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Abstract
Metamaterials have shown great potential as lightweight and performant vibro-acoustic solutions. Made
from conventional materials, metamaterials exhibit stop band behavior resulting from the dynamic inter-
action between a host structure and its resonant additions on a subwavelength scale. In these stop bands,
metamaterials outperform common vibro-acoustic solutions, beating the mass law. Stop band behavior can
be predicted in the design stage with unit cell modeling, assuming the metamaterial to be an infinite periodic
structure. In any practical application, structures have a finite size and their dynamic behavior is influenced
by the boundary conditions. This paper analyzes numerically and experimentally the interaction of a 1D
finite sized metamaterial with different boundary conditions. The effect of the edge modes on the predicted
stop band behavior is investigated. Two methods are proposed to reduce the influence of edge modes and to
achieve the designed stop band behavior performance also in the finite metamaterial system.

1 Introduction

Combining lightweight design with compact dimensions and performant noise, vibrations and harshness
treatments in a unique solution has driven the research in the vibro-acoustic field over the past decades.
Among novel lightweight vibro-acoustic solutions, locally resonant metamaterials have shown their potential
due to their superior noise and vibration insulation properties, be it at least in some targeted frequency
ranges referred to as stop bands. Vibrational stop band behavior can be achieved by adding elastic resonant
structures to an elastic host structure on a subwavelength scale [1]. Using the unit cell modeling approach
[2, 3, 4], the stop bands are predicted by modeling the smallest representative portion of the infinite periodic
structure, the unit cell (UC), and by applying periodic Bloch-Floquet boundary conditions [5, 6]. However,
in any practical application structures are of finite size. The dynamic behavior of structures is influenced by
their dimensions, defects in the lattice and by the boundary conditions. Therefore, the stop band predicted by
the UC modeling for the infinite periodic metamaterial system may not be preserved in its finite counterpart
and modes with local behavior can occur in the predicted stop band frequency region [7, 8, 9, 10, 11]. These
modes can impair the designed stop band performance, by reducing the frequency range of the stop band
and the attenuation of the vibrations inside. In other cases, these modes that develop also at the interface
matrix-fluid can be exploited to enhance the sound transmission loss of a partition [12]. In order to design
efficient metamaterial solutions for any industrial application, it is important on the one hand to assess to
which extent a stop band, predicted in an infinite periodic system, is preserved in the finite counterpart and
on the other hand to derive guidelines to control these modes.

This paper investigates the interaction of a 1D finite metamaterial beam with different boundary conditions.
In particular, it analyses the influence of the edge modes in the finite metamaterial beam on the width of the
predicted stop band. A numerical analysis and an experimental validation are presented. For the numerical
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analysis, a Finite Element (FE) model describes both the UC of the infinite periodic metamaterial system and
its finite counterpart. UC analysis and modal analysis are used to predict stop band behavior in the infinite
and finite system, respectively. Numerical results show how edge modes reduce the predicted stop band
width in the finite metamaterial system. Two methods are provided to preserve the width of the predicted
stop band in the finite metamaterial system, which regard the tuned frequency and the position of the resonant
structures in the finite lattice. These methods already showed to control the modes in the predicted stop band
observed in phononic crystals [11], in acoustic coating with resonant additions [12] and in locally resonant
structures [9], but they are not used to control the edge modes in resonant metamaterials. The numerical
findings are experimentally validated with a metamaterial system which consists of an aluminum beam as
host structure and beam-like resonators made from polymethyl methacrylate (PMMA) as resonant structures,
as used in previous works [13, 14, 15]. A frequency response function (FRF) based comparison is used to
correlate the experimental results to the numerical results.

This paper is organized as follows: after the introduction, section 2 describes the host structure, the resonant
structures and the metamaterial system. Section 3 discusses stop band behavior in the infinite and finite
metamaterial system, using numerical results from the UC analysis and the modal analysis. In section 4 two
methods are proposed to eliminate edge modes from the predicted stop band frequency range: numerical and
experimental results are presented. The paper ends with the conclusions by summing up the findings.

