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Abstract
The acoustic coupling between the acoustic operator and a Transport operator, the latter applied as boundary
condition, is numerically investigated in this paper. A transport equation, involving both the normal and the
tangential derivative of the acoustic variable (pressure), is applied on the upper side of an acoustic waveg-
uide. This boundary condition can be reproduced experimentally by a distributed impedance control of an
active liner. In this paper, we numerically demonstrate the reciprocity breaking for acoustic wave propaga-
tion, caused by such boundary condition. Furthermore, several analyses are carried out in order to assess
the stability conditions of the acoustic system, coupling the acoustic wave propagation domain (where the
D’Alambert operator applies) and the transport operator on the boundary.

1 Introduction

In order to reduce the airborne sound transmission in a generic duct, its surfaces can be lined with materi-
als realizing specific surface impedance conditions. Classical examples are passive absorbers whose main
working principle is the viscous dissipation. The performances of this dissipative liners are poor at lower
frequencies, the actual limit being governed by the cross-sectional dimensions of the duct, liner thickness and
absorption properties of the lining material [1]. Opposite to the passive philosophy, is the Active Noise Con-
trol (ANC), developed after the rapid development of modern digital computers. The ANC techniques are
based upon the destructive interference produced by actively controlled secondary sources with the capacity
both to reflect and absorb sound [2]. Also in the realm of Control techniques, lies the concept of Acoustic
Impedance Control. While the ANC strategies (both local and global) act directly on the acoustical medium
by using secondary sources, the Impedance Control methodology instead tends to adjust the Impedance at
the boundary interfaces for inducing suitable sound diffusion. This methodology has been developed after
conceiving the loudspeaker as an electroacoustic absorber, as firstly done by Olson and May [2]. A suitable
combination of both active and passive methods allows to achieve a compromise between dimensions, weight
and efficiency over a wide frequency range. The idea is to get a sound pressure as low as possible behind
a passive surface, by using the active control system and the Darcy’s law. In this way, the device, which is
then equivalent to a quarter wavelength absorber, can improve the low-frequency absorption of a thin sample
of porous material. This idea was first proposed by Olson and May [2] and then experimentally investigated
by Guicking and Lorentz [3]. The classical approaches used by many authors studying the implementation
of active acoustic impedance based on Guicking’s work, such as Galland et al. [4] for example, are based on
the knowledge of the so-called optimal complex impedance, which they tend to implement experimentally
using hybrid parietal ANC systems. Their purpose is to locally control a boundary interface to follow the
pre-established frequency-dependent complex impedance. The proposed solutions for impedance optimiza-
tion ([4] and [5]) lead to theoretical frequency-dependent impedances Z(jω) guaranteeing efficient sound
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absorption depending on the disturbances, boundary conditions, speed of sound, frequency band, structural
interfaces, and geometry. These dependencies prohibit broad frequency band applications and good effi-
cency is restricted to a specific configuration. As already said, the optimally designed impedance ([4] and
[5]) appears as a frequency dependent function Z(jω), linking acoustic pressure and velocity. While its ex-
perimental implementation allows to control these parietal quantities by using only the corresponding time
operator, it appears very interesting to introduce also a wave number dependency (that is a space operator)
so that Z = Z(jω, jk) in order to improve efficiency and versatility [6]. This interest has brought about
the design of a Generalized Distributed acoustic impedance Z = Z(jω, jk). An impedance operator for
total absorption of acoustic waves in 2D has been mathematically derived in [6], but this complex operator
involves space and time pseudodifferential terms that prevent any possible experimental implementation as it
would require an infinitely large data storage. Therefore, a first order operator has been conceived, designed
and experimented in Collet et al. ([7] and [8]), which could be realistically implemented.
The generalized impedance proposed in [7] is an advection equation, where the normal acceleration at the
boundary is function of both the tangential and time derivative of pressure, see Equation (1) and Figure 1.
∀t ∈ R, and all (x, y) ∈ ∂Ω1

−ρ∂vz
∂t

=
∂p

∂x
− 1

ca

∂p

∂t
(1)

In Equation (1), vz is the outward normal velocity at the boundary, x is the longitudinal direction of the duct,
ca is a parameter to be defined, corresponding to the celerity coefficient of the transport equation.
The objective of this contribution is specifically to assess the stability of the acoustic domain bounded on
one side by the transport equation (1). This will be done through different analyses. First, a semi-infinite
2D acoustic domain (x, z) ∈ (−∞,∞)x(−∞, 0] (see Figure 1) will be considered, as in [7]. The analytical
results of non-reciprocity, obtained already in [7] for a semi-infinite 2D acoustic domain, are reproposed
with some additional remarks. In particular, it is pointed out the condition in which the control behaves as an
active source, inputting energy in the acoustic domain. Then, the wave propagation in an infinite waveguide
will be analyzed, and the non-reciprocity of plane wave mode demonstrated. In addition, we will show that
the "active behaviour" of the control found in Section 2 will result to be a condition of possible instability in
the propagation of duct modes. Finally, the cavity modes in an enclosed finite duct will be analyzed and the
time stability correlated to the condition of "active" behaviour of the controlled boundary.

