
Bifurcations and limit cycles due to self-excitation in non-
linear systems with joint friction:
Phenomena and approximation schemes

J. Kappauf 1, H. Hetzler 1

1 University of Kassel, Department of Mechanical Engineering, Engineering Dynamics Group
Mönchebergstraße 7, 34125, Kassel, Germany
1 e-mail: kappauf@uni-kassel.de

Abstract
In this contribution calculation methods for approximating periodic limit cycles of self-excited dynamical
systems with frictional damping are discussed. Particularly in industrial application, e.g. the analysis of
brake squeal recently, the so-called Energy-Balance has attracted a lot of interest [11] and will be compared
to classical methods like Averaging and the Harmonic Balance method, which are commonly used for direct
approximation of limit cycles. Focussing on the effect of joint damping, a short overview on modelling of
joint friction is given. In the second part two methods, the Harmonic Balance and Energy Balance method,
for non-linear analysis of dynamical systems are discussed and the bifurcation behaviour for two minimal
models taken from literature [5, 6] is studied.

1 Introduction

For smooth non-linear systems the investigation of stability and bifurcations leading to limit cycle oscillations
has a long tradition [10]. In particular, HOPF-Bifurcations of steady states leading to periodic limit cycles
are a common phenomenon in non-linear dynamical systems, especially for the further discussed self-excited
systems. In technical applications e.g. the analysis of brake noise, these occurrence of self-excited vibrations
has to be determined, to assess and avoid NVH effects during operation.
For providing stability of fixed points for particular operation conditions in terms of LYAPUNOV for different
initial conditions mostly the Complex Eigenvalue Analysis (CEA) is applied. However, this is not sufficient
in general when dealing with non-linearities, e.g. joints or contacts, because they can cause further solution
branches, where vibrations can occur [7]. Moreover, contact implies nun-smooth forces and linearisation is
no longer applicable.

In literature, in terms of NVH referring to brake systems the destabilisation of the steady state is often related
to the following mechanisms [5]:

• negative friction gradient

• flutter instability / mode coupling

In the first case, self-excited oscillations could occur when the velocity gradient of the friction coefficient µ is
negative in some operating conditions. Measurements of friction coefficients e.g. for brake pad applications
show this common phenomenon very clearly [4]. The occurrence of this negative gradient can lead to self-
excitation, if the structure exhibits not enough viscous or structural damping. this mechanism is usually
associated with groan or muh noise.
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Dealing with mode coupling respectively flutter instability, the circulatorical forces in the equations of mo-
tion excite the system. Within this contribution a two degree of freedom model is investigated in [8] and
shows the effect of mode coupling clearly. Depending on the friction coefficient µ = const the stability of
the steady state configuration changes.

As a standard approach in industrial applications, the onset of self-excitation is assessed based on an CEA
[10]. When considering non-smooth non-linearities e.g. joints and contacts, suitable methods for the stability
analysis of the non-linear system are still required.

For the analysis of bifurcation phenomena dissipation is usually modelled as non-linear but essentially
smooth viscous damping. In the following a short review on joint friction models is given, before the chosen
non-linear approximation methods for periodic self-excited oscillations are discussed. After a subsequent
presentation of two well-known minimal models for NVH analysis of brake systems the results of the bifur-
cation analysis are shown. The contribution closes with a short summary and an outlook.

2 Joints in mechanical systems

In real engineering applications, dissipation is a well-known but not sufficiently understood phenomenon.
While damping is usually modelled as non-linear but smooth viscous or structural damping, one of the main
sources of dissipation is frictional damping, which is an essentially non-smooth mechanism. Machinery
usually consists of many assembled components, where dissipation or excitation of the friction in the joints
are highly relevant when analysing the dynamical behaviour of the system.
An example of a frictional contact of two jointed components is shown in Fig. 1, where FN denotes the
normal force of the contact, µ is the friction coefficient and FT the friction force.

FTFT

FN

FN

µ

x

Figure 1: Example for frictional contact of two jointed components [6]

Starting with LEONARDO DA VINCI to AMONTONS and COULOMB, the phenomenon of frictional damping
has interested scientists for centuries. During this research process, different friction force models were
established, which are often separated into three groups: quasi-static, dynamic and hysteretic friction models
[1].

When dealing with quasi-static friction models, the friction force FT is a function with respect to the relative
velocity ||~vrel|| of the contact surfaces. In the simplest case it is a constant function, which corresponds with
the COULOMB friction model. For some materials, the dissipation is independent from the relative velocity
[1], while there are other investigations, e.g. from STRIBECK, which show a velocity-dependent friction
behaviour.

