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Abstract 
A large focus within robotics engineering, as with other fields, is the reduction of weight of a system. A 

solution within robot systems is to replace heavy rigid links with lightweight flexible counterparts, 

however these are more susceptible to unwanted vibrations. Current research proposes the use of 

piezoelectric patches as actuators as part of active vibration control (AVC) as being a very viable solution. 

This research aims to design a solution to the problem by using an analytical model and simulation 

software both including two piezoelectric patches, before conducting a physical experiment. A physical 

experiment was conducted to verify the models, before a Proportional Differential (PD) controller was 

then implemented within the models. The output of the models with the inclusion of the control was then 

compared, and is to be validated further within future work by conducting an experiment that includes the 

same control. 

1 Introduction 

Unwanted vibrations can cause a threat to the integrity of structures and systems, and whilst re-enforcing 

structures reduces these vibrations it often comes at the cost of the mass of the system. One of the main 

goals throughout the fields of engineering, although its priority may vary depending upon the 

structure/system is to minimise mass and so a more suitable solution for the attenuation of unwanted 

vibrations is required. Focussing on robot systems one of the main methods to reduce the mass is to use 

thinner and lighter links, which are, unfortunately, more likely to be subject to unwanted vibrations. It is 

this engineering conundrum regarding flexible robot links which inspires the research focussing on the 

attenuation of vibrations. Current research suggests a promising solution lies within the use of Active 

Vibration Control (AVC) where the actuators within the system are piezoelectric transducers. This 

actuator choice is prevalent as it is possible to either surface bond or embed the piezoelectric patches 

within the structure with little to no effect on the structures weight and functionality, and they have a 

relatively large force output compared to their sizing.   

The paper written by Crawley and Luis [1] shows considerable attention on the use of piezoelectric 

actuators as elements within intelligent structures. An analytical model was created using Euler-Bernoulli 

theory (EBT) for long, thin beams, and was then authenticated through physical experimentation. Another 

relevant research paper by Rahman and Naushad Alum [2] comprised of experimentation using a 

proportional integral derivative (PID) controller in combination with two collocated surface bonded 

piezoelectric patches as part of AVC. One of the piezoelectric patches was used within a piezo-sensing 

system to measure the vibrations experienced by a flexible beam. The other patch was used as an actuator 

with an output that was controlled through a data acquisition system, a computer running LabVIEW with a 

PID controller within the software and a voltage amplifier.  

Within this research an analytical model based upon EBT has been produced of a structure which consists 

of a flexible link and two collocated piezoelectric patches. The link is envisioned as part of a robot arm, 

but the motion has been simplified to a transverse base excitation. A model of the same geometric and 
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material properties has been created within the simulation software COMSOL Multiphysics® for the 

purposes of further validation. These two models are then employed to predict the response of the tip 

acceleration of the link and the voltage output from the piezoelectric patches, and the results are compared 

with those acquired from a physical experiment. A solution for controlling the system will also be tested 

using the analytical and simulation models, to obtain a prediction of the output for experimental validation 

within future research. 

2 Modelling the structure 

2.1 Description 

The structure consisting of a flexible link, two collocated piezoelectric actuator patches, an accelerometer, 

a clamp, a bracket support and the exciter armature has been modelled mathematically as a beam with 

added masses based on the Euler-Bernoulli beam theory. This method was chosen as the link to be 

modelled has dimensions which conform to those required by the beam theory; a long, slender beam. A 

model of the structure has also been created within the simulation software COMSOL Multiphysics®. The 

base of the link, including the clamp and bracket will be subject to a base excitation, and the tip 

acceleration and voltage produced by the piezoelectric patches are to be predicted by the model as a result. 

Within both models the bond between the link and piezoelectric patches will be considered to be perfect, 

and the effect of gravity needs not to be included as it will be cancelled out with the reaction force in the 

fixed point. 

 

Figure 1. Visualisation of structure 

The set-up of the model can be seen in Fig.1 above, where the view is as though looking from the top of 

the set-up. Where 𝑧(𝑡) is the base excitation, 𝑤(𝑥, 𝑡) is the transverse motion of the link, 𝑥𝑎 is the location 

of the accelerometer and 𝑥1 and 𝑥2are the start and end positions of the piezoelectric patches along the 

length of the link, respectively. 