2 Semi-infinite acoustic domain analysis

Collet et al. ([7] and [8]), showed how the boundary condition (1) in a semi-infinite 2D acoustic domain
(x, z) ⊂ (−∞,∞)x(−∞, 0] (see Figure 1), allows wave propagation only in the x<0 direction for certain
values of the celerity coefficient ca.

∇2p =
1

c20

∂2p

∂t2
in x ∈ (−∞,∞) z ∈ (−∞, 0) (2)

n̂ · ~∇p =
∂p

∂x
− 1

ca

∂p

∂t
on z = 0 (3)

In Equation (3), the normal acceleration has been substituted by the normal pressure gradient, according to
linearized momentum equation n̂ · ∇p = −ρ∂vn∂t .
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Figure 1: Semi-infinite domain bounded on one side by our Transport Equation.

The problem analyzed in [7] is described by Equations (2) and (3). If we consider the stationary regime, the
above problem can also be considered as a frequency dependent eigenvalue problem, with eigenfunctions
being the waves and eigenvalues being the wave numbers along the x and z directions. Indeed, as the domain
is not bounded on the lower side, there will not be standing waves, but just travelling waves generated by the
transport equation.

The results as reported in [7], in terms of wavenumbers, for ca < c0 and ca > c0, are reported in Figure 2
and 3 respectively.

(a) Wavenumber k1 components for ca < c0. (b) Wavenumber k2 components for ca < c0.

Figure 2: Wavenumbers for ca < c0 in the semi-infinite domain bounded on the upper side by the transport
boundary condition.

(a) Wavenumber k1 components for ca > c0. (b) Wavenumber k2 components for ca > c0.

Figure 3: Wavenumbers for ca > c0 in the semi-infinite domain bounded on the upper side by the transport
boundary condition.
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In this simplified system of a semi-infinite domain bounded on the upper side by the transport boundary
condition (3), we have some important information on the effect of the transport boundary condition over the
acoustic domain. From Figure 2 we can see that for ca < c0, ~k1 and ~k2 are directed toward the boundary itself
(which is situated upward). If we consider the boundary as an interface between the acoustic domain and a
fictitious transport domain where the equation (3) holds, the wave solutions found by imposing the boundary
condition (3) on the interface between these two domains, are solutions for both the acoustic domain and the
fictitious transport domain. In this perspective, in the case of ca < c0 both waves are transmitted from the
acoustic domain to the fictitious domain (as they are directed toward the boundary), whereas for ca > c0 one
wave (relative to ~k2) is transmitted from the fictitious domain to the acoustic domain (see Figure 3b).
This means that, for ca > c0 the transport boundary condition will behave as an active boundary. In a real
application of the boundary condition (3) in a duct, the case of ca > c0 may lead to unstable duct modes.

3 Infinite waveguide analysis

The acoustic domain is now bounded on both the upper and lower sides.
Karkar et al. [9], in the 1D approximation of the waveguide (i.e. in the hypothesis of only plane waves
propagating in the lined duct), demonstrated how the Transport Equation (1) reproduces an acoustic "diode"
effect, blocking the plane wave propagation in the x > 0 direction. We will here demonstrate the breaking
of reciprocity in the real case of a 3D waveguide.
We will consider a duct with rectangular cross section, as depicted in Figure 4. The dimensions of the rect-
angular cross section of the duct are as follows:

dy = 0.15 m Dimension along y axis, normal to the rigid walls
dz = 0.30 m Dimension along z axis, normal to the active liners

The attenuation of sound waves propagated through an infinite transmission line (as a duct) of uniform cross
section, can be evaluated by knowing the wave number (in both its real and imaginary parts) along the main
direction of propagation (the longitudinal axis of the duct).

