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Abstract
The design and application of periodic structures and geometries as a strategy to overcome sound absorption
problems in the lower frequency range has increased, making subwavelength absorption feasible. In this
work we use a differential evolution algorithm to optimize a design already available in literature, which
consists of a cylindrical pore with smaller cylinders periodically spaced along its axis. Two samples were
optimized to achieve unit and thus perfect absorption in a narrow band between 500 Hz and 600 Hz. These
were further 3D-printed and tested in an impedance tube. For the first sample, a unit absorption coefficient
was found at 562 Hz for a thickness of λ/13.3, reaching a good agreement between theory and experiment.
The second sample was optimized for maximum absorption at 1000 Hz. Results for both samples show good
agreement between theory, experiment and numerical simulation.

1 Introduction

Foams are a classic solution for achieving absorption of sound energy. These foams are vastly used in the
form of acoustic panels for many applications such as enhancing the acoustic environment of a recording
studio or lowering the transmission of sound in between two partitions in the same building [1]. The main
issue with this approach is that the foams are required to have a thickness of λ/4 to be effective, λ being
the acoustic wavelength. As such, the typical frequency range in which they are effective is typically above
1000 Hz.

In recent years many strategies have been used and developed to enhance the acoustic behaviour of materials
for lower frequencies [2, 3, 4]. The approaches used may be coiling up space [5, 6], using dead-end pores
[7, 8, 9], membranes [10, 11] or achieving a negative density [12]. These strategies fall in the class of
metamaterials, most of which rely on the repetition of a periodic structure, namely a unit cell, to achieve
desired physical properties that one cannot find in nature itself [13]. However, most of these designs do not
work in a broad frequency range, meaning that one needs to match the dimensions of the different parts of
the geometry in order to target a certain frequency band and this process can be very time-consuming [14].

In this work we optimize a design of a periodic resonant structure already existing in literature [9] through
a Differential Evolution Algorithm [15, 16], in order to achieve a unit absorption coefficient in frequencies
below 1000 Hz. The design is based on an array of small cylinders periodically-spaced along the axis of
another cylinder. This assembly was tested for sound absorption in the original paper but did not achieve
sound absorption for f < 1000 Hz nor was it optimized. A similar design from the same authors [17] was
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optimized through a transfer matrix model, but not through an algorithm dedicated to optimization. This is
the main contribution of this work.

The work is organized as follows: section 2 describes the theory for the wave propagation in the geometry
and its formulation, section 3 presents the optimization and 3D printing process and section 4 presents and
discusses the results obtained.

2 Problem setting

This section highlights the theory for the geometry that is the focus of this paper, as taken from ref. [9]. Such
geometry relies on the assembly of small cylinders (dead-end pores) periodically spaced along the axis of a
bigger cylinder (main pore), as depicted in Fig. 1 a).

Figure 1: Unit cell (green highlight), array of unit cells (left) and array of unit cells embedded in a cylinder to
be 3D-printed (right), where Ac and L are the cross sectional area and length of the main pore, respectively,
and Ad and d are the same quantities but for the dead-end pores, h is the period in between unit cells and A
is the cross sectional area of the sample to be 3D-printed.

The acoustic impedance for the array of unit cells is given by [9]

Z = −iN
2

As

Ac

Zc

Zs
tan(ksd), (1)

where N is the number of side branches per period (N = 4 in the Fig. 1), Zc is the impedance of the main
cylinder and Zs, ks and d are the impedance, wavenumber and length of the side branches, respectively,
which are given by

Zi =
√
ρi/Ci, (2)

ki = ω
√
ρiCi, (3)

with i = c for the main cylinder or s for the side branches, ω = 2πf , and Ci and ρi are the equivalent
compressibility and equivalent density of the fluid within the cylinder, respectively.
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Table 1: Expressions for the assessing of the impedance Z as seen in ref. [9]

Parameter Expression
c0 Speed of sound in ar 343 m/s
P0 Atmospheric pressure 101325 Pa
ρ0 Air density 1.204 g/cm3

Z0 Impedance of the air ρ0c0
µ Absolute viscosity 1.511e-5 Pa.s
γ Constant for ideal gases 1.42
Pr Prandtl’s Number (for current model) 0.6282
Ai Cross section area a2i
σi Flux resistivity 8µ/a2i
κi Thermal permeability a2i /8
Λi Viscous characteristic length ai
Λ

′
i Viscous characteristic length ai

ω
′
i - ω

√
Pr

ωb,i - σ2i Λ2
i /4ρ0µ

ω
′
b,i - Λ

′
i
2/4ρ0κ

2
i

ρi Equivalent density ρ0(1 + (σi/− iωρ0))
√

1 + (−iω/ωb,i)

Ci Equivalent compressibility ξ(γ − (ξ
′
/(1 + (µ/(−iω′

iρ0κi)
√

(1 + (−iω′
i/ω

′
b,i))))))

ξ - 1/ρ0c20
ξ
′

- γ − 1

For the sake of clarification and reproducibility of this work, all the other equations and constants needed for
the assessing of the impedance Z in Eq. (1) are presented in Table 1.

