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Abstract 
In traditional near-field acoustic holography (NAH), regular grid array microphone is used and distance 

between adjacent microphones has to be less than half wavelength of the highest frequency. This makes 

unacceptable array cost for large sound sources. The Microphones can be arranged randomly in NAH 

based on compressive sampling, which can reduce microphones potentially. In this paper, NAH principle 

with compressive sampling is introduced firstly. Then reconstruction accuracy of random arrangements is 

compared with grid ones on premise of signal sparse representation. To reduce the microphone number 

further, random arranged microphones are optimized by Particle Swarm Optimization. It shows that most 

microphones are concentrated on the sound sources. Finally, the method of microphone arrangement with 

mixture Gaussian distribution is proposed. Both simulation and experimental results show that this method 

can achieve better reconstruction results with less microphones than random arrangement. 

Keywords: planar near-field acoustic holography; compressive Sampling; microphone arrangement; 

mixture Gaussian distribution 

1 Introduction 

Near-field acoustical holography (NAH), firstly proposed by Maynard et. al., is an effective sound source 

localization and sound field visualization technology [1, 2]. The NAH theory research and development of 

the measurement system are mostly based on spatial Fourier transform, which has many advantages such 

as completeness, easy to implement, and fast calculation [2-4]. However, the method requires that the 

microphones of holography must be arranged regularly as grid, and the interval between adjacent 

microphones should be less than half of minimum wavelength of the sound, according to the spatial 

sampling theorem. A large number of microphones are needed to perform NAH on large sound sources 

with high frequency. The limits the application of NAH [5]. In 2010, Mingsian R. Bai compared 

microphone arrays of sparse, random and regular arrangement based on Equivalent Source Method 

(ESM), and concluded that the reconstruction accuracy has no particular advantage when the microphone 

is arranged randomly [6]. 

In 2012, Gilles Chardon introduced Compressive Sampling (CS) into planar NAH, and the feasibility of 

the method was verified by experiment [7]. The main advantage of this method is that high reconstruction 

accuracy can be obtained with fewer microphones placed sparsely and randomly on holography, which 

brings great potential for the practical application of NAH. 

Literature [7] proves that if the microphones on the array are arranged randomly or pseudo-randomly under 

the condition of signal sparsity, the velocity distribution of the planar sound source can be reconstructed 

with high accuracy. Hald recommends using random, uniform microphone arrays in Wideband Acoustical 

Holography (WBH) as well [8]. However, the sound sources of literature [7] are from the modes of an 

aluminum plate, whose vibration states are more uniform on the natural frequencies of excitation signal, 

which means, the noise source are evenly distributed. In real applications, the actual noise source is 

uneven in many cases, and the number and location of the noise sources are predictable generally. If the 
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microphones on the array can be arranged according to the predictive information, it will be able to obtain 

higher reconstruction precision with fewer microphones. 

In this paper, firstly, the method of NAH based on Compressive Sampling is analyzed from three aspects: 

signal sparse representation, measurement matrix design and signal optimization and reconstruction. Then 

the reconstruction results are compared between regular arrangement and random arrangement of the 

microphone array on uniformly distributed sound sources. On this basis, the microphone distribution is 

optimized with Particle Swarm Optimization (PSO) method on the sound sources of uneven distribution. 

Finally, a random placement method based on mixture Gaussian distribution for microphone array is 

proposed, and the effectiveness of the method is verified by simulation and experiment. 

2 Planar NAH based on compressive sampling 

Compressive sampling based NAH is an innovative application of the compressive sampling theory to 

solve the inverse problem of acoustic radiation. The procedure of the method includes the sparse 

representation of the signal, the linear observation of the signal and the reconstruction of the signal [9]. 

