, and where κ = 2.07 ( Hanning window).

2.2 An hypothesis test for the significance of the coherence

The probability law of the coherence given by Eq. (10) can be used to implement a statistical test so as to
decide if the two signals can be assumed as fully uncorrelated or not. Under a H0 hypothesis that the two
signals are fully uncorrelated, there is a user-defined small probability α (risk of the test) that the coherence
is greater than a given threshold depending on α and N0. If the observed value is smaller than the threshold,
the coherence is considered as not significantly different from 0 (signals are uncorrelated). If the observed
value is greater than the threshold, the H0 hypothesis is rejected, the value of the estimated coherence is kept
as is. The threshold is given in the following table for different values of α and N0, with a Hanning window
and an overlap greater than or equal to 65%:

α 5% 1% 0.1%
N0 = 50 0.0289 0.0445 0.0667
N0 = 200 0.0072 0.0111 0.0167
N0 = 500 0.0029 0.0044 0.0067

Table 1: Threshold T such that p(γ2xy > T | H0) = α, Hanning window, overlap ≥ 65%.

2.3 The coherent output power for SISO and MISO cases

Let x(t) and y(t) be two signals recorded simultaneously in a given experimental context. Assuming that x
is an input, the Coherent Output Power (COP) of y (with respect to x) is defined by

S(x)
yy = γ2yxSyy, (11)
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and can be interpreted as the part of Syy that is linearly explained by x at the frequency of interest. If y
represents a source signal, S(x)

yy is the contribution of x to y. The COP is in fact related to the H1 estimator
of the FRF Y/X that assumes that the noise is on the output signal only:

S(x)
yy = γ2yxSyy =

|Syx|2
SxxSyy

Syy =
|Syx|2
Sxx

=

∣∣∣∣
Syx
Sxx

∣∣∣∣
2

Sxx = |H1yx|2 Sxx, (12)

where H1yx = Syx/Sxx. It is clear using that formulation that the the COP represents the contribution of x
to y, the remaining part of Syy (equal to (1− γ2yx)Syy) representing the contribution of the noise.
In some situation it can be interesting to estimate the contribution of n reference signals, a(t), b(t), c(t),
... µ(t) to the output y(t). However, reference signals are rarely uncorrelated, such that the energy of the
output cannot be simply defined as the sum of the COPs with respect to each reference. Bendat and Piersol
proposed 40 years ago [] to proceed iteratively, reference by reference (Conditioned Spectral Analysis - CSA
framework). The COP is firstly calculated with respect to a :

S(a)
yy = γ2yaSyy =

|Sya|2
Saa

. (13)

Then the contribution of the first reference is removed from auto and cross spectra of other channels :

Sij.a = Sij −
SiaSaj
Saa

, ∀i, j ∈ {y, b, c...µ}. (14)

Sij.a are called auto and cross spectra conditioned by a. The second step is to calculate a COP with respect
to a second reference b using quantities conditioned by a :

S(b)
yy.a =

|Syb.a|2
Sbb.a

. (15)

The contribution of the second reference is removed to obtain cross spectral quantities conditioned by a and
b :

Sij.a,b = Sij.a −
Sib.aSbj.a
Sbb.a

, ∀i, j ∈ {y, c, ...µ}, (16)

and so on up to the last reference. At the end, the multiple coherent output power can be obtain as follows :

S(a,b,...µ)
yy = S(a)

yy + S(b)
yy.a + S

(c)
yy.a,b + ....S

(µ)
yy.a,b,..., (17)

the multiple coherence coresponding to the ratio between this result and the total output power :

γ2y(a,b...µ) =
S
(a,b,...µ)
yy

Syy
(18)

This multiple coherence can be interpreted as the part of the ouptut signal that can be linearly explained by
the set of references. If the reference are representing sources, the multiple coherent output power can be
interpreted as the contribution of the referenced sources to the output signal.
An alternative to Conditioned Spectral Analysis for the estimation of the multiple coherence is obtained
through the Virtual Source Analysis (VSA), proposed by Price and Bernhard [] in the 80’s. This approach
leads theoretically to the same result for the multiple coherence than CSA, yet it is more suited for the further
developments proposed in present work. VSA is based on an eigen decomposition of the cross spectral
matrix of the reference signals. Let λ2v be the vth (real positive) eigenvalue and Φjv the jth element of the
vth eigenvector (v, j ∈ [1...n]). Eigenvalues can be interpreted as a set of n uncorrelated virtual sources
contributing to reference channels. The cross spectrum between the output and the vth virtual source is

Svy =
n∑

j=1

ΦjvSjy (19)
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The virtual coherence represents the contribution of the virtual source to the output:

γ2vy =
|Svy|2
SvvSyy

=
1

λ2vSyy

∣∣∣∣∣∣

n∑

j=1

ΦjvSjy

∣∣∣∣∣∣

2

(20)

with a corresponding virtual COP given by

S(v)
yy = γ2vySyy (21)

Virtual sources have the property to be uncorrelated, such that their contribution can be simply added ener-
getically :

S(1,2,...n)
yy =

(
γ21y + γ22y + ...γ2ny

)
Syy (22)

Thus, the multiple coherence is simply obtained by adding virtual coherences between the output and each
virtual source component.

