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Abstract
The multiple-order response of a rotor equipped with a centrifugal pendulum vibration absorber (CPVA) is
investigated in this study. CPVAs have been used in the abatement of torsional vibrations since the 1930s and
have been extensively researched but seldom with a focus on the full multiple-harmonic response. Although
the firing order in reciprocating engines dominates in amplitude, the higher-order harmonics have impact
on driveline-related noise issues. This investigation is conducted in order to understand if an higher-order
amplification can stem from the design of the CPVA or if this phenomenon is due an interaction between
other powertrain components. Therefore, an isolated rotor-CPVA system is studied. The investigated rotor
is subjected to an oscillating torque consisting of single- and multiple-order harmonics. The equations of
motion are derived by Kane’s method and the multiple-harmonic response of the system is analyzed. The
linear steady-state response is compared with numerical time integration of the equations of motion.

1 Introduction

Torsional dampers integrated in the clutch disc are conventionally used to decouple the driveline from tor-
sional vibrations of the internal combustion engine (ICE) of heavy trucks. This method of decoupling will
not be sufficient with future ICEs. Environmental legislation on CO2 drive the development of the ICE and
the traditional driveline of heavy trucks in the same manner as for passenger cars [1]. To fulfill CO2 reg-
ulations, manufacturers are lowering operating rotational speeds of the ICE by appropriate gearing of the
driveline, increasing the combustion pressure and downsizing the engines, without sacrificing the power out-
put. Unfortunately, these measures to fulfill CO2 regulations increase driveline torsional vibration and thus
increase the emitted noise such as gear rattle from the transmission. The higher levels of torsional vibration
also affect the fatigue life of the powertrain components negatively. These issues must be addressed to fulfill
future noise legislation, vehicle comfort requirements and fatigue life expectations of the powertrain.

The centrifugal pendulum vibration absorber (CPVA) is a passive device designed to absorb torsional vibra-
tion in oscillating rotating systems. Appropriate tuning of the CPVA counteracts the oscillatory torsional
motion of the rotor caused by the engine combustion and crank motion. The CPVA commonly consists of
several pendulums attached to a rotor, for example, attached to an engine flywheel or located on other rotat-
ing parts of the powertrain depending on the need to abate certain torsional vibration modes. The CPVA is
an order-tuned absorber which allows absorption of the engine torsional vibration order over all rotational
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speeds. This is due to the pendulum’s centrifugal force dependency where the pendulum’s eigenfrequency
is proportional to the rotational speed. The tuning order is commonly adjusted to absorb the main firing
order of the combustion engine. For a four-stroke engine this order is half the number of cylinders since a
full combustion cycle is completed every two revolutions of the crankshaft. A schematic of a rotor-CPVA
is shown in Figure 1. The rotor spins about point O and the pendulum rotates about the pivot at point Q.
This type of absorber is a compound pendulum absorber where the center of mass of the pendulum follows
a circular path. This fundamental absorber type is the base model of this investigation.

Single rotor-CPVA models have been extensively researched since the 1930s. An early overview of different
pendulum absorber types and their main linear characteristics can be found in Ref. [2], containing references
to the first patents on rotational pendulum absorbers. Non-linear studies show that the circular path pendulum
absorber possesses bifurcation jumps that may, contrary to what is desired, amplify the vibrations [3]. A
type of epicycloidal pendulum path, the tautochronic epicycloidal path, has shown to reduce the risk of
the bifurcation jump [6]. An overtuning with cycloidal pendulum paths may also help the stability of the
pendulums’ unison response at a small cost of decreasing its efficiency to absorb the vibration [4, 5]. The
gained interest from the automotive industry in this century has led to more research on the tautochronic and
general path pendulum absorber with a focus on the non-linear response and stability [4, 5]. Further, the
theory has been extended to other CPVA types other than point mass models [7, 8].

A commonly used perturbation method for analyzing the non-linear behavior of CPVAs has been the method
of averaging [9]. The method of averaging does not capture the multiple-harmonic response since it assumes
a single-harmonic response [10]. It is of great interest to capture the multiple harmonics since higher engine
orders may cause gear rattle in the transmission. Also, heavy vehicle combustion engines always produce
significant harmonics which may be amplified by the CPVA configuration. This is observed in numerical
simulations and measurements in Ref. [11] and is further investigated in this study.

