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Abstract 

In the field of vibration qualification testing, random excitations are typically set as input in terms of a 

PSD profile. The physical motion at the shaker head is obtained through the application of the Inverse 

Fourier Transform in combination with randomized phases. The overall probability distribution of the 

input signal tends toward Gaussian, whereas distinctive peaks are often present in real-life random 

excitations, causing the probability distribution to be non-Gaussian. The parameter known as kurtosis is 

usually exploited to quantify the feature of non-Gaussianity. Several methods have been proposed to 

control kurtosis, still maintaining the desired PSD profile, in order to synthesize more realistic signals. 

However, kurtosis control implemented by some of these methods may be ineffective. In fact, in some 

cases, the response of a lightly damped system can prove closer to Gaussian than the applied excitation. 

This work presents two novel algorithms to effectively control kurtosis in random vibration tests are. 

1 Introduction 

In several applications, some components are subjected to mechanical vibrations which may lead to a 

premature failure due to fatigue phenomena. To ensure that they operate properly during their service life, 

in many industrial sectors (e.g. Automotive and Aerospace Engineering) the use of qualification tests 

tailored in accordance with the application and/or components to be analyzed (Test Tailoring) has been 

consolidated over the years. This is usually preferred to Standards that propose generic test procedures and 

are excessively strict in general (e.g. MIL STD 810F, GAM EG13). The Test Tailoring procedure requires 

an appropriate definition of vibratory test profiles (Mission Synthesis) to be used as the excitation of the 

device under test (DUT). The synthesis of such profiles requires measuring signals in real environments 

and then reproducing their most important characteristics in laboratory tests, where the actual motion is 

generated by vibrating tables or shakers. The vibration measures of real-life applications are typically not 

replicated “as is” because their stochasticity would be lost. The conventional Mission Synthesis 

procedures implemented so far [1], provide the synthesis of a test profile in terms of Power Spectral 

Density (𝑃𝑆𝐷). The physical motion is obtained by applying the Inverse Fast Fourier Transform (IFFT) in 

combination with randomized IFFT phases. As a consequence, the overall probability distribution of the 

input signal tends toward Gaussian. Such a kind of synthesis might be unfit to completely represent the 

real environment signal taken as reference in the case the latter is non-Gaussian. Consequently, the test 

reliability could be compromised since the “nature” of the real signal is not preserved (despite preserving 

the spectral content). Typical examples of non-Gaussian signals observed in real applications are the so-

called Leptokurtic signals, where high amplitude peaks are present (for instance due to micro-collisions) 

which originate a non-Gaussian probability distribution. A dimensionless parameter called kurtosis is 

often employed to represent concisely the number and severity of the signal peaks. For Gaussian signals 

the value of kurtosis is equal to 3, while it takes higher values for Leptokurtic signals [2]. 

A common reference is made to “kurtosis control” whenever it is required that the reference and the 

synthesized signals have not only the same 𝑃𝑆𝐷 but also the same kurtosis value. The additional control of 

kurtosis is aimed at shaker simulations better representing non-Gaussian excitations with the presence of 
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high peaks occurring in real-life applications. The control of the kurtosis value in the synthesis of random 

vibrations is a non-trivial task. In fact, a reformulation of the “Central Limit Theorem” [3] in the field of 

mechanical vibrations, better known as “Papoulis’ Rule” [4, 5], states that the response of a lightly-

damped linear system to a non-Gaussian signal tends to present a Gaussian probability distribution if 

certain conditions are met. As a result, even though the excitation presents high peaks and is characterized 

by a high kurtosis, the response may not present significant peaks and a lower kurtosis value can thus 

characterize the signal. In such cases, it is sometimes stated that the kurtosis is not transferred from the 

input to the output response (i.e. the peaks are filtered out).Several kurtosis control algorithms have been 

proposed in the literature (e.g. [5-8]) but not all of them prove to be effective in transferring the kurtosis 

value of the input signal to the response of the DUT. 

In this work, two algorithms for kurtosis control are proposed, which effectively generate time histories 

with prescribed kurtosis value and 𝑃𝑆𝐷, avoiding the problems associated with the Papoulis’ Rule. 

2 Theoretical Background  

In the field of random vibration testing, a test specification is typically given in the form of a 𝑃𝑆𝐷 that is 

processed by the shaker controller via the IFFT technique to construct a time history.  

As random time histories are required in the tests, the IFFT is performed by selecting the phases of the 

harmonics as uniformly distributed random variables in the interval [0,2𝜋[, whereas the amplitude 𝐴𝑛 of 

the nth harmonic is related to the nth  𝑃𝑆𝐷 element 𝐺𝑛 via the following equation: 

 

 𝐴𝑛 = √2 𝐺𝑛 ∆𝑓  (1) 

 

where ∆𝑓 is the frequency resolution of the 𝑃𝑆𝐷 spectrum. The time histories generated in such a way are 

always characterized by a distribution of their values close to Gaussian. 