2 Problem definition

This section briefly describes the host structure and the resonant structures of the 1D metamaterial system.
The UC of the metamaterial system is presented. The numerical results for the infinite system and the finite
counterpart, obtained with the UC analysis and the modal analysis, respectively, are discussed.

2.1 Host structure

The host structure of the 1D metamaterial system consists of an aluminum beam of rectangular cross-section
30 x 2 mm and length 1080 mm. The combination of material and dimensions of the host structure is chosen
to have a flexible system with pronounced modal behavior at the low-frequency range below 1000 Hz.
The material parameters of the host structure are obtained from a rectangular sample of dimensions 276 x
563 x 2 mm, cut out from the same panel from which the host structure is constructed. The density is re-
trieved through a weight measurement, while the Young’s modulus, Poisson’s ratio and structural damping
are obtained based on the correlation between the mode shapes retrieved with a FE model and the experimen-
tally measured mode shapes. The FE model is modeled in NX Nastran 12 with 9729 linear CQUAD4 shell
elements [16] and free boundary conditions. The sample is tested for freely suspended boundary conditions
and a roving hammer approach and one lightweight accelerometer, type PCB 352A24 and weight 0.8 g, are
used. The retrieved material properties are reported in Table 1. The difference between the mode shapes
numerically calculated and experimentally retrieved is less than 1%.

Young’s Modulus Poisson’s ratio Density Structural damping
68.07 GPa 0.325 2690.2 kg/m3 0.25%

Table 1: Material parameters of the aluminum host structure.

2.2 Resonant structures

The resonance based stop band relies on Fano-like interference [17]. Therefore, stop band behavior is ob-
tained when the resonant structures are added onto the host structure on a scale smaller than the structural
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wavelength that propagates in the host structure at the tuned frequency of the resonators [18]. Moreover, the
net sum of the forces of the resonant structure on the host structure should be non-zero [19]. To meet these
two requirements, the resonator geometry has a similar design as the one used in previous works [13, 14, 15],
which consists of a cantilever-like beam and an end point mass. The geometry is shown in Figure 1.

The resonant structures are made by laser cutting PMMA. The material properties of the PMMA are the

(a) (b)

Figure 1: Geometry of the resonant structures. (a) Side view. (b) ISO view. The dimensions are given in
mm.

same as used in [13] and they are reported in Table 2. The method to retrieve the material parameters can be
found in [13, 15]. The resonant structure is designed to have an out-of-plane mode at 800 Hz. An FE model
of the resonant structure is used to predict the resonance frequency. The numerical model consists of 472
linear CHEXA8 solid elements [16] and clamped boundary conditions applied at the base of the resonant
structure. As in previous works [13], the resonance frequency of the produced resonators is retrieved by at-
taching them on a shaker and measuring the velocity at the tip of their end point mass using a Scanning Laser
Doppler Vibrometer (SLDV). A set of 35 resonators is measured of which a subset of 18 resonators is cho-
sen. These resonators are chosen in order to have the Root Mean Square (RMS) average of their resonance
frequencies of 800 Hz with a spread of ± 0.9%.

Young’s Modulus Poisson’s ratio Density Structural damping
4.85 GPa 0.31 1188.4 kg/m3 5%

Table 2: Material parameters of the PMMA resonant structures.

2.3 Metamaterial configuration

The resonant structure is added onto a UC of dimensions 60 x 30 mm, in order to be subwalength at 800 Hz
and to achieve stop band behavior. The resonant structures are attached on the host structure with superglue
as shown in Figure 2. Each resonant structure adds about 22% of mass to the UC.
The FE model of the metamaterial UC consists of 210 linear CQUAD4 shell elements for the host structure
and 472 linear CHEXA8 solid elements for the resonant structure. The finite metamaterial beam consists of
18 UCs repeated along its longitudinal axis.