 

 

2.2 Analytical model 

The equation of motion for the structure can be written as [3]:  
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where, 𝑤(𝑥, 𝑡) is the transverse motion of the beam, 𝑥 is the position along the length of the 

beam, and 𝑡 is time. The Dirac delta function is denoted as 𝛿(𝑥), and the viscous air damping coefficient 

as 𝑐𝑎. It is important to note that the mass of the clamp, bracket and exciter armature (𝑀𝑐𝑏𝑎) and the mass 

of the accelerometer (𝑀𝑎) are both modelled as point masses on the structure at their respective positions 

(𝑥𝑐𝑏𝑎 and 𝑥𝑎). The frequencies of the base excitation (𝑍0), the applied force (𝐹0) and applied voltage (𝑉𝑖𝑛) 

are represented by 𝛺𝑍, 𝛺𝐹 and 𝛺𝑉, respectively. The functions 𝐸𝐼(𝑥) and 𝜌𝐴(𝑥) have been included to 

account for the varying density and Young’s modulus over the structure’s length, and are as follows:  

𝜌𝐴(𝑥) = 𝜌𝐴 + 𝜌𝑝𝐴𝑝[𝐻(𝑥 − 𝑥1) − 𝐻(𝑥 − 𝑥2)] (2) 

𝐸𝐼(𝑥) = 𝐸𝐼𝑥 + 𝐸𝑝𝐼𝑥𝑝
[𝐻(𝑥 − 𝑥1) − 𝐻(𝑥 − 𝑥2)] (3) 

where 𝐻(𝑥) denotes the Heaviside function. The piezoelectric coupling term can be written as:  
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where, 𝑒3̅1 is the effective transverse piezoelectric coefficient and 𝑊𝑝 is the width of the 

piezoelectric patches. 𝑇 and 𝑇𝑝 are the thickness of the flexible link and piezoelectric patches, 

respectively. Employing the product rule and the Galerkin decomposition method to equation (1) yields 

[4]: 

�̈�𝑛(𝑡) + 2𝜁𝜔𝑛�̇�𝑛(𝑡) + 𝜔𝑛
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2.3 Simulation model 

A model was created within the software COMSOL Multiphysics® utilising its MEMS module to generate 

a Finite Element (FE) model of the structure. To reduce computational time and memory the clamp, 

bracket and exciter detail was minimised to a cube of the same mass and the mass of nuts and bolts which 

were used to hold the structure together. The accelerometer was included within the model as a point 

mass. A free tetrahedral mesh was used within the simulation with the predefined mesh size ‘finer’. This 

mesh size option has a minimum element size of 0.00185𝑚, and has been proven to be sufficiently 

accurate whilst having a reasonable computational time. 

3 Experiment, results and discussion  

3.1 Description 

The experiment was carried out to gain the FRFs of the structure both with and without two collocated 

piezoelectric patches (M5628-P2), as well as the natural frequencies of the first three modes of the 

structure. The structure was subject to the base excitation using an exciter (APS 113 ELECTRO-SEIS® 

Long Stroke Shaker), which was controlled using a data acquisition system (DAQs) (SignalCalc Abacus), 

requiring a power amplifier (APS 125 Power Amplifier) to power the exciter from the output voltage of 

the DAQs. Two accelerometers (PCB Piezotronics 352C03) were attached to the structure, one at the base 

of the structure to provide a reference acceleration, and one towards the free end of the link to measure the 

tip acceleration, and a FRF was created from the data collected. Once the two piezoelectric patches were 

attached, the experiment was repeated, however this time the voltage output from the piezoelectric patches 

was measured as well as the response from the tip of the beam. The Figures 2 and 3 show the illustration 

of the set up and an image taken of the experiment, respectively. 

     

     Figure 2. Illustration of FRF experiment                     Figure 3. Image of FRF experiment 

 

Table 1. Geometric, mechanical and electric properties of link and piezoelectric patches 

Parameters Link (Aluminium) Piezoelectric Patch (PZT-5A) 

Length (𝑚) 0.36 0.056 

Width (𝑚) 0.035 0.028 
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Thickness (𝑚) 0.003 0.0003 

Density (𝑘𝑔/𝑚3) 2700 5440 

Young’s Modulus (𝐺𝑃𝑎) 70 30.336 

Piezoelectric coefficient, �̅�31 (𝐶/𝑚2) N/A -11 

Table 1 contains the geometric and material properties of the link and the piezoelectric patches which 

were used within the experiment. The geometry and properties of these components were duplicated 

within both the COMSOL® and analytical models. Within the experiment a circuit was required in which a 

resistance of 300𝑘𝛺 was connected in parallel to the piezoelectric patches and the DAQs. This is due to 

the internal resistance of the DAQs affecting the readings from the piezoelectric patches, and a much 

greater resistance connected in parallel to the measured component would counteract this effect. The 

piezoelectric patches were bonded to the link using metal loaded epoxy (ensuring as thin of a layer as 

possible), at a distance from the start of the link of 𝑥1 = 0.036𝑚. This position was selected based upon 

previous analytical results, simulations and other research [5-6]. The accelerometer was attached to the 

beam temporarily using petro wax at a distance 𝑥𝑎 = 0.352𝑚, and was included as a point mass of 𝑀𝑎 =
0.012𝐾𝑔 in both the COMSOL® and analytical models. It should be noted that the data sheet for the 

accelerometers used states that they have a mass of 0.0058𝐾𝑔, however when weighed to include the 

petro wax and wires the mass of 𝑀𝑎 = 0.012𝐾𝑔 was found to be more accurate. The mass of the clamp, 

bracket and shaker armature was calculated to be 𝑀𝑐𝑏𝑎 = 5.8825𝐾𝑔, which includes the mass of the 

attached accelerometer and any nuts and bolts used to secure the structure.   