When using quasi-static friction models like the classical COULOMB model, dynamical effects of the contact
region can not be modelled. Therefore, some dynamic friction models were established, e.g. the DAHL-,
LUGRE- and the so-called LEUVEN model [1]. Here, the dynamic behaviour of FT is given by differential
equations with respect to the state variables of the system and possibly auxiliary variables to capture the
internal dynamics of the frictional contact.

The present paper focusses on the dynamic behaviour of systems with COULOMB friction elements.
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3 Approximation Methods

The equations of motion for autonomous mechanical systems under the influence of joint friction read

ż = f(z; ν), z = [q, q̇]> ∈ R2Nd×1, ν ∈ R (1)

where the state space vector z contains the state variables (for mechanical systems position q and velocity
q̇) and the scalar parameter ν controls stability and bifurcation. In general, analytical solutions are not
available, hence numerical calculation schemes are needed for the direct approximation of periodic solutions
of the self-excited system. Therefore, suitable methods were established and two of them will be shortly
described in this paragraph: a Harmonic Balance scheme and the Energy Balance method. In the following,
these methods will be compared to results of the Averaging method [5, 6].

3.1 Harmonic Balance

Approximating limit cycles of self-excited mechanical systems is a well known procedure [2, 9, 13]. One
of the most common methods is the Harmonic Balance Method (HBM). Since periodic solutions are sought
for, a truncated FOURIER series

zHB(t) = ẑc,0 +
H∑

k=1

ẑc,k cos(kωt) + ẑs,k sin(kωt) (2)

is chosen as ansatz to describe periodic solutions. Here, H is the number of ansatz functions, ω the base
frequency and ẑc,k, ẑs,k are the FOURIER coefficients with respect to the harmonic to order k. Substituting
eq. (2) into the equations of motion in state space formulation (1), the FOURIER approximation can not fulfil
them exactly due to truncation and a residuum

R(zHB; ν) = żHB − f(zHB; ν) (3)

can be introduced. To obtain equations for calculating the Nd(2H + 1) + 1 unknowns, the coefficients
and frequency of the truncated FOURIER series, one can choose different procedures. Some authors prefer
substituting zHB in f and balance the harmonic terms up to H th order, if f is differentiable [2]. Especially
for both strong or non-smooth nonlinearities, e.g. joints or nonlinear potenial forces, this procedure is not
efficient, as f is not differentiable in this case.

Hence, a more general way is based on a GALERKIN projection, which demands that the error w.r.t. the
function space of the ansatz functions vanishes. Therefore, the residuum, eq. (3), is projected on the ansatz
functions of the FOURIER series

∫ T

0
(żHB − f(zHB; ν)) cos(kωt)dt = 0, k = 0, 1, 2, ...,H , (4a)

∫ T

0
(żHB − f(zHB; ν)) sin(kωt)dt = 0, k = 1, 2, ...,H , (4b)

which leads to Nd(2H + 1) equations, where T provides uniqueness of the desired solution. Compared to
several alternative conditions, the integral phase condition [12] proofed very good numerical robustness. It
selects that solution u(t) near z̃(t), which can be a first approximation of the periodic solution z(t), so that
the functional

D(σ) =

∫ T

0
||u(t+ σ)− z̃(t)||2dt (5)
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is minimized, where t represents time and σ the phase shift. To obtain the extremal value of the functional,
one has to set its derivation with respect to σ

∂D

∂σ
= 2

∫ T

0

(
[u(t+ σ)− z̃(t)]>u̇(t+ σ)

)
dt (6)

to zero [3]. Identifying u(t+ σ) = zHB(t) the phase condition reads
∫ T

0

(
[zHB(t)− z̃(t)]>f(zHB;µ)

)
dt = 0. (7)

This algebraic equation system eqs. (4),(7) can be solved by NEWTON-RAPHSON iteration.

However, eq. (7) is a condition for extrema, thus one has to apply a sufficient condition for minima. Partial
integration of eq. (7), according to [13], and differentiation with respect to σ yields

∂2D

∂σ2
= −

∫ T

0
z̃(t)>z̈HB(t)dt > 0 (8)

for the sufficient minimum condition of the functional D, which has to be fulfilled. Otherwise a phase shift
σcorr = π is added and the calculation is restarted.