3 Stop band behavior in infinite and finite structure

In this paper, stop band behavior in the infinite structure is predicted using UC modeling in combination with
Bloch-Floquet periodic boundary conditions. An undamped FE approach is used to model the UC to describe
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(a) (b)

Figure 2: Geometry of the UC assembly made by host structure and resonant structure. (a) Side view. (b)
Top view. The dimensions are given in mm.

the wave propagation in 1D waveguide systems [4, 5, 6]. The wave propagation direction for the analyzed
1D waveguide is along the longitudinal axis of the beam, as sketched in Figure 3(a). The dispersion diagram
in Figure 3(b) shows the results from the UC analysis. A distinction among the curves in the dispersion
diagram is made based on percentage of the out-of-plane versus the in-plane motion of the host structure.
The waves with an out-of-plane motion greater than 80% with respect to the in-plane motion are considered
bending waves and they are indicated in red; all the curves in blue color indicate in-plane, longitudinal and
torsional waves. A stop band for the bending waves opens up between 685 Hz and 815 Hz, as indicated by
the gray shaded area in Figure 3.

(a) (b)

Figure 3: (a) Sketch of the UC with the resonant element in the reciprocal wave space. (b) Dispersion
diagram for the analyzed UC. The horizontal axis represent the real value of propagation constant µ and the
vertical axis represents the frequency. The gray shaded area indicates the stop band frequency range for the
bending waves.

Stop band behavior in the finite metamaterial system is identified with modal analysis. The natural frequen-
cies of the finite metamaterial system are calculated applying the following boundary conditions:

• simply supported (SS): fixed translations and free rotations. For SS boundary conditions, it is known
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that the natural frequencies of the finite structure sample on the dispersion curves of the corresponding
infinite periodic structure [20, 21, 22].

• clamped-free (CF): fixed translations and rotations at the left hand side and free translations and rota-
tions at the right hand side. The orientation of the UC in the finite metamaterial system is in accordance
with Figure 2. These boundary conditions are chosen because of their extreme kinematic character-
istics among the other boundary conditions: no degrees of freedom (DOF) constrained for the free
boundary conditions and all the DOF constrained for the clamped boundary conditions.

Figure 4(a) shows the natural frequency distributions for the finite metamaterial beam with SS and CF bound-
ary conditions. For both the SS and CF boundary conditions the natural frequencies mainly lay in the pass
band frequency range, with exception of few modes in the predicted stop band frequency range, the latter
indicated by the red lines. In the SS case, these modes are torsional, therefore they are not affected by the
stop band, which is designed to target the bending waves, as shown in Figure 3(b). In the CF case, besides
the torsional modes, two bending modes occur in the predicted stop band. These modes develop from the
edges, where they have the highest amplitude and they decay rapidly with the distance from the edge, as ob-
served in Figure 4(b). For their mode shapes, a distinction is made between these two modes. The mode that
develops from the clamped boundary conditions, thus named clamped edge mode, has an in-phase motion
of the resonator with respect to the host structure. The mode that develops from the free boundaries, thus
named free edge mode, has an out-of-phase motion. Because of the presence of the edge modes, the stop
band width in the finite metamaterials system with CF boundary conditions is smaller than the one predicted
by the UC analysis, whereas for the SS case, the stop band in the finite case coincides with the predicted one.

The bending modes of a SS beam can be described by using only the propagating solutions of the beam
equation [23]. The undamped UC model indicates in which regions no freely propagating waves are found,
and therefore the modes of SS beam will not lie in a stop band [24]. For all the other boundary conditions,
the decaying waves together with the propagative waves are solution of the equation of motion of the beam.
Therefore, due to the set of propagative and decaying waves that satisfies the CF boundary conditions, edge
modes are present in the predicted stop band. This effect is described by other authors as lattice symmetry-
breaking, which occurs when a discontinuity in the lattice due to defects [10] or free boundary conditions in
phononic crystals [11] breaks the periodicity in the infinite periodic structure.

4 Elimination of edge modes from the predicted stop band

The results in section 3 shows that stop band behavior, predicted with the UC modeling, may be affected
by the boundary conditions in the finite metamaterial system. Two methods are proposed in this section, in
order to preserve the predicted stop band width and the attenuation of the vibration at its inside also in the
finite metamaterial system.
In the first method the tuned frequency of the edge resonators is varied; in the second method the position of
the resonators in the lattice is changed. Numerical results and experimental validations are presented.