3.2 Results 

The natural frequencies for the first three modes were obtained from the data collected from the 

experiment, from the COMSOL® simulation and from the analytical model. The percentage error was 

calculated for the simulation and analytical results, Tables 2 and 3 show the obtained results from the 

structure with and without the piezoelectric patches, respectively. 

 

Table 2. Natural frequency comparison for link without piezoelectric patches 

Natural Frequency Comparison (No Piezoelectric Patches) 

Mode Experiment (Hz) COMSOL® (Hz) Error (%) Analytical (Hz) Error (%) 

1 16 15.93 0.44 15.87 0.81 

2 104.94 104.31 0.60 101.80 2.99 

3 297.75 290.32 2.50 290.89 2.30 

 

Table 3. Natural frequency comparison for link with piezoelectric patches 

Natural Frequency Comparison (Two Piezoelectric Patches) 

Mode Experiment (Hz) COMSOL® (Hz) Error (%) Analytical (Hz) Error (%) 

1 16.69 16.96 1.62 17.09 2.40 

2 104.03 104.77 0.71 101.27 2.65 

3 288.3 287.04 0.44 295.31 2.43 
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The FRFs for the structure were obtained from the experiments, and plotted within the same graphs as the 

simulation and analytical results for comparison. Figures 4a and 4b show the FRFs of the structure without 

the piezoelectric patches bonded to the link, where the input is excitation of the base of the structure and 

the measured output is the acceleration of the tip of the link. Once the piezoelectric patches were bonded 

to the link, the resulting FRFs shown in Figures 5a to 6b were obtained, with the former two figures 

showing the tip acceleration output as a result of base excitation, and the latter two the voltage output from 

a piezoelectric patch as a result of the base excitation.   

 

Figure 4 (a,b). FRF base excitation input, tip acceleration output with no piezoelectric patches. 

 

Figure 5 (a,b). FRF base excitation input, tip acceleration output with two piezoelectric patches. 
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Figure 6 (a,b). FRF base excitation input, voltage output with two piezoelectric patches. 

3.3 Discussion 

The natural frequencies obtained from the analytical and simulation models were shown to have an error 

of less than 3% for the first three modes both with and without the piezoelectric patches (see Tables 2 and 

3). With this low of a percentage error it can be confidently said that both models are a good prediction of 

the natural frequencies of the actual structures. From Figures 4a and 4b it can be seen that the FRFs 

produced by the analytical and simulation models (excluding the piezoelectric patches) are a very close 

match with those produced from the data of the experiment. Although, it should be noted that the damping 

ratio of the simulation model was set to 𝜁 = 0.012 whereas the analytical model was set to the same 

damping ratio as the experimental result (𝜁 = 0.008). This was to accommodate for a factor of a property 

within COMSOL® which could not be readily altered. The damping ratio was also altered within the 

simulation when the piezoelectric patches were included such that the experimental and analytical 

damping was 𝜁 = 0.0079 and the simulation damping was 𝜁 = 0.0104.  

With the simulation damping altered, the FRFs of the tip acceleration output as a result of base excitation 

for the structure that includes the piezoelectric patches also has a very good match between the 

experimental results and the analytical and simulation data (Figures 5a and 5b). A discrepancy between 

the resonance frequencies of the different results can be seen within the FRF, but as it is within 3% the 

models can be said to be accurate predictions of the experiment. The same can be said for the analytical 

and simulation FRF results for a base excitation input and measured voltage output; they would be 

considered as accurate prediction excusing the less than 3% error with the natural frequency. However, 

with regards to the COMSOL® results, they were also multiplied by a factor of 3.5 to counteract a 

difference within the material properties used within the software, as well as the original difference in the 

damping factor. Further studies are to be conducted in order to investigate the requirement of the 

multiplication factor and the slight difference in the damping ratios. 

4 Active vibration control  

To test the control theory a proportional differential (PD) controller was applied to the analytical model. 