The statistical parameter known as kurtosis, is defined as the 4th statistical central moment of a signal, 

normalized by the 4th power of its standard deviation. For Gaussian signals the theoretical value of 

kurtosis is 3.0. 

In practical applications, the theoretical definition is replaced by its discretized variant, namely: 

 

 𝑘 =
1

𝑁𝜎4
∑ (𝑥𝑛 − �̅�)4𝑁−1

𝑛=0   (2) 

 

 𝜎 =
1

𝑁
∑ (𝑥𝑛 − �̅�)2𝑁−1

𝑛=0   (3) 

 

 �̅� =
1

𝑁
∑ 𝑥𝑛

𝑁−1
𝑛=0    (4) 

 

where 𝑘, 𝜎 and �̅� are the kurtosis, the standard deviation, and the mean value of the signal, respectively, 

𝑥𝑛 its nth sample, and 𝑁 its total number of samples. 

The time-series can be thought of as a multi-frequency signal with a large number of harmonics 𝑁ℎ, 

namely: 

 

 𝑥𝑛 = ∑ 𝐴𝑘𝑐𝑜𝑠 (2𝜋 𝑛 𝑘 
∆𝑓

𝐹𝑠
 + 𝜑𝑘)

𝑁ℎ−1
𝑘=0 = �̅� + ∑ 𝐴𝑘𝑐𝑜𝑠 (2𝜋 𝑛 𝑘 

∆𝑓

𝐹𝑠
 + 𝜑𝑘)

𝑁ℎ−1
𝑘=1   (5) 

where 𝐹𝑠 is the sampling frequency, 𝜑𝑘 the kth harmonic phase and 𝑁ℎ is related to the number of samples 

𝑁 by the relation: 
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 𝑁ℎ = {
 
𝑁+1

2
    𝑖𝑓 𝑁 𝑜𝑑𝑑

       
𝑁

2
+ 1      𝑖𝑓 𝑁 𝑒𝑣𝑒𝑛

  (6) 

 

If Eq.(5) is inserted into Eqs.(2)–(4), kurtosis can be expressed in terms of the amplitudes and phases of 

the signal. In order to simplify the resulting expression, Eqs.(2)–(5) can be proposed in the integral form, 

namely:  

 𝑘 =
1

𝑇𝜎4 ∫ (𝑥(𝑡) − �̅�)4𝑇

0
𝑑𝑡   (7) 

 

 𝜎 =
1

𝑇
∫ (𝑥(𝑡) − �̅�)2𝑇

0
𝑑𝑡   (8) 

 

 �̅� =
1

𝑇
∫ 𝑥(𝑡)

𝑇

0
𝑑𝑡   (9) 

 

 𝑥(𝑡) = ∑ 𝐴𝑘𝑐𝑜𝑠(2𝜋 𝑡 𝑘 ∆𝑓 + 𝜑𝑘)𝑁ℎ−1
𝑘=0 = �̅� + ∑ 𝐴𝑘𝑐𝑜𝑠(2𝜋 𝑡 𝑘 ∆𝑓 + 𝜑𝑘)𝑁ℎ−1

𝑘=1     (10) 

 

Introducing Eq.(10) in Eqs.(7) and (8), 𝑘 and 𝜎 can be rewritten as [9]: 
 

𝑘 =
1

 𝜎4
( ∑

1

2
𝐴𝑛𝐴𝑘𝐴𝑙𝐴𝑚cos(𝜑𝑛 + 𝜑𝑘 + 𝜑𝑙 − 𝜑𝑚)                                       (11)    

𝑛+𝑘+𝑙=𝑚

+ ∑
3

8
𝐴𝑛𝐴𝑘𝐴𝑙𝐴𝑚cos(𝜑𝑛 + 𝜑𝑘 − 𝜑𝑙 − 𝜑𝑚)

𝑛+𝑘=𝑙+𝑚

) 

 

 𝜎 =  √
1

2
∑ 𝐴𝑛

2
𝑛     (12) 

 

The formula in Eq.(11) can be written equivalently in the following form [6, 9, 10]: 

 