4.1 Variation of the tuned frequency of the edge resonators

Edge modes are localized modes at the boundary of the finite metamaterial system, as observed in Figure
4(b) and described in section 3. These modes can be controlled by varying locally the mechanical properties
of the finite metamaterial system, as proposed in [11, 12]. In this case study, the resonance frequency of
the edge resonators is varied with the aim to eliminate the edge mode in the predicted stop band frequency
range. This method may be used when there are constraints on the position of the resonant structures during
the manufacturing process of the metamaterial system.
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Figure 4: Numerical results from the modal analysis on the SS and CF metamaterial beam. (a) Natural
frequency distribution for the finite metamaterial system with SS and CF boundary conditions (b) Mode
shapes of the modes in the predicted stop band frequency range.
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4.1.1 Numerical parameter investigation

Figure 5: Natural frequency distribution of the CF metamaterial beam with different tuned frequency of
the edge resonators. (Left) Variation of the tuned frequency for the clamped edge resonator only. (Right)
Variation of the tuned frequency for the free edge resonator only.

A numerical parameter investigation is performed to determine the influence of the resonance frequencies of
the resonators at the edge of the host structure on the edge modes of the entire system. In order to perform a
fast parameter study, only the Young’s Modulus of the resonators at the edge is varied, keeping the geometry
of the resonators and the other material properties unchanged. In reality, geometry variation influences
both the mass and the stiffness of the resonant structure. However, the approach used in the parameter
investigation provides reliable results for small variations of the geometry that leads to a negligible mass
variation with respect to the stiffness variation.
The Young’s Modulus is varied between 3e9 GPa and 7e9 GPa with a step of 0.2e9 GPa. A modal analysis is
run for every configuration. In order to highlight the effect on the modal response of the metamaterial system
in the stop band due to the variation of the tuned frequency of the edge resonators, the analysis is performed
separately once for the clamped and once for free edge resonator, while keeping the Young’s Modulus of the
other constant as reported in Table 2. The results of the parameter investigations are shown in Figure 5.
By varying the frequency of the clamped edge resonator, the frequency at which the clamped edge mode
occurs is strongly affected, while the other modes inside the stop band remain almost unaffected. The same
behavior is observed for the free edge resonator. For the clamped edge resonator, a lower tuned frequency
with respect the original one makes the clamped edge mode occur outside the predicted stop band frequency
range, below its lower bound. It can also be observed that, when the tuned frequency is below 650 Hz, the
clamped edge mode starts occurring again in the predicted stop band from its upper bound in combination
with an additional torsional mode, which was not present in the original configuration.
For the free edge resonator, a higher tuned frequency as well as a lower tuned frequency with respect to
the original one moves the free edge mode outside the predicted stop band frequency range. However, for
low tuned frequencies, no modes are present in the stop band only for a narrow range of values of tuned
frequencies, which goes from about 630 to 670 Hz. Therefore, for such low tuned frequencies a good
precision in the production of the manufactured resonators and of the entire metamaterial system is required
to avoid edge modes in the stop band. Below 630 Hz the free edge mode and an additional torsional mode
appears again in the predicted stop band from its upper bound, as observed for the clamped edge resonator.

Based on the results of Figure 5, two new resonator designs are made with a small variation in the beam-like
body of the original resonator design: the clamped edge resonator is designed to have a resonance frequency
of 663 Hz and the free edge resonator of 913 Hz. The free edge resonator is chosen to be tuned to a higher
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frequency rather than a low frequency in order to have a more robust design for the reasons stated in the
previous paragraph. Figure 7 shows the natural frequencies distribution for the CF metamaterial system in
original and optimized configuration, the latter is the configuration with the edge resonators from Figure
6. In the CF optimized configuration, the torsional modes remain unaffected by the variation of the tuned
frequency of the edge resonators, as observed already in the Figure 5. The clamped edge mode is no longer
present in the predicted stop band, while the free edge mode occurs right below the upper bound of the
predicted stop band.