3.1 Outline of the problem

The calculation of the wave number along the x-direction is achieved by solving a frequency dependent
eigenvalue problem, in terms of duct modes (i.e. the distribution of pressure along the cross section of the
duct) as the eigenfunctions, and wave numbers along x as the corresponding eigenvalues. The mathematical
formulation of the eigenproblem, in the frequency domain, is reported in Equations (4) (refer to Figure 4).

[
∇2 +

ω2

c20

]
p(y, z, ω) = k2x p(y, z, ω) in S

[
n̂ · ~∇− j ω

ca

]
p(y, z, ω) = jkx p(y, z, ω) on BS1

n̂ · ~∇p(y, z, ω) = 0 on BS2, BS3, BS4

(4)
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Figure 4: Infinite waveguide bounded on the upper side by our transport equation. The lateral sides are
considered as rigid.

The wave number kx will define an attenuation or an amplification of the amplitude of the corresponding
duct modes (see Figure 5). In particular, the sign of the group velocity (or its inverse ∂Realkx

∂ω ), will determine
the direction of propagation of the corresponding duct mode, and the sign of the imaginary part of kx will
determine the attenuation property. In the assumption for wave function e−jωt+jkxx assumed here, if the two
quantities ∂Realkx

∂ω and Imag(kx) keep the same sign, then the duct mode will propagate into the waveguide
without increasing its amplitude, and we will say that the wave propagation is stable. Therefore we can state
a wave stibility criteria:

∂Real(kx)

∂ω
Imag(kx) > 0 (5)

Figure 5: Duct modes propagation properties, according to the group velocity (∂Rekx∂ω ), and the imaginary
part of kx. It is based on the assumption e−jωt+jkxx.

The eigenproblem of Equation (4) is solved numerically, with Finite Elements. It is a frequency dependent
eigenproblem, with non-homogeneous boundary condition (given by the transport equation). Furthermore
the eigenvalue kx itself is in the boundary transport equation. This asks for a delicate numerical treatment of
the problem, as this special boundary condition must be integrated directly in a weak formulation. We will
briefly summarize the steps to get to the weak formulation of the system of equations (4).
By multiplying the first of equations in (4) by a test function p̃ and integrating by part over the bidimensional
domain S (cross section of the duct), we get:
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∫

S
∇2p p̃ dS + (
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∫
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=−
∫

S

~∇p · ~∇p̃ dS +

∫

BS
n̂ · ~∇p p̃ dBS + (

ω2

c20
− k2x)

∫

S
p p̃ dS = 0

(6)

In Equation 6, the integration by parts (also called Kelvin-Stokes theorem, which in 2D becomes the Green
theorem) has been applied, and the differential order of the problem has been reduced by one.
In order to implement the boundary conditions reported in Equations (4), the normal derivative of pressure in
the last term of Equation (6) will be substituted by the right side of the robin B.C. (on BS1) and by zero on
BS2, BS3 and BS4. Finally, we arrive at the expression of the weak formulation of the system of equations
(4):

(
ω2

c20
− k2x)

∫

S
p p̃ dS −

∫

S
∇p · ∇p̃ dS + j(kx +

ω

ca
)

∫

BS1

p p̃ dBS1 = 0 (7)

We can now apply the Finite Element method to solve the above eigenvalue problem written in its weak form.

3.2 Results

In order to find the conditions under which the wave propagation of the duct modes is stable, the eigenvalue
problem of Equation (7) has been solved for different values of the parameter ca. In this paper the results
obtained for ca = 0.9c0, ca = c0 and ca = 1.01c0 are reported.

Figure 6 shows the dispersion curves for the case of ca = c0. We can notice the solution corresponding to the
plane wave mode propagating with a wavenumber kx = −ω/c0, therefore towards the negative x-direction.
The plane wave mode propagating toward x > 0 instead is not an eigensolution, demonstrating that the
reciprocity of plane wave propagation is broken. The other dispersion curves correspond to higher order
duct modes, travelling both in the positive and negative x-direction. From Figure 6 we can see that all the
higher order modes propagate since the lowest frequencies (as the real part of kx is different from 0 even
at frequencies close to 0). Nevertheless, from Figure 7, we notice that the higher order modes are always
attenuated, with an attenuation which progressively decreases as frequency increases.
We must report the numerical difficulty of the eigenvalue solver in following the same dispersion curve when
varying frequency, which causes the typical numerical mode crossing phenomenon.