The equations of motion of rotor-CPVA systems have commonly been derived using Lagrange’s method.
However, the Hamiltonian formulation is also used in Refs. [7, 8]. Here, the equations of motion are derived
by means of Kane’s method, also known as the method of generalized speeds [12, 13]. The advantage with
Kane’s method is that the governing equations fall out directly as compact first-order ODEs suitable for nu-
merical integration. Also, the use of generalized speeds to define the kinematics appears more natural for
rotating systems rather than generalized coordinates. The method of generalized speeds is also suitable for
implementation in a Computer Algebra System (CAS), assisting the bookkeeping of the equations, minimiz-
ing the risk for manual error and maintaining repeatability through coding which is highly desirable in an
industrialized simulation process [14, 15, 16].

In this investigation the equations of motion of a rotor-CPVA depicted in Figure 1 is derived by Kane’s
method. The linear characteristics of the system are investigated and the full non-linear equations are an-
alyzed by time integration showing the multiple-harmonic response while excited by single- and multiple-
harmonic excitation. The analytically derived model is validated against simulations performed in the multi-
body software Adams by MSC Software. The purpose of this investigation is to gain understanding of CPVAs
in the context of a heavy vehicle powertrain to further enhance the virtual product development process.

2 Mathematical Model

In this section, Kane’s equations and the equations of motion of the rotor-CPVA system in Figure 1 are
presented. The full derivation and the procedure of Kane’s method may be found in Appendix A. The full
non-linear equations are linearized about an operating rotational speed and the main linear characteristics of
the system are investigated. Only one pendulum attached to the rotor is considered but the procedure can
easily be extended to several pendulums. The single pendulum is equivalent to several pendulums if one
assumes synchronous pendulum response while maintaining the total pendulum mass [6]. Also, gravity is
neglected.
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Figure 1: Rotor-CPVA model.

2.1 Method of generalized speeds (Kane’s Method)

Several methods are commonly used to derive the equations of motion of mechanical multibody systems.
Kane’s method, also called the method of generalized speeds, is one of the most recent methods published in
1965 by Kane and Wang [17]. The relationship between Newton’s, Kane’s and Lagrange’s equations can be
shown by projecting Newton’s equations onto suitable tangent coordinate vectors [18]. In this section, bold
symbols represent vectors and an over-dot represents the time derivative of the vector relative to the inertial
reference frame N . Kane’s equation states the balance between inertial forces f∗i and the applied forces fi
as

fi = f∗i , (1)

where the projected inertial forces are expressed as a sum over all nr rigid bodies as

f∗i =
nr∑

j=1

[
ṗBj · vBj

i + L̇Bj · ωBj

i

]
, (2)

where
ṗBj = mj a

Bj , (3)

is the time derivative of the linear momentum of the center of mass of body Bj ,

L̇Bj = IBj · ω̇Bj + ωBj × IBj · ωBj (4)

is the time derivative of the angular momentum about the center of mass of body Bj and IBj is the inertia
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tensor about the center of mass of body Bj . Further, the partial velocities are

v
Bj

i =
∂vBj

∂ui
,

ω
Bj

i =
∂ωBj

∂ui
,

(5)

where ui are the generalized velocities as an affine function of the time derivative of the generalized coordi-
nates, q̇i.

The projected generalized forces are also expressed as a sum over all nr rigid bodies as

fi =
nr∑

j=1

[
FBj · vBj

i + TBj · ωBj

i

]
, (6)

where FBj is the force and TBj is the torque acting on the center of mass of body Bj .

The overall procedure is in three main steps. First, choose an appropriate set of generalized speeds, ui,
describing the kinematics. Second, calculate the linear and angular momentum of the bodies in terms of
the generalized speeds to further project them onto the partial velocities. Third, after projecting the applied
forces onto to the partial velocities, evaluate the summation over all bodies of the system. This is performed
in detail in Appendix A for the compound pendulum system analyzed in this investigation.