2.1 Sparse representation 

The sparsity of the signal is the basis and premise of the theory of compressive sampling. Whether the 

sparsity of the signal can be represented flexibly and comprehensively, indicates a direct impact on the 

perceived efficiency of the signal [10]. In planar NAH, it is assumed that the particle velocity of the 

reconstructed surface is approximately sparse in an appropriate transform basis: 

𝑉𝑧(𝑥, 𝑦, 𝑧𝑠) ≈ 𝐷𝜃                                                                          (1) 

Where 𝑉𝑧(𝑥, 𝑦, 𝑧𝑠)  denotes the particle velocity of on the reconstruction plane located at 𝑧𝑠  in wave 

number domain, 𝑥  and 𝑦  denote the spatial coordinates on directions x and y, 𝐷 ∈ 𝑅𝑁×𝑁 denotes the 

transformation base, and 𝜃 ∈ 𝑅𝑁×1 denotes the sparse coefficient.  

For different transformation base, the numbers of nonzero elements in the sparse coefficients 𝜃  are 

different. The less the nonzero elements, the sparser the particle velocity is on the transform base, and the 

original signal can be reconstructed with higher precision. 

According to Kirchhoff-Love, the particle velocity of the planar source can be decomposed as propagating 

waves and evanescent waves:     

𝑣𝑧(𝑥, 𝑦, 𝑧𝑠) ≈ (∑ (∝𝑛 𝑒𝑖𝑘𝑛⃗⃗⃗⃗  ⃗∙𝑥 
𝑛 + 𝛽𝑛𝑒𝑘𝑛⃗⃗⃗⃗  ⃗∙𝑥 )) ∙  1 ,S x y                                        (2) 

In the equation (2),  1 ,S x y  limits the plane wave to the range of the source 𝑆, which is a rectangular 

region of the wavenumber field, and the length and width are 𝐿𝑥 = 2𝜋 𝑘𝑥⁄ , 𝐿𝑦 = 2𝜋 𝑘𝑦⁄  respectively. 

Since the distance between the holography surface and the reconstruction surface is very small, evanescent 

waves are approximated as propagating waves in the sparse representation of the particle velocity. In other 

words, the particle velocity is sparse on the Fourier transform base, and the Fourier transform of the sparse 

coefficient   can obtain the particle velocity on the reconstruction surface. 

2.2 Measurement matrix 

Theoretically, it is necessary to construct the measurement matrix to observe the particle velocity of the 

reconstruction surface, and obtain the sound pressure values on the holography surface. In NAH based on 

compressive sampling, the measurement matrix is corresponding to the pattern of the microphone array. 

Each column of measurement matrix 𝐻 ∈ 𝑅𝑁×𝑁 (𝑀 ≪ 𝑁) can be regarded as a sensor and senses part of 
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the information of particle velocity on holography surface 𝑣𝑧. The measured sound pressure 𝑝𝑧(𝑥, 𝑦, 𝑧𝐻) ∈
𝑅𝑀×1 is obtained by the linear observation of 𝑣𝑧 by H, as equation (3). 

𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) ≈ 𝐻𝑉𝑧(𝑥, 𝑦, 𝑧𝑠)                                                             (3) 

where 𝐻 = 𝐹(ℎ𝑁(𝑥, 𝑦, 𝑧𝐻)), and 𝐹 represents two-dimensional Spatial Fourier Transform, and 

ℎ𝑁(𝑥, 𝑦, 𝑧𝐻) = −𝑖𝜌𝑐𝑘𝑒−𝑖𝑘�⃗⃗� 

2𝜋�⃗⃗� 
                                                       (4) 

Where 𝑐 is the velocity of sound in the air, 𝜌 is the air density, 𝑘 is the wave number, and 𝑟  is the position 

of the microphone. 

The time domain convolution of the equation (3) is calculated to avoid the truncation caused by the 

spatial Fourier transform, as equation (5). 

𝑝𝑧(𝑥, 𝑦, 𝑧𝐻) = ℎ𝑁(𝑥, 𝑦, 𝑧𝐻)⨂𝑣𝑧(𝑥, 𝑦, 𝑧𝑠)                                              (5) 

2.3 Optimization and reconstruction 

By combining equations (1) and (3), the sound pressure Pz on the holography surface can be calculated by: 

   𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃                                                                   (6) 

The reconstruction of the signal is achieved by solving an optimization problem as the following equations

： 

   {
min‖𝜃‖0

𝑠. 𝑡. 𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃0
                                                                    (7) 

According to the above equation, a unique sparse coefficient 𝜃0 can be found. The particle velocity 𝑉𝑧 . of 

the reconstruction surface can be restored by multiplying 𝜃0 with the dictionary 𝐷. However, equation (7) 

is a non-convex optimization problem under 𝑙0 pseudo-norm. In order to solve the sparse coefficient 𝜃0, 

we must search all possible nonzero combinations in 𝜃.  