To make the calculation of eq. (4) numerically more efficient than solving them by use of numerical integra-
tion, a so-called Alternating Frequency Time (AFT) method is applied. Following [9] the FOURIER ansatz
(2) is transformed into complex notation and

zHB(t) = Re

{
H∑

k=0

Ẑkeikωt

}
, Ẑk = ẑc,k − iẑs,k ∈ C2Nd×1, (9)

is obtained, where ẑs,0 = 0. Transforming the projection in eq. (4) by multiplying eq. (4b) with the imaginary
unit i and subtracting that product from eq. (4a) yields the GALERKIN projection in complex notation, which
reads

Rk =

∫ T

0
(żHB − f(zHB; ν)) e−ikωtdt = 0, k = 0, 1, 2, ...,H , (10)

where Re(Rk) equates eq. (4a) for k ≥ 0, respectively Im(Rk) equates eq. (4b) for k ≥ 1. Introducing a
dimensionless time scale ωt = τ and multiplying eq. (10) with 1

π yields the FOURIER coefficients

R̃k =

{
2R̃0

R̃k k ≥ 1
=

1

π

∫ 2π

0

(
ωz′HB − f(zHB; ν)

)
e−ikτdτ , (11)

see [9]. Hence, within this notation the FOURIER spectrum of the residuum is approximated and evaluated
using the Fast Fourier Transformation (FFT) in MATLAB. This solution procedure can schematically be
written as

{R̃k} = FFT[R(zHB; ν)], (12)

which implies changing from time into the frequency domain and where {Rk} denotes the coefficients of
the residuum [9]. Here, the approximative solution zHB is constructed by using the FOURIER coefficients Ẑk
and the base frequency ω, see eq. (9).
Hence, before substituting the approximation into eq. (3), there is an alternation from frequency to time
domain respectively a inverse FFT. For mechanical systems, further optimizations exist for this procedure,
e.g. only using coefficients of the displacement qHB(t) as unknown and provide the derivations q̇HB(t) and
q̈HB(t) analytically for the FOURIER ansatz.

To this end, HBM is a possible method for calculating periodic solutions in dynamical systems, where only
periodicity of the solution is demanded and increasing the truncation number H can improve accuracy of the
approximation.
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3.2 Energy Balance

One problem of the HBM for large scaled dynamical systems, e.g. finite element models of a brake system,
is finding initial conditions for the high number of unknowns in the algebraic system, especially for a higher
truncation number H . To avoid this and to reduce calculation effort, a so-called Energy Balance method has
been established [11].

Before presenting the calculation procedure, some general remarks on energy in dynamical systems should
be made. The derivation with respect to time t of the total energy of an autonomous dynamical system is
given by

d
dt
(
Ekin + Epot

)
= q̇>QD, (13)

whereEkin denotes the kinetic andEpot the potential energy, while q̇>QD is the projection of non-conservative,
generalised forces QD on the generalised velocity vector q̇. In this autonomous case, the rate of change of the
total energy only depends on q̇>QD. Balancing the energy flux of the system over a period T for a solution
q(t) leads to

∆Ekin + ∆Epot =

∫ T

0
q̇>QD. (14)

To obtain periodic solutions, the deviation of the total energy over its period T must be zero to ensure the
excitation and dissipation rate being equal over one period.

After crossing the HOPF bifurcation point of the dynamical system, periodic limit cycles can occur. For
generating an ansatz for periodic solutions, information from the eigenvalues λi and eigenvectors ẑi of the
linear subsystem of eq. (1) is used, where the linearisation is done with respect to one of the rest positions
of the non-linear system.
The main assumption of the discussed method demands that the shape of the emerging limit cycle is as-
sumed to be equal to the mode shape of the unstable eigenvector q̂u of the linear subsystem, where for the
corresponding eigenvalue Re(λu) > 0 holds. In this formulation of the Energy Balance, only the generalised
displacement components q̂u are used. Moreover, the base frequency of the periodic solution is required to
be the imaginary part of the unstable eigenvalue λu, respectively ωu = Im(λu).

Within this assumptions, the approximative solution is given by

qEB(t) = AEB (Re(q̂u) cos(ωut)− Im(q̂u) sin(ωut)) (15)

where AEB is a scaling parameter. Substituting this approximation (15) into eq. (14) and setting the deviation
of the total energy to zero yields one equation

REB =

∫ Tu

0
q̇>EBQD(qEB, q̇EB) = 0 (16)

for calculating the scaling parameter AEB, where Tu = 2π
ωu

. Making use of the unstable modes of the linear
subsystem decreases the computational effort while these requirements limit the space of possible solutions
compared to the HBM.