2.2 The governing equations

From Appendix A, the equations of motion of the rotor-CPVA system depicted Figure 1 are
(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = cp(u2 − u1) + To − cru1,(

IBzz +mpL
2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = −cp(u2 − u1),

(7)

where the viscous loss coefficient of the rotor is cr and the viscous loss coefficient about the pivot point of
the pendulum is cp. The inertia about the center of mass of the rotor is IAzz , IBzz is the inertia about the center
of mass of the pendulum that has a mass of mp. R is the distance from the rotor’s center to the pendulum
pivot point Q and L is the distance from the pivot point to the center of mass of the pendulum body. Further,
the generalized velocities are

u1 = θ̇, u2 =
(
φ̇+ θ̇

)
. (8)

The complete system is thus fully described as a compact first-order differential equation system. The applied
rotor torque, To, for different load cases is described in the following sections.

2.3 Linearization about an rotational operating point

In Kane’s method it is possible to linearize the system before forming the equation of motions [13]. This
is not unique for Kane’s method. For example, the linearized equations of motion may be formed from
the Lagrangian of the system by expanding the expressions to second order and then applying Lagrange’s
equation [18]. However, since the full nonlinear equations are already formed, the linearization about a
constant rotational velocity with small pendulum motion is performed directly on the equations of motion
(7).

We assume that the rotor has a steady rotational velocity Ω together with a perturbation θ̇∗. The first perturbed
generalized velocity may then be expressed as

u∗1 = Ω + θ̇∗ (9)
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and the time derivative becomes
u̇∗1 = θ̈∗. (10)

If we also assume a small pendulum motion in φ we can write the second generalized velocity as

u∗2 = u∗1 + φ̇∗ =
(

Ω + θ̇∗
)

+ φ̇∗ (11)

and the time derivative becomes
u̇∗2 = θ̈∗ + φ̈∗. (12)

Inserting the new generalized velocities into (7) yields the following linearized equations of motion about a
rotational velocity Ω as

(
IAzz +mpR

2
)
u̇∗1 +mpRLu̇

∗
2 −mpRLΩ2φ∗ = cp(u

∗
2 − u∗1) + To − cru

∗
1,(

IBzz +mpL
2
)
u̇∗2 +mpRLu̇

∗
1 +mpRLΩ2φ∗ = −cp(u∗2 − u∗1).

(13)

If we further assume that the rotor spins at constant rotational velocity without any oscillatory motion, the
latter equation in (13), which is the equation of the pendulum, may be written in canonical form as

φ̈∗ + c̃pφ̇
∗ + n2

tΩ
2φ∗ = 0, (14)

where
n2
t =

mpRL

(IBzz +mpL2)
, (15)

is the linear tuning order of the pendulum absorber and

c̃p =
cp

(IBzz +mpL2)
. (16)

Solving the eigenvalue problem of the characteristic equation of (13), without damping and applied torque,
yields the rotor eigen-order nr as a function of the linear tuning order nt :

n2
r =

n2
t

(
Ĩ + 2n2

t + 1
)

Ĩ − n4
t

, (17)

where

Ĩ =

(
IAzz +mpR

2
)

(IBzz +mpL2)
. (18)

If the pendulum is assumed to be a point mass guided on a circular path we can see that the pendulum linear
tuning order in Equation (15) is purely based on the geometrical parameters R and L since the inertia term
vanishes. This is not the case when the pendulum body has significant inertia.

3 Solving the equations of motion

3.1 Linear frequency domain

The linearized equations in (13) may be put into matrix form

Mẋ + Ax = T, (19)
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where M is the mass matrix, A is the combined damping and stiffness matrix, x is a column vector of the
system states [θ, φ, u1, u2]T and T is the torque column vector. The system may be solved by the anzats
solution

x = x̂eiΩnt, (20)

and the exciting torque as
T = âeiΩnt, (21)

were x̂ and â are complexed valued amplitude column vectors. Omitting the time dependency, the resulting
linear response becomes

x̂ = (iΩnM + A)−1 â. (22)

3.2 Time-domain integration

Numerical time integration of the full non-linear equations of motion in (7) were performed by means of the
SciPy odeint function using the default lsoda solver. The solver is an automatic method, switching between
an implicit Adams method and based on backward differentiation formulas [19]. In order to validate the
analytical model an equivalent model was built in the multi-body software Adams from MSC Software. The
model is described in Appendix B. The GSTIFF SI2 time integrator in Adams was used as the solver method.
The solver settings in both cases where refined until results converged to final values.