γ2y(1,2...n) =
n∑

v=1

γ2vy (23)

2.4 Probability law of the multiple coherence

As suggested by Eq. (23), if the number of averages is sufficiently high to satisfy Eq. (9), and under the
assumption that the output is fully incoherent with references, then the multiple coherence is the sum of
n independent random variables following chi-squared laws with 2 dofs. This is true whatever the level of
coherence between inputs, as far as it is considered that a set of n inputs can always be split into n incoherent
sources through eigen decomposition. In those conditions, the multiple coherence follows a chi-squared law
with 2n dofs :

γ2y(1,2...n) =
χ2
2n

2κ N0
(24)

The expected value of the multiple coherence is n
κ N0

and its variance n
κ2 N2

0
. In order to validate and illustrate

this result, the multiple coherence is estimated between n = 1, 5, 20 uncorrelated reference signals and one
output (Hanning window, N0 = 100, overlap=70%). Histograms of multiple coherence values are drawn
in Fig. 2 together with theoretical pdfs (Eq. (24 )). The effect of increasing the number of references is

Figure 2: Histograms of multiple coherence values for different number of references (from left to right :
n = 1, 5, 20) with N0 = 100. Solid lines : theoretical asymptotic distributions.

clearly illustrated by Fig. 2 : the expected value increases, and the dispersion decreases. For instance, for
n = 20, half of coherence values are between 8 and 11%. Of course, this can lead to difficulties in the
analysis because it means that phenomena that are contributing to less than 10% of the output energy will
not be detected. However, it is possible to implement the significance test proposed in section 2.2 to try to
improve the detectability. The test can be easily verified for each of the n virtual components, using the
virtual coherences (20).
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3 Experimental application to aircraft flight tests

Developments proposed in this work are used in the frame of the analysis of aircraft flight tests involving a set
of 14 interior microphones (distributed in the cabin) and a set of 35 external microphones (distributed along
the fuselage, on one side of the plane, downstream to the wing). The source of interest here is composed
of all noise sources that are located outside, mainly the engine and the trailing edge of the wing. External
microphones are strongly disturbed by the turbulent boundary layer developed on the fuselage, with a signal
to noise ratio that can be extremely poor (negative values). Internal microphone records are composed of
external source contributions (transferred through the fuselage, here considered as the signal) but also of
contribution of several interior sources such as the ventilation system (here considered as noise). In this
application, several outputs are considered, and a global multiple coherence is defined as the ratio between
the average output COP and the average output :

γ2glob(1,2...n) =

∑
i γ

2
yi(1,2...n)

Syiyi∑
i Syiyi

(25)

Internal and external microphones are recorded simultaneously during stationary flight conditions. The total
record length is 60s, the cross spectral matrix is calculated with a resolution of 4Hz (Hanning window,
overlap 70%, N0 = 240). Output signals are internal sensors, and references are external ones distributed on
the fuselage. The global multiple coherence (Eq. (25)) is calculated for different values of α = 100%, 5%
and 1%, the α = 100% case corresponding to the classical approach without the thresholding step. Results
are drawn in Fig. 3, with the global COP on the left and the global multiple coherence on the right. The global

Frequency

Average Output Spectra (int. microphones)

COP  = 100%
COP  = 5%
COP  = 1%
Total output power

Frequency
10-3

10-2

10-1

100
Global multiple coherence

 = 100%
 = 5%
 = 1%

10dB

Figure 3: Left : total (black) and Coherent (colours) output spectra with the classical approach (α = 100%,
blue) and with α = 5% − 1% (red− green). Right : Global multiple coherence with the classical approach
(α = 100%, blue) and with α = 5%− 1% (red − green).

multiple coherence can be interpreted here as the contribution of external sources located on the left side of
the plane to interior noise, because external sensors that are used as references are distributed exclusively on
the left side of the fuselage. This explains why the global coherence never exceeds 50% (maximum global
coherence at about 35 to 45% in the low frequency range). Assuming a symmetry between the contribution of
external sources on both sides, this global coherence could be multiplied by 2 to account for the contribution
of external sources on the right side. In mid and high frequency, the global multiple coherence decreases,
and strong differences are observed between the different values of α used for the test. For α = 100%, the
coherence never goes below about 7 or 8%, this value corresponding to the theoretical expected value of
the multiple coherence for uncorrelated signals ( n

κ N0
see section 2.4, with N0 = 240 and n = 35 here).

Using the proposed test for the thresholding of the virtual coherence, the multiple coherence drops to 2%
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(α = 5%) and even less than 1% (α = 1%). Some tonal components, that can be seen on either COPs
or coherences, are emerging in the high frequency range. The emergence of these tonal components on
microphones installed on the fuselage skin, as compared to the background noise of the COP, is strongly
improved using the proposed approach : the emergence of these tonal components, equal to 3 to 5dB for
α = 100%, increases to 8 to 10 dB and even to 12 to 15dB for α = 5% and 1%, respectively.

4 Conclusion

The originality of this work is to propose the implementation of a simple statistical test to put to zero co-
herence values of two finite length time signals that cannot be considered as significant. A development
for MISO cases is also proposed, for the multiple coherence, a situation that can be problematic using the
standard approach with several references. The method has been applied to aircraft flight tests, illustrating its
efficiency, in a case with several references with a poor SNR, to identify the contribution of external acoustic
sources to interior noise. Future work will be dedicated to the use of the method to denoise microphones
placed on the fuselage.
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