𝑘 =
1

𝜎4 (3𝜎4 −
3

8
∑𝐴𝑛

4

𝑛

+ 3 ∑ 𝐴𝑛𝐴𝑘𝐴𝑙𝐴𝑚cos(𝜑𝑛 + 𝜑𝑘 − 𝜑𝑙 − 𝜑𝑚)
𝑙+𝑚=𝑛+𝑘

𝑙<𝑚,𝑛<𝑘,𝑛<𝑙

+ 3 ∑ 𝐴𝑛𝐴𝑘𝐴𝑙𝐴𝑚cos(𝜑𝑛 + 𝜑𝑘 + 𝜑𝑙 − 𝜑𝑚)
𝑛+𝑘+𝑙=𝑚

𝑛<𝑙<𝑘

+
1

2
∑ 𝐴𝑘

3𝐴𝑚cos(3𝜑𝑘

3𝑘=𝑚

− 𝜑𝑚)                                                                                              (13)

+
3

2
∑ 𝐴𝑛

2𝐴𝑙𝐴𝑚cos(2𝜑𝑛 + 𝜑𝑙 − 𝜑𝑚)
2𝑛+𝑙=𝑚

𝑛≠𝑙

+
3

2
∑ 𝐴𝑛𝐴𝑘𝐴𝑚

2cos(𝜑𝑛 + 𝜑𝑘 − 2𝜑𝑚)
𝑛+𝑘=2𝑚

𝑛<𝑘

) 

 

In Eqs.(11) and (13) the sums are performed only for those quartets of indices that satisfy the relations 

written under the summation symbols. The kurtosis of a certain signal thus depends on both the 

amplitudes and the phases of its harmonics. 
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Since the 𝑃𝑆𝐷 depends only on the amplitudes as in Eq.(1), kurtosis can be achieved by manipulating the 

phases without affecting the spectral content of the signal. The Analytical Phase Selection (𝐴𝑃𝑆) method 

was described by Steinwolf [6] and can be used for kurtosis control purposes without the limitations 

associated with the Papoulis’ Rule if the natural frequency of the DUT is known [11]. On the contrary, if 

the latter is unknown the test risks suffering from the Papoulis’ Rule [9], hence the response of the system 

could tend to Gaussian. 

A different kurtosis control method described in literature is the Polynomial Transformation, which 

consists in generating a Gaussian signal 𝑥(𝑡) with the prescribed 𝑃𝑆𝐷 first and then applying a 

transformation of the form: 

 𝑦(𝑡) = 𝛼1𝑥(𝑡) + 𝛼3𝑥(𝑡)3  (14) 

 

in order to obtain a Leptokurtic signal, with the coefficients 𝛼1 and 𝛼3 being functions of the target 

kurtosis value [6]. The transformation in Eq.4 presents two disadvantages: (i) the 𝑃𝑆𝐷 of the signal is 

affected by an unwanted disturbance and (ii) Papoulis’ Rule is very likely to occur, thus causing the peaks 

present in the input signal to be filtered out and leading the response to Gaussianity. 

Another approach consists in modulating a Gaussian signal 𝑥(𝑡) having the desired 𝑃𝑆𝐷 with an 

appropriate function 𝑤(𝑡) as in the following equation: 

 𝑦(𝑡) = 𝑤(𝑡)𝑥(𝑡)  (15) 

 

in order to obtain a Leptokurtic signal with a desired kurtosis value [12, 13]. This method is effective in 

transferring the kurtosis value to the response of the DUT if the signal bursts of the modulating signal 

have greater duration than the inverse of the bandwidth of the lightly-damped system [12]. The carrier 

waveform 𝑤(𝑡) introduces low frequency components in the spectrum of 𝑦(𝑡) compared to that of 𝑥(𝑡), 

albeit negligible if 𝑤(𝑡) is properly designed.  

3 Multi-Level Variance (MLV) algorithm 

The aim of the algorithms hereinafter presented is to synthesize a vibratory profile whose kurtosis and 

𝑃𝑆𝐷 match the reference input ones. 

The first algorithm named “Multi-Level Variance” (𝑀𝐿𝑉), considers the signal to be synthesized as 

divided into 𝑛𝑏 blocks of the same duration 𝑇𝑏 (no overlap). The generated blocks have different standard 

deviation, which is suggestive of a modulation procedure, although no modulating function is explicitly 

used. The different levels of variance 𝜎𝑖
2 (𝑖 = 1,… , 𝑛𝑏) are produced in such a way that the synthesized 

signal is compliant with the kurtosis and 𝑃𝑆𝐷 constraints as it will be shown in the following. In general, 

the 𝑃𝑆𝐷 of a signal is computed by calculating the Fast Fourier Transform (FFT) over small-sized blocks 

and squaring their magnitude in order to obtain the so-called periodograms and then averaging the 

periodograms. More specifically, the periodogram could be thought of as some sort of 𝑃𝑆𝐷 computed only 

for the generic block of the signal. Therefore, instead of using the word “periodogram”, reference will be 

made hereinafter to the 𝑃𝑆𝐷 of a certain block of the signal. 