4 Load cases

4.1 Single-order excitation sweep

For the first study, the full non-linear equations where excited by a mean torque Tm and a single-order
oscillating torque

To = Tm + Tn sin(nΩt), (23)

while sweeping the order n between 2.9 and 3.3 upward and downward for different oscillating amplitudes
Tn at a mean rotational rotor speed of 1000 RPM. The mean torque, with a magnitude of the viscous loss
torque of the rotor, was chosen to maintain a constant mean rotational velocity. The oscillating part of the
excitation was initially ramped up with a polynomial step function with a duration of 2 seconds to minimize
initial transients. The total length of the order sweep was 240 seconds to allow the amplitude to grow to full
response.

The short Fourier transform of the time signals was then calculated using a Hanning window and the main-
and second-order traces were extracted by means of the 5-frequency-bin summation method [20].

4.2 Multiple-order excitation

In the second investigation, the main- and second-order harmonic torques were extracted for a typical 6-
cylinder heavy truck engine. This oscillating torque together with the mean torque was applied to the rotor
at steady discrete mean rotational velocities in a typical operating range of a heavy truck engine. The torque
is described as

To = Tm + Tn sin(nΩt+ αn) + T2n sin(2nΩt+ α2n). (24)

The torque amplitudes are shown in Table 1 for the different mean rotational velocities. The phase values
are αn = 0 and α2n = −0.32 [rad]. For simplicity, the phases are held constant for every rotational velocity.
The order harmonics were then extracted from the FFT of the time signals in the same manner as for the
order sweep described above.
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RPM 600 800 1000 1200 1400 1600 1800

Tn 670 945 1600 1600 1600 1600 1500
T2n 430 570 900 900 838 627 406

Table 1: Oscillatory torque amplitudes for different mean rotor rotational velocities.

5 Results and Discussion

The numerical parameter values of the rotor-CPVA system used in this study are presented in Table 2. Figure
2 shows the linear steady-state angular acceleration response of the rotor normalized with the acceleration
response of a rotor with a locked pendulum for the single-order excitation load case. Values below unity
show a reduction in torsional vibration while values above unity show an amplification compared to the
locked pendulum rotor. The response is shown as a function of the torque excitation order normalized with
the tuning order at a mean rotational velocity of 1000 RPM for different values of the pendulum damping
coefficient.

The minimum of the rotor response occurs when the excitation order and the tuning order are equal. In
this region, the oscillations are efficiently absorbed by the pendulum absorber. With increased damping
the performance of the absorber is decreased in this region. By further increasing the excitation order the
response grows to a maximum at nr, then falls down to a asymptotic level above unity. With the linear
model, one may already conclude that all excitation orders above n/nt ≈ 1.015 are amplified.

The time integrated non-linear response is shown in Figure 3 and Figure 4 for two excitation amplitudes,
40 Nm and 500 Nm respectively, when subjected to the single-order excitation load case. The solid lines
represent an upward sweep of the excitation order and the dashed lines represent a downward sweep. The
main- and second-order harmonic of the response are present even though the excitation consists of a single
frequency component. The first harmonic exists even at low excitation amplitudes. For high excitation am-
plitudes the first harmonic exceeds the main order around the tuning order. We can also observe a downward
shift of the tuning order compared to the linear tuning order for high excitation amplitudes. This is known
as a non-linear softening effect commonly associated with high amplitude pendulum responses. It is clear
that the rotor-CPVA system also has several solution branches depending on the path of excitation. For the
case in Figure 3, the upper solution branch falls back down to the lower solution branch at a lower excitation
order, that is not the case for the high amplitude excitation case.

The ripple near the rotor eigen-order in the upward sweep is probably due to the instability in this region.
One can observe that the response here has not reached steady state in comparison to the linear response. A
slower sweep speed in this region can be a way to further resolve the response in this region.

Figure 6 in Appendix B shows the same graphs as in Figure 3 and Figure 4 together with the results from
the Adams model as dot-dashes lines. The results are identical except for small deviations near instability
regions. The analytical model may be considered validated since the two independent methods yield the
same results.