In Figure 8 the variation of ∂Real(kx)
∂ω Imag(kx) with ω is plotted, in order to verify the wave propagation

stability criteria (see Figure 5). The numerical mode crossing we mentioned above, is the responsible of
some single negative values of ∂Real(kx)∂ω Imag(kx) in Figure 8, as during the "mode crossing" the derivative
∂Real(kx)

∂ω will be discontinous. By excluding these "spurious" values, we can assess that the wave prop-
agation in a waveguide, bounded on the upper side by our transport equation (3), is stable as the product
∂Real(kx)

∂ω Imag(kx) is always positive or equal to 0.

In order to investigate the wave propagation stability when varying the value of ca around the value of c0, the
same calculations have been repeated for ca = 0.9c0 and ca = 1.01c0. In Figure 9 the case of ca = 1.01c0
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Figure 6: Numerical dispersion curves for duct modes, in the case of upper side of the duct bounded by
the transport equation (3), with ca = c0. The continuous line in red, is relative to kx = −ω/c0, and it
corresponds to the back-propagating plane wave mode.

is considered. It is evident that the plane wave mode presents values of ∂Real(kx)∂ω Imag(kx) which are lower
than 0. Same thing happens at higher frequencies for higher order modes propagating toward the negative
x-direction.
Figure 10 instead, corresponding to the case of ca = 0.9c0, shows that the product between the inverse of
group velocity and the imaginary part of kx is always positive. We can therefore affirm that the value of
ca = c0 is an upper limit for the wave propagation stability in a waveguide bounded on the upper side by our
transport equation (3).

4 Time stability of cavity modes in a finite waveguide.

The system is now a duct of finite longitudinal length, L = 1.3m, see Figure 11.
According to the assumption:

p(x, y, z, t) = p(x, y, z)e−λt (8)

The eigenproblem writes:
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Figure 7: Imaginary part of kx versus ω, in the case of upper side of the duct bounded by the transport
equation (3), with ca = c0.

∇2p(x, y, z) =
λ2

c20
p(x, y, z) in Ω

n̂ · ~∇p(x, y, z) = − λ
ca
p(x, y, z) on BΩ1

n̂ · ~∇p(x, y, z) = 0 on BΩ2, BΩ3, BΩ4, BΩ5 and BΩ6

(9)

The lateral sides and the input and output sections of the duct are considered as rigid (any reactive boundary
condition is allowed as long as there is no damping added into the system, which would modify its stability
conditions).
The real part of λ will give us the indication on stability (if Real(λ) > 0 ⇒ the system is stable, if
Real(λ) < 0⇒ the system is unstable), depending upon the artificial celerity coefficient ca.

In Figure 12 the mode which becomes unstable as soon as ca overcomes c0 is shown. The evolution of the
Real(λ) with ca is shown in Figure 13.
In order to further check the convergence for the unstable eigensolution, the eigenvalue relative to cavity
mode of Figure 12 for ca = 1.1c0 has been followed by varying the mesh of the FE model (see Figure 14).
From Figure 14, we can affirm that the eigenvalue of the unstable cavity mode for ca = 1.1c0, converges as
the mesh gets refined.

5 Conclusions

In Section 3, we have numerically demonstrated the breaking of acoustic propagation reciprocity in a 3D
infinite waveguide bounded on one side by our generalized impedance (1).
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Figure 8: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = c0. The numerical crossing between different eigensolutions, brings about the
presence of some spurious negative values which should not be taken into account.

Moreover we have found out that for ca > c0 the transport boundary condition applied on an acoustic domain
will introduce energy into the system (see Section 2), determining unstable wave propagation of duct modes
(see Section 3) as well as time instability of cavity modes (see Section 4). On the other hand, for values of
ca < c0 we are sure that the transport boundary condition will not introduce any instability into the system.
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Figure 9: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = 1.01c0.
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Figure 10: Plot of ∂Real(kx)∂ω Imag(kx), versus ω in the case of upper side of the duct bounded by the transport
equation (3), with ca = 0.9c0. The numerical crossing between different eigensolutions, brings about the
presence of some spurious negative values which should not be taken into account.

Figure 11: Finite waveguide with Transport Boundary condition applied on the upper side of the duct. The
lateral sides, the input and the output sections of the duct, are considered as rigid.
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(a) First unstable cavity mode for ca = 1.1c0. (b) First unstable cavity mode for ca = c0.

Figure 12: First cavity mode becoming unstable for as soon as soon as ca becomes bigger than c0.

Figure 13: Root locus of the eigenvalue λ, relative to the mode of Figure 12 from ca = 1.5c0 to ca = c0.

Figure 14: Unstable eigenvalue corresponding to the cavity mode of Figure 12, for ca = 1.1c0, at different
mesh sizes.
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