Obviously, solving the above problems is extremely difficult. Donohue et al. proposed that the non-

convex optimization objective of equation (7) can be replaced by the 𝑙1 norm under the condition that the 

matrix HD satisfies the Restricted Isometry Property (RIP) [11]. 

{
min‖𝜃‖1

𝑠. 𝑡. 𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) = 𝐻𝐷𝜃
                                                                      (8) 

Thus, the optimization problem of (7) is transformed into a convex optimization problem, which can be 

solved by optimization algorithms. In practice, due to the presence of noise, it is necessary to balance the 

reconstruction accuracy and computational complexity. If the required accuracy is too high, the 

calculation will consume a lot of time. In this paper, the Basis Pursuit De-Noising (BPDN) algorithm 

developed by M. P. Friedlander is used to solve the convex optimization problem [12]. The reconstruction 

error is denoted by , and equation (8) can be rewritten as: 

    {
min‖𝜃‖1 

𝑠. 𝑡. ‖𝑃𝑧(𝑥, 𝑦, 𝑧𝐻) − 𝐻𝐷𝜃‖2
2 ≤ 𝜀

                                              (9) 

3 Array optimization for evenly distributed sound sources 

3.1 Simulation settings 

In order to compare the reconstruction results of microphone arrays with the regular grid arrangement and 

random arrangement, 25 uniformly distributed point sources are combined as a planar sound source. The 

point sources are on a 5×5 rectangular grid with grid interval of 0.6m. The radius of each sound source is 
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0.01m. The square holography surface with edge of 4m is 0.1m parallel to the sound source. A total of 

1600 microphones on a 40×40 square grid (grid size 0.1m) are placed on the holography surface. The 

reconstruction results from the 1600 microphones are used as reference for other settings.  

Three simulations are carried out with the frequencies of the sources are set to 300, 1600, and 3200Hz, 

respectively. For each simulation, a regular grid array and a random array with the same number of 

microphones are constructed on the same holography surface of the 1600-microphone array. The number 

of microphones for the three frequencies are 144, 400, and 784, respectively. Therefore, the regular arrays 

for the three frequencies are 12×12, 20×20, and 28×28. 

To quantitate the reconstruction errors of different arrays, the particle velocity reconstructed from the 

1600-microphone array is taken as true value. The reconstruction errors on particle velocity of other arrays 

are calculated by the correlation coefficient between the arrays and the 1600-microphone array, as in 

equation (10). 

𝐸𝑟𝑟𝑜𝑟 = 1 −
𝑣𝑧(𝑥,𝑦,𝑧𝑆)𝑇𝑣𝑧(𝑥,𝑦,𝑧𝑅)

‖𝑣𝑧(𝑥,𝑦,𝑧𝑆)‖2·‖𝑣𝑧(𝑥,𝑦,𝑧𝑅)‖2
                                             (10) 

Where 𝑣𝑧(𝑥, 𝑦, 𝑧𝑆) is the particle velocity of regular 1600-microphone array, and 𝑣𝑧(𝑥, 𝑦, 𝑧𝑅) is particle 

velocity of regular or random array with less microphones. 

3.2 Simulation results 

Figure 1 shows the particle velocity of the reconstruction surfaces from the three arrays when the 

frequency of the sound sources is 300 Hz. Compared with the particle velocity obtained by reference array 

(Figure 1a), the random array with 144 microphones (Figure 1b) can also identify the exact location of the 

25 sources, and the boundaries between neighboring sources are clear. While on the regular grid array 

(Figure 1c), the 25 sources are mismatched as 9 sources only. 

 

a) 40×40 grid array;   b) random array of 144 microphones;  c) 12×12 grid array; 

Figure 1: Particle velocity on reconstruction surface of source frequency 300Hz  

Figure 2 shows the results of sound sources with frequency 1600Hz. The reconstructed result of random 

array with 400 microphones (Figure 2b) is nearly identical to the result of reference array (Figure 2a). 