In Table 1 the items whose descriptions are marked with “-” are simply a re-writing strategy to make the
equations look more elegant and decrease their number of terms, having no physical meaning on their own.
Once more, the index i can be c for the main pore or s for the side branches.

To assess the sound absorption, the geometry is then embedded into a cylindrical shape such as the one shown
in Fig. 1 (right) to form a sample. The shape of the sample could be any other than cylindrical as long as a
relation betweenAc andA can be maintained. Here it was chosen to be cylindrical for 3D-printing purposes,
as the geometry is supposed to be tested in an impedance tube whose cross section is also circular. A relation
between the area of the main cylinder and the area of the sample can be obtained as being φ = Ac/A, which
corresponds to the surface perforation rate (or surface porosity).

The period h in which the unit cells are spaced will cause a phase shift of y = eikch in a plane wave directed
towards the sample. If the number of periods is n = L/h, from the transfer matrix method [18] it is possible
to relate the waves propagating in the sample and relate them to a matrix M as follows:

M =




(1 + Z)y Z

−Z (1− Z)

y




n

=

(
M11 M12

M21 M22

)
, (4)

kc being the wavenumber in the main cylinder as taken from Eq. (3).

For a sample with surface porosity φ, there is a matrix

T =




1 + φ′

2φ
−1− φ′

2φ

−1− φ′
2φ′

1 + φ′

2φ′


 (5)
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that correlates the waves propagating forwards and backwards in the given geometry, with φ′ = φ(Z0/Zc).

The reflection coefficient is then

r =
M ′

11 −M ′
21

M ′
22 −M ′

12

, (6)

with M ′
ij being the element in the i-esimal line and j-esimal column of a matrix M′ = MT. The absorption

coefficient can then be found as α = 1− |r|2.

3 Optimization and further validation

In the previous section the outline of the geometry and its theory was given. The reader can then see that
many parameters influence the final result of the absorption coefficient. As such, in order to obtain a perfect
absorption for a certain frequency, the most timely effective approach is to use some sort of optimization.
This section highlights the optimization method used and the two validation methods, namely a numerical
validation through COMSOL software and an experimental validation by impedance tube testing.

3.1 Optimization

Given the number of variables to be optimized, the approach chosen is the differential evolution [19]. It is
based on the theory of evolution as seen in biological studies, where one individual crosses with another and
the best features keep passing to future individuals. An algorithm already available elsewhere [20] is used
to perform such optimization. For each geometrical parameter a boundary condition is established, based on
the dimensions of the impedance tube available for testing (diameter = 27 mm), as shown in Table 2.

Table 2: Boundary conditions used in the optimization process
Parameter Inferior limit Superior limit Increase rate

N 1 8 1

L [cm] 1 5 0,5
d [cm] 1 6 0,5
ac [mm] 0,5 3 0,1
as [mm] 0,5 3 0,1
h [mm] 0,5 4,5 0,5
φ [%] 0 11 0,1

where ac and as are the radius of the cross section of the main cylinder and the side branches, respectively.

Another condition imposed to the algorithm is that h ≥ as. The initial population is of 100 individuals,
with a crossover factor of 0.7 and a mutation factor of 0.93. A maximum of 20 iterations is imposed to the
algorithm and the objective function used was

Fobj =
∑

(1− α(fmin : fmax)2), (7)

with fmin = 500 Hz and fmax = 600 Hz. No further changes were made to the algorithm.

For this first sample, final dimensions after optimization were L = 45 mm, N = 8, d = 8.5 mm, ac = 2
mm, as = 1.6 mm, h = 4.5 mm, and φ′ = 2.19%. The expected frequency for the absorption peak to
occur with these dimensions is 562 Hz. The lower limit of d was extrapolated to achieve a better result in the
absorption curve.
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The 3D-printed sample is shown in Fig. 2. Pores were closed for testing with plastic tape (Fig. 2, right) and
by the walls of the sample holder of the impedance tube itself.