(a) (b)

Figure 6: (a) Dimensions of the clamped edge resonator. (b) Dimensions of the free edge resonator. The
dimensions are given in mm. The dimensions changed with respect to the original design are indicated by
the red box.
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Figure 7: Natural frequency distribution for the CF metamaterial beam in original and optimized configura-
tion.

4.1.2 Experimental setup

The manufactured metamaterial beam is clamped with a heavy clamp of about 15 kg to a rigid aluminum
wall as shown in Figure 8. Impact test with hammer excitation is used to excite the metamaterial beam. The
vibration response of the system is measured with a Polytec PSV-500 Scanning Laser Doppler Vibrometer
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(SLDV). The response of the system is evaluated over 57 points in 19 sections of 3 points each, 1 at the
center and 2 at the side of the section, which are located at the edge of each UC. The first section is located
close to the clamped boundary, whereas the last section is located at the free boundary. In order to excite
both the edge modes and the least the torsional modes in the metamaterial beam, two different excitation
locations are chosen: the center point of the first section and the center point of the last section. The RMS
value of the Frequency Response Function (FRF) velocity/force RMS v

F
is calculated per frequency across

the response points, as expressed by equation (1):

RMS v
F
(ω) =

√√√√ 1

N

N∑

i=1

∣∣∣∣
vi
F
(ω)

∣∣∣∣
2

, (1)

where ω is the frequency, vi
F (ω) indicates the FRF velocity/force per response point and N is the number of

response points.

Figure 8: Experimental setup of the CF metamaterial beam. The first and the last measurement sections are
indicated.

4.1.3 Experimental and numerical results

Two different configurations of the metamaterial system are tested: the original configuration with all the
resonators tuned at the same tuned frequency and the optimized configuration with the new design of the edge
resonators shown in Figure 6. The experimental FRFs are correlated with the numerical FRFs calculated in
NX Nastran 12 using SOL108 direct frequency response analysis [16]. Figure 9 compares the experimental
and numerical results for the original and optimized metamaterial configurations.
In the original metamaterial configuration, the pronounced peaks in the predicted stop band indicate the
location of the edge modes and they are well captured by the numerical and experimental results. The small
peaks at 717 Hz and 751 Hz are caused by the torsional modes, which are slightly excited during the test.
For the excitation at the clamped edge (Figure 9(a)), the edge mode location measured is at higher frequency
with respect to the one simulated. This shift can be attributed to the scatter in the resonance frequency of the
manufactured resonator and to the accuracy in the position of the resonator from the edge, given that the edge
modes are highly sensitive to both the variation of the tuned frequency, as shown in Figure 5, and the position
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from the edge, as demonstrated in the following section 4.2. For the excitation at the free edge (Figure 9(b)),
the free edge mode location measured is in good agreement with the one calculated numerically.

Comparing the original and the optimized configuration, one can observe that in the latter the peaks are
moved from the predicted stop band and the range of attenuation coincides with the designed stop band
width. The clamped edge mode shifts below the lower bound of the stop band, whereas the free edge mode
moves right to the upper limit of the stop band, as predicted. After the upper bound of the stop band, the
optimized configuration has a higher vibration response with respect to the original configuration, due to the
redistribution of the modes in that frequency range.
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Figure 9: Comparison numerical and experimental FRF for the CF metamaterial beam in original and opti-
mized configuration. (a) Excitation in section 1 at the clamped edge. (b) Excitation in section 19 at the free
edge.

4.2 Variation of the position of the resonators in the finite metamaterial system

Section 4.1 demonstrates how the variation of the mechanical properties of the edge resonators can influence
the edge modes. In this section, the position of the resonators in the UC in the finite metamaterial system is
varied to eliminate the edge modes from the predicted stop band frequency range. In order to preserve the
periodicity in the finite metamaterial system, all the resonant structures are moved along the axis of the beam
in x direction according to Figure 10(a). On the one hand the stop band predicted by the UC analysis is not
affected by moving the position of the resonant structure along the axis the beam, since it is calculated for an
infinite periodic system, on the other hand the stop band for the finite metamaterial system may be strongly
dependent from the position of the resonant additions, as also stated in [9, 11]. This method can be used
when there are no constraints on the position of the resonant structure for the manufacturing process of the
metamaterial system.