While the sound sources cannot be identified from the result of grid array with 400 microphones (Figure 

2c). Similar results are obtained on sound sources of 3200Hz with arrays of 784 microphones, shown in 

Figure 3.  

Figure 4a shows the reconstruction errors of the regular and random microphone arrays with different 

number of microphones calculated by the equation (10). For sound of 300Hz, when the reconstruction 

error is below 0.2, more than 200 microphones are needed on the grid array, while only about 100 

microphones are needed on the random array. For all three frequencies, the random array shows great 

precision with less microphones than the regular array. 
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a) 40×40 grid array;   b) random array of 400 microphones;  c) 20×20 grid array; 

Figure 2: Particle velocity in reconstruction surface of source frequency 1600Hz 

 

a) 40×40 grid array;  b) random array of 784 microphones;  c) 28×28 grid array; 

Figure 3: Particle velocity on reconstruction surface of source frequency 3200Hz 

 

a) sound sources of 300Hz  b) sound sources of 1600Hz  c) sound sources of 3200Hz 

Figure 4: Reconstruction errors of regular and random arrays with respect to the number of microphones 

From Figure 4, we can see that as the frequency increases, the number of points required to achieve the 

same precision also increases. In general, it is better to arrange the measuring points randomly than 

regularly when the microphone number is limited, and the advantage is more obvious in the middle and 

low frequency band. 

4 Array optimization for unevenly distributed sound sources 

We have proved that random array needs fewer microphones than the grid array for evenly distributed 

sources. In practice, the distribution of the sound sources is generally uneven on the measurement surface. 

The number of microphones may be reduced further by placing microphones densely on the sources. In 

this section, Particle Swarm Optimization (PSO) is used to study the patterns of the optimal arrays for 

unevenly distributed sound sources. 
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4.1 Particle swarm optimization 

PSO is a random search algorithm which simulates the foraging behavior of birds. The algorithm is widely 

used and easy to implement. The flowchart of PSO is shown in Figure 6. 

  

Figure 6: flow chat of PSO 

Firstly, the initial population of M arrays are generated. Each array is an individual or a particle in the 

PSO. The microphones’ positions on each array are generated randomly. Then the optimized array can be 

fund by updating generations. In every iteration, each particle is updated by following two "best" values. 

The first one is called pbest, and is the best solution (fitness) this particle has achieved so far. Another 

value is a global gbest that is the best value obtained so far by any particle in the population. 

After finding the two best values, the particle updates its velocity as equation (11). 

𝑣𝑖(𝑡 + 1) = 𝑣𝑖(𝑡) + 𝑐1 × 𝑟𝑎𝑛𝑑() × (𝑝𝑏𝑒𝑠𝑡𝑖 − 𝑝𝑖(𝑡)) + 𝑐2 × 𝑟𝑎𝑛𝑑() × (𝑔𝑏𝑒𝑠𝑡𝑖 − 𝑝𝑖(𝑡)) (11) 

Where 𝑣𝑖(𝑡 + 1) is the new velocity for the i-th particle, 𝑐1 and 𝑐2 are the weighting coefficients for the 

personal best and global best positions respectively, 𝑝𝑖(𝑡) is the i-th particle’s position at time t, 𝑝𝑏𝑒𝑠𝑡𝑖 is 

the i-th particle’s best known position, and 𝑔𝑏𝑒𝑠𝑡𝑖  is the best position known to the population. The 

𝑟𝑎𝑛𝑑() function generates a uniformly random variable ∈ [0, 1]. 

The position of a particle is updated using: 

𝑝𝑖(𝑡 + 1) = 𝑝𝑖(𝑡) + 𝑣𝑖(𝑡 + 1)                                                    (12) 

The best values are found by evaluating the particle, which is to calculate the fitness of each particle in the 

population. In this paper, the fitness function is the reconstruction accuracy calculated by the equation 

(10). The algorithm does not need additional auxiliary information for judgment and only the fitness 

function is used to distinguish the individual's adaptability, which is the basis for the further operation of 

the subsequent particle group.  

Start

Initialization: Set maximum iteration number, seed 
number, learning rate, threshold, etc.