The steady-state response of the rotor subjected to the multiple-harmonic excitation for different rotational
velocities are presented in Figure 5. The dotted lines represent the response of the rotor with a locked
pendulum and the solid lines represent the rotor-CPVA angular acceleration. As expected, the main-order
response of the CPVA-equipped rotor is remarkably reduced while the second-order harmonic is amplified
compared to the locked pendulum rotor, at and above 800 RPM. An increased level of the main order is
evident at 600 RPM. This is due to the fact that the response has jumped up to the upper solution branch that
was observed in the downward sweep in the response study. At lower rotational velocities the centrifugal
stiffness of the pendulum is lower and the amplitude of the pendulum increases, facilitating the jump to this
branch.
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Parameter Value

Ĩ 2255
nt 3.11
mp 6.0 [kg]
cp 5E−4 [Nms/rad]
cr 5E−3 [Nms/rad]

Table 2: Parameter values used in the simulation of the rotor-CPVA system.
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Figure 2: Linear steady-state normalized angular acceleration response of the rotor for different pendulum
damping coefficients at 1000 RPM. Values below unity show a decrease in the response compared to a rotor
with locked pendulum.
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Figure 3: The non-linear angular acceleration response of the rotor for an excitation amplitude of 40 Nm.
The solid lines represent an upward sweep of the excitation order and the dashed lines represent a downward
sweep.
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Figure 4: The non-linear angular acceleration response of the rotor for an excitation amplitude of 500 Nm.
The solid lines represent an upward sweep of the excitation order and the dashed lines represent a downward
sweep.
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Figure 5: The steady-state responses of the rotor subjected to the multiple-harmonic excitation over a typical
operating rotational speed range of a heavy truck.

6 Conclusions

The equations of motion of a rotor-CPVA system are derived by Kane’s method yielding compact first-
order differential equations and are validated against an Adams model. By linear and non-linear analysis we
show the main characteristics of the rotor-CPVA system. We conclude that the rotor-CPVA system excited
by a single-harmonic torque produces a multiple-harmonic response. This is evident for higher levels of
oscillating torque amplitudes and becomes more apparent near the tuning order of the pendulum absorber
since the main excitation order is significantly reduced. Also, when exciting the rotor-CPVA system with a
multiple-harmonic torque we show that the higher harmonics above the rotor eigen-order are amplified by
the pendulum absorber arrangement. Further, we show that the system possesses different solution branches
depending on the previous state of the system due to non-linearities. A jump between these solution branches
may occur. This jump occurs in the low rotational velocity range yielding an increase of torsional vibration.
An important conclusion is that the low rotational speeds must be considered in the design of the pendulum
absorber. Higher torsional vibrations at vehicle creeping conditions can cause poor noise quality issues. We
show that it is possible to extract the different solution branches and the harmonic response from time-domain
simulations by subsequent frequency analysis of the time signals. However, the time-domain integration to
find the steady-state response can be time consuming, especially in the analysis of larger powertrain models.
Therefore, future investigations will expand to other analysis methods such as the Harmonic Balance Method
as in [10].
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A Derivation of the equation of motions

Even though Kane’s method is suitable to implement in a Computer Algebra System (CAS), such as in Refs.
[15, 16], the equations of motion of the rotor pendulum system depicted in Figure 1 are manually derived to
show the procedure of the method.

Bold symbols represent vectors and an over-dot represents the time derivative of the vector relative to the
inertial reference frame N . Unit direction vectors are represented in bold and with a hat as âx.

A.0.1 Inertial forces

The total angular velocity of the rotor body A and the pendulum body B in the inertial reference system N
are

ωA = θ̇âz, ωB = (φ̇+ θ̇)b̂z. (25)

An appropriate set of generalized velocities may then be chosen from the expressions of the angular velocities
in (25) as

u1 = θ̇, u2 =
(
φ̇+ θ̇

)
. (26)

The velocity of the pendulum body may then be written in terms of these generalized velocities,

vB = Ru1ây + Lu2b̂y. (27)

The partial velocities defined in (5) then become

ωA
1 = âz, vA

1 = 0, ωB
1 = 0, vB

1 = Rây, (28)