In the algorithm, the 𝑃𝑆𝐷 𝑮𝒊 of the ith block of the signal is imposed to be scaled with respect to the 𝑃𝑆𝐷 

𝑮 of the reference signal: 

 𝑮𝒊 =
𝜎𝑖

2

𝜎𝑡𝑜𝑡
2 𝑮,          𝑖 = 1,… , 𝑛𝑏  (16) 

 

In Eq.(16) 𝜎𝑡𝑜𝑡 is the standard deviation of the overall signal, whereas 𝜎𝑖 is the standard deviation of the 

ith block. It is to be highlighted that the 𝜎𝑖 parameters are the unknowns, whereas 𝜎𝑡𝑜𝑡
2 can be calculated 

from either the reference signal using Eq.(3) or from the reference 𝑃𝑆𝐷: 
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 𝜎𝑡𝑜𝑡
2 = ∫ 𝐺(𝑓)𝑑𝑓

∞

0
  (17) 

 

where 𝐺(𝑓) is the 𝑃𝑆𝐷 of a continuous reference signal. However, since the processed signal is discrete in 

practice, the 𝑃𝑆𝐷 is also discrete and the theoretical computation of Eq.(17) must be discretized. 

The unknown parameters 𝜎𝑖 are also related to the overall variance 𝜎𝑡𝑜𝑡
2 via the relation [9]: 

 

 𝜎𝑡𝑜𝑡
2 =

1

𝑛𝑏
∑ 𝜎𝑖

2𝑛𝑏
𝑖=1   (18) 

 

From Eqs.(16) and (18) the following relation must hold: 

 

 𝑮 =
1

𝑛𝑏
∑ 𝑮𝒊 

𝑛𝑏
𝑖=1   (19) 

 

Since the 𝑃𝑆𝐷 𝑮 is computed by averaging the 𝑃𝑆𝐷 of the blocks, Eq.(19) is automatically satisfied. 

Hence, the constraint on the 𝑃𝑆𝐷 spectrum is respected if 𝑛𝑏 coefficients 𝜎𝑖 (𝜎𝑖 > 0) that comply with 

Eq.(18) are found. 

In addition to Eqs.(18) and (19), there is also a relation between the kurtosis values of the overall signal, 

𝑘𝑡𝑜𝑡, and of the single blocks, 𝑘𝑖 [9]: 

 

 𝑘𝑡𝑜𝑡 =
∑ 𝑘𝑖∙𝜎𝑖

4𝑛𝑏
𝑖=1

𝑛𝑏∙𝜎𝑡𝑜𝑡
4   (20) 

 

The first step of the algorithm is to randomly generate the 𝜎𝑖 values: such that 𝜎𝑖 ∈ [𝜎𝑚𝑖𝑛, 𝜎𝑚𝑎𝑥] and  

𝜎𝑚𝑖𝑛 < 𝜎𝑡𝑜𝑡 < 𝜎𝑚𝑎𝑥. The ratio 𝑟𝜎 =
𝜎𝑚𝑖𝑛

𝜎𝑡𝑜𝑡
∈ ]0,1[ must be selected by the user as an input for the 

algorithm: the closer to 0 the more the variance of the synthesized signal will vary in time, whereas the 

opposite is true if closer to 1. The parameter 𝜎𝑚𝑎𝑥 is not selectable by the user because it is adjusted 

throughout the algorithm iterations in order to approach the target kurtosis within a certain tolerance. 

The user can also choose the parameter 𝑛𝑝 = 0,… , 𝑛𝑏 intended to set the number of “bursts” of high 

amplitude excursion of the synthesized signal. The algorithm generates 𝑛𝑝 blocks with a standard 

deviation equal to 𝜎𝑚𝑎𝑥, which is greater than that of the other blocks.  

The kurtosis 𝑘𝑖 and variance 𝜎𝑖
2 of the blocks are calculated via Eqs.(2)–(4) only on the first iteration, 

whereas the discrete signal 𝑥𝑛 is obtained by IFFT of the 𝑃𝑆𝐷 of the single blocks with randomly 

generated phases and then by concatenating the blocks. 

A random integer 𝑠, representing a single block, is then automatically generated in the interval [1, 𝑛𝑏]. 