4.2.1 Numerical parameter investigation

The FE model of the finite metamaterial beam is used to study the sensitivity of the edge modes with respect
to the position of the resonant structures in the UC. The results are shown in Figure 10(b). The same
resonators of Figure 1 are moved in positive x-axis direction with a step of 2.5mm. The position of the
resonator in the UC is referred to the center of its base, indicated by the red dot in Figure 10(a). One can
observe that both the clamped and the free edge modes do not occur anymore in the predicted stop band
when the resonant structures are located far from the left edge of the UC. According to the chosen reference
system, this results in a configuration with the edge resonators far from the clamped edge and close to the
free edge.
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Figure 10: Numerical results for the variation of the position of the resonators in the UC. (a) Sketch of three
different positions of the resonators in the UC. The red dot indicates the center of the base of the resonator.
(b) Natural frequency distribution of the CF metamaterial beam with respect to the position of the resonator
in the UC. The position of the resonator in the UC refers to the red dot in (a).

4.2.2 Experimental validation

The experimental validation of the numerical results are made for the metamaterial configuration with the
resonant structure at the center of the UC. The center of the base of the resonator is moved from 16 mm from
the edge, as in the previous configuration, to 30 mm from the edge. This configuration is chosen based on the
results in Figure 10(b). The picture of the manufactured configuration is shown in Figure 11. The excitation
and the response locations are the same used in section 4.1.

Figure 11: Manufactured CF metamaterial beam with resonant structures in the center of the UC.

4.2.3 Experimental and numerical results

As for the previous section, experimental tests and numerical analysis are carried out and compared in Figure
12. The original metamaterial configuration with the resonator at the side of the UC used in the section 4.1
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is compared with the metamaterial configuration with the resonator in the center of the UC. The peaks in
the predicted stop band are no longer present in the configuration with the resonator in the center of the UC.
The clamped edge mode shifts to below the lower bound of the stop band and the free edge mode shifts to
above the upper bound of the stop band, as predicted. Moreover, the vibration response after the stop band
is lower than the optimized configuration presented in section 4.1, although both of the configurations have
no edge modes in the predicted stop band frequency range. Therefore by choosing an optimal location of
the resonant structures in the finite metamaterial system the stop band width designed is maintained and the
attenuation outside the stop band may be also improved.
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Figure 12: Comparison numerical and experimental FRF for the CF metamaterial beam with the resonators
at the side and in the center of the UC. (a) Excitation in section 1 at the clamped edge. (b) Excitation in
section 19 at the free edge.

5 Conclusions

This paper investigates the effect of boundary conditions on the stop band width in a finite 1D metamaterial
beam. Edge modes in the finite metamaterial system show to reduce the stop band width predicted by the
UC analysis. Two methods are proposed to preserve the stop band width for which was designed. The
first method consists in varying the resonance frequency of the edge resonators and it may be adopted when
there are manufacturing constraints on the position of the resonant structures. The second method consists
in varying the position of the resonators in the lattice by retaining the periodicity and it may be used when
there are no manufacturing constraints on the position of the resonant structures.

For both methods, a numerical parameter analysis studies the sensitivity of the edge modes with respect to
the resonance frequency of the edge resonators and their position in the lattice. Both methods demonstrate to
be effective for the elimination of the edge modes from the predicted stop band frequency range. Moreover,
an optimal position of the resonators in the lattice provides also an improved attenuation outside the stop
band with respect to the configuration with the edge resonators tuned at different resonance frequencies.
Experimental results are carried out on the manufactured metamaterial beam. The experimental results are
in good correlation with the numerical results and confirm the numerical findings.
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