Particle For evaluation :individual optimal particles 

and global optimal particles

Update particles

Meet the threshold ?

Satisfies the number of 
iterations ?

Output optimization particle and optimization 
precision

Stop

NO

YES

YES

NO
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If the maximum number of iteration is reached, or the change of fitness values between adjacent iterations 

is less than a given threshold, the process terminates, and the particle with the best fitness is taken as the 

optimal solution, otherwise, the iteration continues. 

4.2 Simulation of array optimization 

Four point sound sources are simulated, two of which are located on the upper left corner and the other 

two on the lower right corner of the source plane(Figure 7). Sound source’s frequency is 300Hz, and the 

other options are the same as that in Section 3.1. Arrays containing 50 microphones are taken as particles 

in the particle swarm optimization algorithm. The population has 24 particles. 

The optimized array is shown in Figure 7c as small circles. And the particle velocity recovered is shown 

as color map at back ground. Figure 7a shows the reconstruction of particle velocity from the 40×40-

microphone array as ground truth of the sources. Figure 7b shows the recovered result and the pattern of a 

random array with 50 microphones. 

 

b) regular array of 1600 microphones  b) random array of 50 microphones   c) optimized random array of 50 

microphones 

Figure 7: Particle velocity of reconstruction with respect to arrays of microphones 

Compared to the result of the random array of Figure 7b, PSO optimized random array in Figure 7c 

achieves better reconstruction accuracy. The four sources can be distinguished nearly as clearly as the 

40×40 array. Moreover, it can be seen that the microphones on the optimized array are mainly distributed 

on the sound sources or their vicinities. 

In compressive sampling based NAH, the construction of the measurement matrix is equivalent to the 

arrangement of the microphones’ positions. Candes states that the measurement matrix obeying the 

Gaussian distribution is irrelevant to any orthogonal dictionary or over-completed dictionary [13]. As two-

dimensional Gaussian distribution has more samples on the center, which is similar to the optimized array 

shown in Figure 7c. So the Gaussian random matrix can be used as a universal measurement matrix. 

5 Microphone array of mixture Gaussian distribution 

5.1 Theory 

For the case where the sound sources are not evenly distributed, arrays obeying two dimensional Gaussian 

distribution are setup for the sources. Each array is concentered on a source or serval sources in 

conjunction. 

The probability density function of two-dimensional Gaussian distribution is defined as equation (11): 

   𝑁(𝑥, 𝑦, 𝜇𝑥, 𝜇𝑦 , 𝜎𝑥 , 𝜎𝑦) =  
1

2𝜋𝜎𝑥𝜎𝑦
𝑒𝑥𝑝 [−

1

2
(

(𝑥−𝜇𝑥)2

𝜎𝑥
2 +

(𝑥−𝜇𝑦)
2

𝜎𝑦
2 )]       (11)                            
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Where x  and y  are the ordinates of the microphone position, respectively. ,x yu u  are the means of the 

distribution. ,x y 
 
are the standard deviations of the distribution, which represent the lateral and 

longitudinal ranges of the array. For multiple sound sources, the probability density of the microphones 

obeys the mixture Gaussian distribution (MGD), which is defined as: 

𝑝(𝑥, 𝑦) = ∑
1

𝐶

𝑐
𝑘=1 𝑁(𝑥, 𝑦, 𝜇𝑥

𝑘 , 𝜇𝑦
𝑘 , 𝜎𝑥

𝑘 , 𝜎𝑦
𝑘)                                  (12) 

Where C is the number of two-dimensional Gaussian distributions. 𝜇𝑥
𝑘  and 𝜇𝑦

𝑘  are the means of i-th 

Gaussian distribution. 𝜎𝑥
𝑘 and 𝜎𝑦

𝑘

 
are the standard deviations of the i-th Gaussian distribution. 

In practical application, if we know the possible locations and sizes of the sources, the parameters in 

equation (12) can be estimated, and a microphone array obeying the distribution can be generated. 