After the 𝜎𝑖 levels are generated (𝑖 = 1,… , 𝑛𝑏 , 𝑖 ≠ 𝑠), the standard deviation and kurtosis of the randomly 

selected sth  block are calculated via the following relations, which stem from Eqs.(18) and (20): 

 

 𝜎𝑠 = √𝑛𝑏𝜎𝑡𝑜𝑡
2 − ∑ 𝜎𝑖

2𝑛𝑏
𝑖=1
𝑖≠𝑠

    (21) 

 

 𝑘𝑠 =

𝑛𝑏𝑘𝑡𝑜𝑡𝜎𝑡𝑜𝑡
4−∑ 𝑘𝑖𝜎𝑖

4𝑛𝑏
𝑖=1
𝑖≠𝑠

𝜎𝑠
4     (22) 

 

Eqs.(21) and (22) are used in order to verify if the prescribed 𝑃𝑆𝐷 and target kurtosis can be achieved: 

indeed 𝜎𝑠 is required to be greater than zero and 𝑘𝑠 greater than a lower threshold (the lower theoretical 

limit of kurtosis being 1) and less than an upper threshold. The upper threshold should not be set 
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excessively high so as to generate unrealistic peaks in the sth block exceeding by far the amplitude of 

those of the other blocks. Afterwards, in order to obtain the 𝑘𝑠 given by Eq.(22), the harmonics phases of 

the sth block are adjusted by means of a phase manipulation procedure. With a very few iterations, where 

the parameter 𝜎𝑚𝑎𝑥 is changed in order to converge towards the target kurtosis value, Eqs.(21) and (22) 

are usually satisfied. 

The final step of the algorithm is to smooth the signal at the edges of the blocks (by means of special 

windows), in order to avoid unrealistic discontinuities among them. 

In conclusion, the user has to insert:  

 the reference input signal or, alternatively, reference 𝑃𝑆𝐷 and kurtosis value; 

 the parameter 𝑇𝑏; 

 the ratio 𝑟𝜎; 

 the number of bursts 𝑛𝑝; 

 the duration 𝑇 of the signal to be synthesized; 

 the sampling frequency of the synthesized signal (usually the same as the reference signal, thus it 

may not be required to be an input). 

4 Variable Spectral Density (VSD) algorithm 

The algorithm hereinafter called “Variable Spectral Density” (𝑉𝑆𝐷) splits the signal to be synthesized into 

𝑛𝑏 blocks of the same duration 𝑇𝑏, as the previous algorithm. The major difference is that the 𝑃𝑆𝐷 𝑮𝒊 of 

the ith block is randomly generated. 

Let the 𝑃𝑆𝐷 matrix [ 𝐺′𝑖𝑗 ] be defined as: 

 [𝐺𝑖𝑗
′ ] = [

𝐺1 𝐺1 ⋯ 𝐺1

⋮ ⋮ ⋱ ⋮
𝐺𝑁ℎ

𝐺𝑁ℎ ⋯ 𝐺𝑁ℎ

]    (23) 

 

 where Nh is the number of harmonics/PSD points. 

This matrix has 𝑁ℎ rows and 𝑛𝑏 columns, with the jth column being the 𝑃𝑆𝐷 vector of the jth block of the 

reference signal (𝑗 = 1,… , 𝑛𝑏). Eq.(23), where all the columns have the same elements (harmonic 

amplitudes), refers implicitly to a signal having a stationary 𝑃𝑆𝐷. On the other hand, the 𝑃𝑆𝐷 matrix 

[ 𝐺′′𝑖𝑗 ] corresponding to the signal synthesized through the 𝑀𝐿𝑉 algorithm has the following form: 

 

 [𝐺𝑖𝑗
′′] =

[
 
 
 
 (

𝜎1

𝜎𝑡𝑜𝑡
)
2

𝐺1 (
𝜎2

𝜎𝑡𝑜𝑡
)
2
𝐺1 ⋯ (

𝜎𝑛𝑏

𝜎𝑡𝑜𝑡
)
2
𝐺1

⋮ ⋮ ⋱ ⋮

(
𝜎1

𝜎𝑡𝑜𝑡
)
2

𝐺𝑁ℎ
(

𝜎2

𝜎𝑡𝑜𝑡
)
2
𝐺𝑁ℎ

⋯ (
𝜎𝑛𝑏

𝜎𝑡𝑜𝑡
)
2
𝐺𝑁ℎ]

 
 
 
 

    (24) 

 

Both the matrices in Eqs.(23) and (24) satisfy Eq.(19) that may be rewritten in this case, in conformity 

with the notation used in this section, as: 

 

 ∑ 𝐺𝑖𝑗
𝑛𝑏
𝑗=1 =  𝐺𝑖  𝑛𝑏          𝑖 = 1,… , Nh  (25) 

 

The 𝑉𝑆𝐷 algorithm synthesizes a signal with a 𝑃𝑆𝐷 variable over time, corresponding to a 𝑃𝑆𝐷 matrix 

having the most general form: 
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 [𝐺𝑖𝑗
′′′] = [

𝐺11 𝐺12 ⋯ 𝐺1𝑛𝑏

⋮ ⋮ ⋱ ⋮
𝐺𝑁ℎ1 𝐺𝑁ℎ2 ⋯ 𝐺𝑁ℎ𝑛𝑏

]      (26) 

 

where the elements must comply with Eq.(25). 