4 Minimal models

For having a closer look at the presented methods, some minimal models will be discussed, which were
taken from literature [5, 6]. Focussing on the topic of NVH and brake squeal, two well known models were
chosen to picture the self-excited effects of negative friction gradient and mode coupling. In the following
paragraph bifurcation behaviour of the mechanical systems under the influence of COULOMBs joint friction
as well as accuracy of the chosen numerical methods is discussed.
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4.1 1DoF Oscillator with Coulomb friction

The first model is a one degree of freedom oscillator with friction between lower surface/belt and non-smooth
COULOMB friction, see Fig. 2. For D < 0, the system is self-excited by a negative friction gradient, as it
was discussed in the introduction. The equation of motion reads

mẍ+ dẋ+ kx+ k3x
3 ∈ µF Sign(v0 − ẋ) +R Sign(ẋ), (17)

where m denotes mass, d viscous damping, µ = µ(v0 − ẋ) the velocity depending friction coefficient, F
contact force, k linear and k3 non-linear stiffness coefficient, v0 the velocity of the belt and R COULOMBs
friction force in the joint. Here, the set-valued sign-function has been used to account for sticking and sliding:

Sign(ẋ) =

{
sign(ẋ), |ẋ| > 0

[−1, 1], |ẋ| = 0
(18)

F

x

d
R

k, k3

m

µ(v0 − ẋ)
v0

Figure 2: One degree of freedom friction oscillator with COULOMB friction joint model [5]

Expressing the sliding friction coefficient µ between mass and belt as a truncated TAYLOR series leads to [5]

µ(v0 − ẋ) ≈ µ0 − µ1ẋ− µ3ẋ
3. (19)

When v0 � ẋ, the contact will always be sliding, hence the equations of motion read

mẍ+ (d+ µ1F )ẋ+ kx− µ0F ∈ −k3x3 − µ3Fẋ
3 +R Sign(ẋ). (20)

Introducing the dimensionless quantities

q =
(x− x0)

L
, ω0 =

√
k

m
, τ = ω0t, D1 =

d+ µ1F

2ω0m
, D3 =

ω0µ3F

m
, κ =

k3
k

, ρ =
R

kL

leads to the dimensionless equations of motion

q′′ + 2D1q
′ + q ∈ −κq3 −D3q

′3 + ρ Sign(q′) (21)

where q is the displacement related to the rest position x0 of the system. Applying the methods presented in
chapter 3, the bifurcation behaviour of eq. (21) is studied for different parameter configurations of D3 and ρ
with respect to the bifurcation parameter D1 and at first κ = 0 holds.

While the results of the Harmonic Balance and Energy Balance method were computed with MATLAB, the
results from Averaging were taken from literature [5]. The results show good agreement near the HOPF

bifurcation point at D1 = 0 for the smooth system, see Fig. 3a. Obviously for non-smooth COULOMB

friction, the solution of Energy Balance deviates slightly from the other methods solution when leaving the
environment of the HOPF bifurcation.
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Figure 3: Amplitudes of stationary periodic solutions depending on the damping D1 for different values D3

and COULOMB friction force ρ, while κ = 0 holds.

Furthermore the effect of non-linear potential forces on the Energy Balance method is studied. In the follow-
ing COULOMBs dimensionless friction force ρ is not considered to avoid superposition of these two impacts.
Introducing the kinetic and potential energy of eq. (21)

Ekin =
1

2
q′2 and Epot =

1

2
q2 +

κ

2
q2 (22)

and applying them to the energy balance in eq. (14) leads to

1

2

(
q′EB(Tu)2 − q′EB(0)2

)
︸ ︷︷ ︸

=0

+
1

2

(
qEB(Tu)2 − qEB(0)2

)
︸ ︷︷ ︸

=0

+
κ

4

(
qEB(Tu)4 − qEB(0)4

)
︸ ︷︷ ︸

=0

=

∫ Tu

0
−2D1q

′2
EB −D3q

′4
EB dτ , (23)

while qEB(t) denotes the periodic approximation of the limit cycle with period Tu. Hence, the Energy Balance
method is unable to include effects of non-linear conservative forces, see eq. (23). Upcoming effects on the
base frequency ωu of the solution cannot be considered. Progressive stiffness characteristics lead to relations
between amplitude and frequency as a analysis with HBM of the DUFFING oscillator showed, for instance
[13].