Recalling equation (5), negating the applied force term as the control will just focus upon the base 

excitation as an input to the system, and equating to the controlled output (𝑢) yields [7]: 

�̈�𝑛(𝑡) + 2𝜁𝜔𝑛�̇�𝑛(𝑡) + 𝜔𝑛
2𝑇𝑛(𝑡) = 𝜒𝑉𝑖𝑛𝑠𝑖𝑛(𝛺𝑉𝑡) − 𝑍𝑠𝑖𝑛(𝛺𝑍𝑡) = 𝑢 =−[𝑘𝑝 𝑘𝑑] [

𝑇𝑛(𝑡)

�̇�𝑛(𝑡)
] (13) 
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where 𝑘𝑝 and 𝑘𝑑 are the proportional and differential gains, respectively. From equation (13) the value of 

the controlled output 𝑢 can be calculated using the proportional and differential gains and the generalised 

coordinate displacement and velocity values (𝑇𝑛(𝑡) and �̇�𝑛(𝑡)). From the same equation it is possible to 

obtain the input voltage required to obtain the controlled output 𝑢. As the application of ±60𝑉 will not 

have a significant effect upon the structure compared to the maximum positive voltage, the usable range of 

voltage in this case will be 0V to 360V (as opposed to the actual range on the piezoelectric patches: -60V 

to 360V). This range is more suited to actual components to be used in future research. So, there will only 

ever be one piezoelectric patch being used to control the structure at one time, and which patch to be 

employed will be dependent upon the direction of the deflection of the link.  

A parametric study was conducted to obtain the best combination of proportional and differential gains 

whilst adhering to the voltage limitations of the piezoelectric patches. The objective function of which was 

the percentage decrease of the tip acceleration when the control was applied to the model. It was 

concluded that the most suitable gain values for the PD controller are 𝑘𝑝 = 1 and 𝑘𝑑 = 2.335𝑠, for a base 

excitation amplitude of 𝑍0 = 0.2𝑔. All parameters are the same as those stated within section 3.1, with the 

exception of the damping ratio used, which was altered to 𝜁 = 0.01. The structure was excited at its 

resonance frequency. 

 

Figure 7 (a,b). Comparison of the analytical results of the controlled tip acceleration against 

uncontrolled, and the voltage to be applied each piezoelectric patch.  

From the comparison of the tip acceleration of the structure with and without the control system (Figure 

7a) it can be seen that when the PD controller is utilised the amplitude of the tip acceleration is reduced by 

approximately 50%. Figure 7b shows the voltage required to be applied across each piezo patch, where the 

maximum voltage required is within the limits set by the piezoelectric patch at a value of 359.81V.  

The control system was then applied to the simulation model in a similar manner as it was the analytical 

model for the purpose of validation. The slight difference was that the controlled output was obtained by 

applying the voltage to the piezoelectric patches as a sin wave with the amplitude obtained through the 

analytical result (359.81V). This was opposed to the applying voltage calculated for each moment in time 

as within the analytical models, hence why the required voltage graphs (Figures 7b and 8b) have a 

difference in the shape initially. As with the previous simulation models, the damping ratio was increased 

in comparison to the ratio within the analytical model.  The simulation model with the inclusion of a PD 

controller reduces the unwanted tip acceleration by approximately 50% (see Figure 8a), a very close match 

to the output from the analytical model hence validating the result. However, with some discrepancies 

with the input parameters of the models, further investigation will be carried out to resolve the differences 

before the results are compared with those from future experimentation. 
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Figure 8 (a,b). Comparison of the simulation results of the controlled tip acceleration against 

uncontrolled, and the voltage to be applied each piezoelectric patch. 

5 Conclusion 

From the experimental data the accuracy of the analytically produced model and the finite element model 

created using COMSOL® has been proven. Therefore, the theory used to create the analytical model 

(EBT) has also been proven as an excellent choice for this structure in particular. This then means that 

using the same models with the control system included will have given an acceptably accurate prediction. 

As can been seen from the results presented within section four (Figures 7a to 8b), the inclusion of a PD 

controller to alter the voltage applied to the piezoelectric patches is predicted to be an effective solution 

for the attenuation of the vibrations experienced by the flexible link. A physical experiment is to be 

conducted to confirm the results of the two sets of predictions, and further validate the use of a PD 

controller and piezoelectric patches as part of AVC.  

This experiment is to be part of future work, and will utilise an exciter to apply a base excitation to the 

structure to simulate the simplified motion of a robotic arm, as within this research. However, a Raspberry 

Pi module will employ PD control to alter the voltage across the piezoelectric patches via a high voltage 

driver in accordance with the measured acceleration at the tip of the link. The components to be used are 

chosen based on the aim of creating a method of control which is as practical and as inexpensive as 

possible. Once the models including control have been proven to be accurate, then a model of a robot arm 

will be included to provide the base excitation to the base of the link. Ultimately testing the control system 

with a more complicated input to the structure. 
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