The matrix in Eq.(26) is useful to generate signals whose 𝑃𝑆𝐷 varies over time. 

To understand the method, a few steps are necessary to illustrate how the generic form matrix of Eq.(26) 

can be derived from Eqs.(23) and (25). Let us start with the matrix as shown in Eq.(23): if, for instance, 

the ith row is taken and changed as follows (where 𝑝 ∈ [0,1] and 𝑙 is a positive integer such that (𝑙 ≤  𝑛𝑏): 

 

 

 

 [𝐺𝑖𝑗] =

[
 
 
 
 
𝐺1

⋮
𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
[1 + (𝑙 − 1)(1 − 𝑝)]𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝑝𝐺𝑖

⋮
𝐺𝑁ℎ

⋯

𝐺1

⋮
𝐺𝑖

⋮
𝐺𝑁ℎ]

 
 
 
 

     (27) 

 

Eq.(25) is still respected if the terms of the type 𝑝𝐺𝑖 are 𝑙 − 1. If similar operations were done not only on 

the term 𝐺𝑖𝑗 but also on other terms and in a random manner then the 𝑃𝑆𝐷 of each block could be varied 

still preserving the overall 𝑃𝑆𝐷. 

The steps of the algorithm are the following: 

0) insert a reference input signal or, alternatively, reference 𝑃𝑆𝐷 and kurtosis value; 

1) set the duration 𝑇 and the sampling frequency 𝐹𝑠 of the signal to be synthesized; 

2) choose 𝑝 ∈ [0,1] (user’s choice), start from a certain 𝑇𝑏 (automatically set), and set 𝑖 = 1; 

3) start from the ith row and set 𝑠 = 0; 

4) choose a random element 𝑗 of that row; 

5) generate a positive random integer 𝑙 ≤ 𝑛𝑏 − 𝑠; 

6) set: 

𝐺𝑖𝑗 = [1 + (𝑙 − 1)(1 − 𝑝)]𝐺𝑖  and  𝑠 = 𝑠 + 𝑙 ; 

7) repeat 4 − 5 − 6  with a another value for 𝑗 (different from the values generated in the previous 

loops), and another value of 𝑙, until 𝑠 ≥ 𝑛𝑏 − 1; 

8) set  

𝐺𝑖𝑚 = 𝑝𝐺𝑖; 
with 𝑚 ranging over all the elements of the ith  row which have not been modified in point 6; 

9) if 𝑖 < 𝑁ℎ, set 𝑖 = 𝑖 + 1 and repeat from point 3, otherwise proceed to point 10; 

10) terminate if the kurtosis of the synthesized signal matches the target value (within a certain 

tolerance, to be preliminarily set), otherwise repeat from point 2 without changing 𝑝 but with a 

different 𝑇𝑏, automatically defined. Decreasing 𝑇𝑏 makes the kurtosis value increase and vice 

versa (this is how the algorithm converges towards target kurtosis). 

A limitation of the algorithm could be that the variation of the 𝑃𝑆𝐷 over time (i.e. over the blocks) is not 

controlled but randomly generated. 

As in the case of the 𝑀𝐿𝑉 algorithm, the last step is to smooth the signal at the edges of the blocks, in 

order to avoid unrealistic discontinuities. 

5 Simulation Results 

jth column 
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The two algorithms were tested starting from numerous reference input profiles. For the sake of brevity, 

only the results of two applications will be shown. Nevertheless, general considerations can be extended to 

generic cases. 

The starting reference signals, here denoted as RS100 and RS500, are field data sampled at 100 Hz and 

500 Hz, respectively, with durations of 600 and 288 seconds. Figure 1 reports their plots, whereas some 

statistical parameters are listed in Table 1, in particular: standard deviation, kurtosis, crest factor (i.e. the 

ratio between the peak value and the standard deviation). Both the reference signals prove to be 

Leptokurtic, i.e. their kurtosis is greater than 3.0 as numerous peaks and/or bursts are present in the time-

series. The kurtosis values of the responses of four single-degree-of-freedom systems with different 

natural frequencies and a damping coefficient of 2%, are also reported in Table 1 to check the sensitivity 

to the Papoulis’ Rule. The responses were obtained in terms of acceleration [𝑚/𝑠2], by implementing the 

well-known convolution between the impulse response of the system and the reference signal. 