4.2 2DoF Oscillator with Coulomb friction

Taking into account the structural coupling of the systems state variables, a linear spring c3 generates the
energetic exchange of the degrees of freedom, see Fig. 4. The dimensionless equations of motion for the
minimal model are given by

[
1 0
0 1

]{
q′′1
q′′2

}
+

[
2D1 0

0 2D1

]{
q′1
q′2

}
+

[
1 + p −κ+ µ
−κ 1− p

]{
q1
q2

}
∈ −

{
ρ1 Sign(q′1)
ρ2 Sign(q′2)

}
, (24)
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Figure 4: Two degree of freedom oscillator with COULOMB friction force Ri and belt [6]

with dimensionless quantities

k =
1

2
(k1 + k2 + k3 + k4), κ =

k3 sin(α) cos(α)

k
, ρi =

Ri
kL

∆k =
1

2
(k1 − (k2 + k4) + k3(sin2(α)− cos2(α))), D1 =

d

2ω2
0m

ω0 =

√
k

m
, τ = ω0t, p =

∆k

k
, µ̄ = µ0

c4

c
, q1 =

x− x0

L
, q2 =

y − y0

L

taken from [6]. With respect to the friction coefficient µ̄, bifurcation behaviour can be analysed by using the
presented methods for predicting periodic limit cycles. First, the stability of the steady state configuration
for the linear subsystem of eq. (24) can be analysed. Further calculations yield the critical value of µ̄ with

µ̄cr =
4D2

1 + κ2 + p2

κ
, (25)

for more detail see [6]. For the comparison of the calculation methods, the influence of dissipation in self-
excited system is of high interest. Therefore, variations inD1 and ρi were done and compared to results from
the Averaging method, which were taken from [6].

0 µ̄cr/1 µ̄cr/2 0.4 µ̄cr/3 0.6 0.8 1

2

4

6

8

10

0.01

0.05

0.1

µ̄ [-]

A
1

[-
]

Averaging
Harmonic Balance
Energy Balance

(a) Amplitude A1 of stationary periodic solutions of different
approximation methods for various values of D1
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Figure 5: Amplitudes of stationary periodic solutions depending on the bifurcation parameter µ̄ for different
damping values D1 with COULOMB friction force (p = 0.05, κ = 0.1, ρi = 0.2).
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The results from variation of both viscous damping (Fig. 5) and frictional damping (Fig. 6) show the
Energy Balance over-predicted the damping level of the occurring limit cycle massively when increasing
the bifurcation parameter µ > µcr. Especially for the amplitude A1, a loss of accuracy is determined for
µ� µcr.
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(a) Amplitude A1 of stationary periodic solutions of different
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Figure 6: Amplitudes of stationary periodic solutions depending on the bifurcation parameter µ̄ for different
COULOMB friction force values ρi (D1 = 0.01, p = 0.05, κ = 0.1).

Obviously the Energy Balance is unable to deal with COULOMB joint friction for configurations off the
HOPF point in an accurate way; the amplitudes are significantly stronger damped compared to the Harmonic
Balance and Averaging method.
Moreover, the shape of the limit cycle is already given, see eq. (15). When non-linearities especially in
anisotropic cases dominate the dynamic behaviour of the system, this method will lead to inaccurate ap-
proximation because the balance of energy yields a rather an average damping and excitation value over one
period Tu. Here, the single scaling parameter AEB cannot account for amplitude ratio and phase shift of the
amplitudes. Nevertheless, good approximation near the bifurcation point may be obtained.

5 Conclusion and Outlook

Within this contribution the effect of non-smooth damping on the bifurcation behaviour for different approx-
imation schemes for periodic solutions of two minimal models were discussed. Besides viscous damping,
strong influence of frictional damping in joints on the emerging limit cycles was shown for the two presented
oscillators. Compared to results of the Averaging method taken from literature [5, 6], Energy Balance leads
to good agreement near the bifurcation point at µ̄cr.. Moreover, Energy Balance is not able to consider non-
linear potential forces and no parameter is given for increasing accuracy, e.g. the truncation order H for
Harmonic Balance.
Apart from µ̄ = µ̄cr. the approximation becomes more inaccurate compared to the well-known Averaging
and Harmonic Balance method. Hence, Energy Balance merely reflects an average dissipation and excitation
balance over one period of the frequency ωu, which seems to be not valid distant to the HOPF bifurcation
point. Here, the non-linearities dominate, the scaling parameter AEB cannot enhance amplitude ratio and
phase shift of the amplitudes which is already specified by the eigenvectors of the linear subsystem, which
are chosen as ansatz functions

In future studies, the effectiveness of other methods for calculating periodic solutions, e.g. Asymptotic Nu-

SELF-EXCITED VIBRATIONS 3351



meric Method [2], will be investigated and applied, combined with the already implemented methods, to
more complex dynamical systems. Here, different joint friction models, e.g. JENKINS or MASING elements
should be used and their regularisations should be studied. In addition, the implementation of suitable path
tracking schemes is intended, combined with using homotopy methods for finding isolated solution branches.
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