Figure 2: 3D-printed sample with open pores (left) and closed pores with plastic tape (right). Dimensions
are L = 45 mm, N = 8, d = 8.5 mm, ac = 2 mm, as = 1.6 mm, h = 4.5 mm, and φ = 2.19%.

3.2 Numerical simulation

To validate the theory proposed in Section 2, the optimized model shown in Section 3.1 is implemented in
COMSOL. The idea is to simulate a full impedance tube experiment, and, as such, the model consists of the
sample itself and the impedance tube, as shown in Fig. 3.

Figure 3: COMSOL Simulation

The model uses the Pressure Acoustics module with viscous and thermal losses accounted for and also with
the Narrow Acoustic Region (NRA) in both main cylinder and side branches. The NRA is set to use the
circular duct approximation. Such approximation for ducts with constant cross-section gives exactly the
same results as if one was using the full Thermoviscous Acoustics module but with way less computation
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time [21]. For the excitation, a unit pressure is applied at the extremity of the tube. As for the mesh, Free
Tetrahedral elements are used, with the embedded Extra Fine element size, which obeys the rule of thumb
of 6 elements per wavelength in the selected frequency range for this simulation, i.e. between 1 Hz and 850
Hz.

4 Results and Discussion

Results for the optimized geometry, which are shown in Fig. 4, are presented and discussed in this section.
The difference in the peak of the experimental and theory results is 11 Hz (peak is in 562 Hz for the theory and
573 Hz for the experiment), with an error of 1.96% and showing good agreement between both outcomes.
The total length of the sample is λ/13.3 at 562 Hz, which beats three times the λ/4 of regular acoustic
absorbing materials.

Figure 4: 3D-printed sample 1 absorption curves.

Moreover, the curve is not so narrow, as between 522 Hz and 630 Hz more than 60% of the sound energy is
absorbed. The difference in the peak of the theory and experiment curves might be due to the fact that the 3D
printing process is not necessarily exact and that deviations in the dimensions of the 3D model can happen
during such process. In addition, the final sample has rugosity to some extent, which is not foreseen neither
in the theory nor in the numerical model.

However, the results from the numerical simulations do not match the theory nor do they match the experi-
ment. Due to their diameter and period, the side branches overlap with each other, which causes a consider-
able loss of volume in the dead-end pores and, mainly, do not evaluate each pore as a single structure. The
3D-printed sample did not present such overlapping as the 3D-model considers each pore separately but with
a smaller length. This overlapping can be seen in Fig. 5.
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Figure 5: Overlap of the side branches.

To test this idea of the overlapping, a new sample was 3D-printed and implemented in COMSOL, whose
inner geometry is shown in Fig. 6. It has N = 4 and the ratio between the main cylinder’s and side
branches’ diameters was such that there was no overlapping. The dimensions of this new sample were then
ac = 2.5 mm, as = 1.5 mm and φ = 3.43%. All the other parameters were the same of the sample in Fig. 2.

Figure 6: Inner geometry of new sample without overlapping.

As for the numerical simulation, it followed exactly the procedures discussed in Section 3.2, whereas the
theory is the same described in Section 2. The experiments in the impedance tube also followed the same
standard. Results are presented in Fig. 7
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Figure 7: 3D-printed sample 2 absorption curves.

The difference between theory and experiment and experiment and virtual simulation is 10 Hz (peaks are at
990 Hz, 1000 Hz and 1010 Hz for the theory, experimental and virtual simulation results, respectively). As
for the peak in the experimental curve, 94% of the sound energy is absorbed at 1000 Hz. The goal with this
second sample was to validate the theory from virtual and real measurements, which can be considered to be
done successfully. Shift in the peaks between the approaches might be, again, related to the imperfections
in the cylinders resultant of the printing process, which might have influenced the small difference in the
results.

5 Conclusion

In this paper a periodic structure design available in literature[9] is optimized through a differential evolution
algorithm [20]. Experimental results for the final geometries from two different optimization runs are pre-
sented. Results for both theory and experiments showed good agreement with simulations using COMSOL.

As for the first sample, optimization is in the range of 500 Hz and 600 Hz. The absorption peak is at 562 Hz
and is not so narrow, having a bandwidth of approximately 108 Hz (between 522 Hz and 630 Hz), in which
a sound absorption coefficient higher than 60% is found. The second sample is optimized for unit absorption
at 1000 Hz and results from theory, experiment and simulation are in good agreement.
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