  

(a) (b) 

Figure 1: Reference signals used in the two applications: a) RS100, b) RS500 

 

 RS100 RS500 

Std deviation [𝒎/𝒔𝟐] 0.125 71.0 

Kurtosis [-] 6.64 6.47 

Crest factor [-] 14.3 9.02 

Kurtosis of the response at 12 Hz [-] 5.54 13.8 

Kurtosis of the response at 24 Hz[-] 12.3 12.3 

Kurtosis of the response at 27 Hz [-] 5.32 10.4 

Kurtosis of the response at 35 Hz [-] 3.60 19.7 

Table 1: Statistical parameters of the reference signals RS100 and RS500 

 

The 𝑀𝐿𝑉 and 𝑉𝑆𝐷 algorithms are firstly applied to the reference signal RS100. The input parameters for 

the 𝑀𝐿𝑉 algorithm are: 

 duration of the synthesized signal 𝑇 = 600 𝑠 (the same as for the reference signal); 

 sampling frequency of the synthesized signal 𝐹𝑠 = 100 𝐻𝑧; 

  𝑟𝜎 = 0.5; 

 𝑇𝑏= 3 s   (𝑛𝑏 =
𝑇

𝑇𝑏
= 200); 

 number of bursts: 𝑛𝑝= 10; 

The input parameters for the 𝑉𝑆𝐷 algorithm are: 

 duration of the synthesized signal: T = 600 s 

 sampling frequency of the synthesized signal 𝐹𝑠 = 100 𝐻𝑧; 

 p=0.2. 
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By inspecting the plot, a dozen distinctive peaks can be approximately counted. As a consequence, the 

parameter related to the number of bursts was chosen equal to 10 for the 𝑀𝐿𝑉 algorithm. 

The parameter 𝑟𝜎 has been chosen equal to 0.5 to give a “moderate” amount of variability to the standard 

deviation over time. The signals synthesized by the two algorithms are reported in Fig.2 along with their 

𝑃𝑆𝐷s. The 𝑃𝑆𝐷 spectra plotted in Fig.2c were computed with a 50% overlap among the 𝑛𝑏 blocks and 

using a Hamming window. On the other hand, it should be noted that both the algorithms process the 

signals with 0% overlap and rectangular windows. 

The parameter 𝑝 of the 𝑉𝑆𝐷 algorithm has a similar meaning to the parameter 𝑟𝜎 of the 𝑀𝐿𝑉 algorithm. 

Nevertheless in order to give the same amount of variability requires to be set to a lower value.  

The statistical parameters of the synthesized signals are shown in Table 2.  

 

   (a) 

 

   (b) 

 

     (c) 

Figure 2: Synthesis results starting from the reference input profile RS100: a) signal synthesized by the 

MLV algorithm; b) signal synthesized by the VSD algorithm; c) PSDs comparison 

 MLV signal VSD signal 

Std deviation [𝒎/𝒔𝟐] 0.125 0.125 

Kurtosis [-] 6.50 6.62 

Crest factor [-] 8.32 6.85 

Kurtosis of the response at 12 Hz [-] 5.25 35.7 

Kurtosis of the response at 24 Hz[-] 6.48 18.6 

Kurtosis of the response at 27 Hz [-] 6.46 18.0 

Kurtosis of the response at 35 Hz [-] 6.46 25.8 

Table 2: Statistical parameters of the signals synthesized starting from the reference input profile RS100 
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The results of the MLV and VSD algorithms applied to the reference signal RS500 are now shown. The 

input parameters for the MLV algorithm are: 

 duration of the synthesized signal 𝑇 = 288 𝑠 (the same as for the reference signal); 

 sampling frequency of the synthesized signal 𝐹𝑠 = 500 𝐻𝑧; 

  𝑟𝜎 = 0.25; 

 𝑇𝑏= 2 s   (𝑛𝑏 =
𝑇

𝑇𝑏
= 144); 

 number of bursts: 𝑛𝑝= 20. 

The input parameters for the VSD algorithm are: 

 duration of the synthesized signal: T = 288 s 

 sampling frequency of the synthesized signal 𝐹𝑠 = 500 𝐻𝑧; 

 p=0.1. 

 

The parameter 𝑟𝜎 has been chosen equal to 0.25 to give a great amount of variability to the standard 

deviation over time since, as it can be observed in Fig.1b, the reference signal does not simply contain 

isolated peaks but also the variance varies to a greater extent than in the previous example. 
The signals synthesized by the algorithms are reported in Fig.3 along with their 𝑃𝑆𝐷𝑠. The 𝑃𝑆𝐷 spectra 

plotted in Fig.3c were computed with a 50% overlap among the 𝑛𝑏 blocks and using a Hamming window. 

The statistical parameters of the synthesized signals are shown in Table 3.  