ωA
2 = 0, vA

2 = 0, ωB
2 = b̂z, vB

2 = Lb̂y. (29)

Further, the time derivative in the inertial frame N of the velocity vector, vB , yields the acceleration of the
pendulum center of mass and thus the time derivative of the linear momentum becomes

ṗB = mpR
(
−u2

1âx + u̇1ây
)

+mpL
(
−u2

2b̂x + u̇2b̂y

)
. (30)

The time derivative of the angular momentum of the pendulum body and the rotor about their center of mass
are

L̇B = IBzzu̇2b̂z, (31)

L̇A = IAzzu̇1âz. (32)

The components of the summation of the inertial forces f∗i for each body in (2) may now be evaluated for
each set of partial velocities (28), (29). For each body and for the first set of partial velocities the summation
components are

f∗1,A = ṗA · vA
1 + L̇A · ωA

1 = IAzzu̇1,

f∗1,B = ṗB · vB
1 + L̇B · ωB

1 =

=
(
mpR

(
−u2

1âx + u̇1ây
)

+mpL
(
−u2

2b̂x + u̇2b̂y

))
·Rây =

= mpR
2
(
−u2

1âx · ây + u̇1ây · ây
)

+mpRL
(
−u2

2b̂x · ây + u̇2b̂y · ây
)

=

= mpR
2u̇1 +mpRL

(
−u2

2 sin(φ) + u̇2 cos(φ)
)
,

(33)

where the definition of the dot product between two vectors is used.
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For each body and the second set of partial velocities, the summation components are

f∗2,A = ṗA · vA
2 + L̇A · ωA

2 = 0,

f∗2,B = ṗB · vB
2 + L̇B · ωB

2 =

=
(
IBzz +mpL

2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ).

(34)

Finally, the equations of motion without any applied forces are then formed by evaluating the sum as

f∗1 = f∗1,A + f∗1,B =
(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = 0, (35)

f∗2 = f∗2,A + f∗2,B =
(
IBzz +mpL

2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = 0. (36)

A.0.2 Applying Torques

A viscous loss torque about point O in the rotor frame A, is applied together with an applied torque To,
representing the engine torque. The two torques may be written in vector form as

TA = (To − cru1)âz, (37)

where cr is a the viscous damping coefficient.

A viscous damping torque acting on the pendulum frame B, proportional to the angular velocity difference
between frame A and B, is applied to represent the viscous loss of the pivot bearing about point Q. This loss
is described in terms of generalized velocities as

TB = −cp(u2 − u1)b̂z, (38)

where cp is the viscous damping coefficient. This torque also acts on the rotor frame but with opposite sign.
The generalized active forces for each degree of freedom becomes

f1,A = (TA −TB) · ωA
1 = cp(u2 − u1) + To − cru1,

f1,B = TB · ωB
1 = 0,

(39)

and for the second degree of freedom

f2,A = (TA −TB) · ωA
2 = 0,

f2,B = TB · ωB
2 = −cp(u2 − u1).

(40)

Collecting the inertial terms, (35), (36) and the generalized active forces, (39), (40) into f∗i = fi results in
the equations of motion in terms of generalized coordinates and velocities with applied torques as

(
IAzz +mpR

2
)
u̇1 +mpRLu̇2 cos(φ) −mpRLu

2
2 sin(φ) = cp(u2 − u1) + To − cru1,(

IBzz +mpL
2
)
u̇2 +mpRLu̇1 cos(φ) +mpRLu

2
1 sin(φ) = −cp(u2 − u1).

(41)

Together with the kinematical differential equations, (26), the complete system is described as a first-order
differential equation system.

B Model validation against Adams

The Adams model consists of a rotor body attached to the ground with a rotational joint. A torsional damper
element without stiffness was applied between the rotor and ground to represent the viscous loss cr. Further,
a rotational joint is attached between the rotor and pendulum body at the pivot point Q. A torsional damper
element without stiffness was applied between the pendulum and rotor to represent the viscous loss cp. The
applied forces and load cases are the same as for the analytical model.
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Figure 6: The non-linear angular acceleration response of the rotor. The solid lines represent an upward
sweep of the excitation order and the dashed lines represent a downward sweep using the analytical model.
The dot-dashed lines are results from the Adams model.
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