5.2 Simulation and results 

In the simulation, the sound sources are the same as in Section 4.2. The four sources are placed at the 

upper left and lower right corners. Two Gaussian distributions located on the two corners overlap to 

compose the mixture Gaussian distribution as equation (12).  The standard deviations of the two Gaussian 

distributions are the same. The other parameters are shown in Table 1. The 50 microphone positions 

generated from the mixture Gaussian distribution are shown in Figure 8 as small circles. The 

reconstruction results are also shown in Figure 8. The recovered sound sources are as clear as in Figure 7c 

by PSO method. The four sources are separated from each other, and the equality of the strength of the 

four sources is also preserved. 

  k=1 k=2 

𝜇𝑥  -1.1 1.1 

𝜇𝑦 1.2 -1.2 

𝜎𝑥 0.9 0.9 

𝜎𝑦 0.4 0.4 

Table 1: Parameters of Mixture Gaussian Matrix 

 

 

Figure 8: Particle velocity of reconstruction surface from microphones of MGD 
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6 Experimental verification of mixture Gaussian distribution array 

6.1 Experiment settings 

The experimental measurement is carried out on a refrigerator in a semi-anechoic chamber, shown in 

Figure 9. The main sound sources of the refrigerator are the compressor at the bottom and the fan in the 

middle. The back of the refrigerator (0.65m on width and 1.8m on height) is taken as the reconstruction 

surface, and the holography surface is 0.1m from the reconstruction surface. The linear array of 10 

microphones (MPA416, BSWA, China) spacing at 2.5cm is used to scan the entire holography surface, 

with the reference microphone off the back of the refrigerator. The linear array scans 3 positions on the 

width direction and 80 positions on the height direction, thus a total number of 2400 points on the 30 × 80 

grid (spacing 2.5cm) are measured on the holography surface. The data acquisition device is LMS 

SCADASIII and the Spectrum Test module in LMS Test.Lab software is used to record the data. 

The mixture Gaussian distribution contains two two-dimensional Gaussian distributions located on the 

compressor and the fan respectively. The measurement points generated by the mixture Gaussian 

distribution are selected approximately from the 2400 grid points, shown as circles in Figure 10b.  

 

Figure 9: Experimental setup 

6.2 Experiment results 

Figure 10a shows the contour map of particle velocity of 63Hz by 2400-microphone array, while figure 

10b is obtained by a 50-point array from mixture Gaussian distribution. Comparing Figure 10a with Figure 

10b, the reconstruction results of two methods are similar, and both of them can show that the main sound 

source on the reconstruction map is the compressor. The boundary and strength of the sound from the 

compressor are also reserved. The drawback of the MGD method with much less microphones is the 

presence of the false sound sources above the compressor. As the false sound sources are very weak 

compared to the compressor, the identification and estimation of the main sound source can still be done 

with high accuracy. 

Figure 11a and Figure 11b show the contour maps of particle velocity of 230Hz by the 2400-point array 

and 50-point array from MGD method (same as the array in Figure10b), respectively. Three sources 

indicated by the three peaks in the Figure 11b are identical to that of the figure 11a. The boundaries and 

strength of the three sources are also nearly the same on Figure 11a and Figure 11b. There is a false sound 

source located on x =1.1m in Figure 11b, and the particle velocity is relatively low, thus the false source 

has no significant effect on the sound source identification. 
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b) 30×80 grid array;     b) random array of 50 microphones from MGD 

Figure 10: Particle velocity of 63Hz on reconstruction surfaces of the refrigerator  

 

a) 30×80 grid array;     b) random array of 50 microphones from MGD 

Figure 11: Particle velocity of 230Hz on reconstruction surfaces of the refrigerator  

7 Conclusions 

The Nearfield Acoustic Holography based on Compressing Sampling has the advantage of retrain the 

reconstruction accuracy with much less microphones compared to traditional NAH using grid array. As 

sound sources usually take a small area compared to the entire measurement surface, this paper proves that 

further less microphones are needed to achieve nearly the same reconstruct accuracy when the microphone 

array obeys mixture Gaussian distribution and is centered on the sources. This method is practical because 

the possible locations of sound sources can be estimated in many cases, and the microphone array obeying 

two dimensional Gaussian distribution can also be built. This research has the potential to greatly improve 

the applicability of NAH method on large objects. 
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