 

       (a) 

 

   (b) 

 

     (c) 

Figure 3: Synthesis results starting from the reference input profile RS500: a) signal synthesized by the 

MLV algorithm; b) signal synthesized by the VSD algorithm; c) PSDs comparison 
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 MLV signal VSD signal 

Std deviation [𝒎/𝒔𝟐] 71.0 71.0 

Kurtosis [-] 6.50 6.40 

Crest factor [-] 7.24 8.00 

Kurtosis of the response at 12 Hz [-] 5.76 25.9 

Kurtosis of the response at 24 Hz[-] 6.01 22.6 

Kurtosis of the response at 27 Hz [-] 6.11 16.5 

Kurtosis of the response at 35 Hz [-] 6.80 17.7 

Table 3: Statistical parameters of the signals synthesized starting from the reference input profile RS500 

As it can be observed by comparing Tables 2 and 3, the kurtosis values of the responses to the signals 

synthesized by the 𝑀𝐿𝑉 algorithm are closer to the kurtosis of the reference input profile, whereas the 

kurtosis of the responses to the signals synthesized by the VSD algorithm take much larger values. These 

values highlight an important difference between the two algorithms: the 𝑉𝑆𝐷 algorithm can generate 

signals whose system response has a (much) higher kurtosis than the input one. This is the reason why the 

reference signal RS500 has been considered particularly significant to illustrate the special feature of the 

𝑉𝑆𝐷 algorithm. As it can be observed in Table 1, the kurtosis values of the four system responses are 

higher than that of the input excitation. This is due not only to the variation of the variance of the signal 

over time, but mainly to the variation of the 𝑃𝑆𝐷. The very high kurtosis values of the responses are due to 

a resonance effect: in particular, some blocks of the reference signals present a very sharp 𝑃𝑆𝐷 around the 

natural frequency of the system. This implies that in those blocks the signal is approximately a sinusoid 

with the same frequency, leading the system to resonate. Unlike the 𝑉𝑆𝐷 algorithm, the resonance effect 

does not occur by using the 𝑀𝐿𝑉 algorithm, because all the blocks of the signal have the same shape and a 

wide band (the same of the reference signal). 

6 Conclusion 

Two novel algorithms – named Multi-Level Variance (MLV) and Variable Spectral Density (VSD) – 

which synthesize vibration signals with prescribed 𝑃𝑆𝐷 and kurtosis value are proposed. The MLV 

algorithm varies the variance (𝑅𝑀𝑆/standard deviation) of the blocks constituting the signal, whereas the 

VSD algorithm varies the 𝑃𝑆𝐷 of the blocks. They both require as inputs: a reference vibratory profile  or, 

alternatively, a reference 𝑃𝑆𝐷 and a target kurtosis, the duration of the synthesized signal, a parameter 

which indicates the level of variation of the variance/𝑃𝑆𝐷 of the blocks. The MLV algorithm also requires 

to specify the duration of the blocks of the signal to be synthesized and the number of bursts of high 

amplitude excursion that the synthesized signal must present. 

The MLV algorithm is particularly suited to synthesize profiles able to transfer a value of kurtosis to the 

DUT response close to that of the input, whereas the VSD algorithm is particularly suited to synthesize 

profiles able to transfer a value of kurtosis to the output much higher than that of the input. To obtain the 

same output kurtosis with the two algorithms, the second one needs a lower crest factor, thus subjecting 

the shaker to less severe loads. The results in output kurtosis do not depend on the natural frequency of the 

DUT, unlike Analytical Phase Selection (APS) whose output kurtosis is close to 3 if the bandwidth of the 

controlled phases does not contain the natural frequency of the 𝐷𝑈𝑇. In fact, a proper selection of the 

algorithm parameters permits to preserve (for the MLV algorithm) or even increase (for the VSD 

algorithm) the kurtosis of the reference signal. Moreover, in order to guarantee the randomness of the 

synthesized signals, the MLV algorithm manages to manipulate the variance of the blocks among 𝑛𝑏 

levels, with 𝑛𝑏 being the number of the blocks that the signal is split into. It ensures that the overall 

kurtosis and PSD are satisfactorily close to the desired ones. Furthermore, since all the phases in the VSD 

algorithm and all the phases except for only one block in the MLV algorithm are randomly selected, the 

important characteristic of randomness in vibration tests is preserved and each synthesis run gives rise to 

different signals, even if the same input parameters are used. 
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In terms of speed, both the algorithms could be implemented in such a way that the required 

computational time is not burdensome: long signals can be synthesized in a few seconds. 

Future works are planned to investigate the possibility of using synthesized Leptokurtic signals to carry 

out accelerated durability tests.  
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