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Abstract
In many mechanical applications, a design optimization is performed on the frequency response functions
of the mechanical system. In this work, a novel model reduction technique is explored for the parametric
analysis of the frequency response functions of dynamical mechanical systems. This approach entails two
novel aspects. First, a super-local reduced order basis is introduced which allows models of much lower order
compared to models obtained with single, frequency independent reduced order basis approaches. Secondly,
a novel hyper-reduction scheme is introduced which selects a subset of the considered, discrete frequency
domain and computes the corresponding interpolation matrix. During the online phase, the full frequency
domain response is reconstructed by interpolating between these sampled frequency lines. The proposed
approach is validated numerically on an academic mass-spring-damper system and shows promising results.

1 Introduction

In many mechanical applications, a design optimization is performed on the frequency response functions
(FRFs) of the mechanical system in order to limit the vibration, sound, . . . transmission. These FRFs are the
result of a system inversion performed on the large scale (and often frequency dependent) dynamic stiffness,
which comprises the mass, damping and stiffness matrix. During manual and automatic design studies, the
evaluation of these FRFs leads to high computational loads due to a large number of degrees-of-freedom
(DOFs) in the underlying finite element models for these problems and the large number of frequency lines
to evaluate.

Over the past decades, a range of methods for parametric model order reduction have been proposed which
allow to accelerate the (online) evaluation of these types of models. Classically only order reduction was
considered, and an excellent overview of different projection approaches employed in mechanical applica-
tions is given by Besselink et al. [1]. In these approaches, a method is selected to identify a low(er) rank
reduced order basis (ROB) which is exploited over the full frequency range of interest. However, these tradi-
tional projection methods suffer from a very important issue: they typically require to set up a new reduced
order basis for every new parameter set which is encountered. The computational load of setting up this
ROB is often on par with a full order model (FOM) evaluation such that little gains can be made in practical
parametric applications. More recently, there has been more focus on dedicated parametric model order re-
duction (pMOR) techniques. Benner et al. [2] discuss a range of parametric model order reduction methods,
such that a new basis does not need to be constructed for every new parameter set. Still, a single basis is em-
ployed over the full frequency range. For mechanical applications however, which often exhibit high modal
densities, the single basis approach can often lead to large resulting reduced order bases. Moreover, the
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hyper-reduction methods typically used in these approaches assume an affine parameter dependency, which
typically does not exist in mechanical FRF evaluations.

In this work, we therefore explore a novel model reduction technique for parametric analysis of the frequency
response of dynamic, mechanical systems.
The proposed approach first consists of the definition of a local reduced order basis (LROB) in the frequency
range. In classical approaches, a computed reduced order basis (ROB) which accounts for the parameter
variations is exploited over the full frequency range. However, for systems with high modal densities, this
often leads to a limited reduction ratio. In this work, we propose to exploit a number of training responses at
each frequency line to set up an ROB which is only employed at that specific frequency line. As each local
basis only has to be valid at a specific frequency, this basis can be drastically smaller compared to the general
case. As this reduced order basis is only valid at a single frequency line, we denote it here as a super-local
ROB, to highlight the contrast with other local reduced order modeling approach, as e.g. proposed by Am-
sallem et al. [3], where the ROB is used in a wider region.
Secondly, a hyper-reduction is proposed through sampling in the frequency range. In order to reduce the
total number of frequency line evaluations, a greedy sampling algorithm is deployed in order to determine a
limited set of dominant frequency lines for the considered parametric variations. A corresponding interpola-
tion matrix is defined to reconstruct the full frequency range from the limited number of obtained samples.
In order to limit the initial setup cost of the reduced order model, the LROB setup and hyper-reduction steps
are reversed in the practical implementation, such that the LROBs only need to be computed for the retained
frequency lines.

The proposed scheme is set up with the aim of interacting with external (commercial) software for extracting
the parameterized model matrices. The non-intrusive property of the proposed model order reduction scheme
is an important benefit, since it allows the usage of existing finite-element software for which interfaces are
typically available to extract system matrices for different frequencies.

The proposed super-local model order reduction method is validated numerically on an academic parameter-
ized mass-spring-damper system. This validation demonstrates the potential of the novel scheme to provide
an accelerated mechanical frequency response evaluation with high accuracy.

2 Problem statement

In this work, parameterized mechanical models are considered. The semi-discretized, continuous-time equa-
tions for these models are:

M(p, ω)ẍ + C(p, ω)ẋ + K(p, ω)x = f ext, (1)

for spatially discretized DOFs x ∈ Rn, where the mass M ∈ Rn×n, damping C ∈ Rn×n and stiffness matrix
K ∈ Rn×n are generally both dependent on the parameters p ∈ Rnp and the pulsation ω ∈ R. In many
applications, these type of models are evaluated in the frequency domain, and the frequency response can be
computed as:

H(p, ω) =
(
−M(p, ω)ω2 + jC(p, ω)ω + K(p, ω)

)−1
b, (2)

for which b ∈ Rn respresents an input selection vector. In many inverse problems, this frequency domain
characteristic is used either to evaluated a desired system behavior at the design stage or to match a model
response to an experimentally measured response.

However, the repeated evaluation of the inverse of a large system in equation (2) for a large number of
pulsationsωωω ∈ Rnω over a number of parameter combinations typically leads to large computational loads. In
this work, a novel model order reduction scheme is proposed which allows for an accelerated FRF evaluation
in these multi-query settings.
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3 Super-Local Model Order Reduction

This section discusses the proposed super-local model order reduction approach in detail. First the idea
behind the approach is discussed. Then the construction of the super-local reduced order basis and hyper-
reduction are discussed. Finally, several aspects of the practical implementation are discussed.

3.1 Method overview

The proposed approach consists of two aspects: a projection based reduction to limit the model size and a
hyper-reduction to limit the number of model inversions to compute an FRF.

In the first stage, a Galerkin projection is employed with a reduced order basis V ∈ Rn×m to reduce the size
of the to be inverted dynamic stiffness matrix:

Hr(p, ω) =
(
−VTM(p, ω)Vω2 + jVTC(p, ω)Vω + VTK(p, ω)V

)−1
. (3)

In classical model order reduction, the ROB V is set up to be valid over the full frequency range of interest.
In practice, this can still lead to a relatively large reduced order basis which limits the performance of
the reduced order model. This is typically the case in systems with high modal density, like mechanical
systems, where many eigenmodes are closely spaced in a certain frequency range. As an alternative, this
work proposes to set up a basis for each frequency line separately which is valid over the parameter range of
interest. This reduced order basis is denoted as the super-local reduced order basis Vi which is assumed to
only be relevant at a specific pulsation ωi. The construction of this basis will be discussed in section 3.2.

However, at this point, still a large number of frequency lines need to be evaluated. This is particularly
problematic in the case of frequency dependent model matrices, which require a reconstructions of the model
matrices for each frequency line leading to a considerable computational load. In order to mitigate this cost,
a novel hyper-reduction scheme is proposed. This scheme is based on the selection of a limited set of
dominant frequency lines for the parameter range of interest. The remaining frequency lines of interest are
then obtained through an interpolation of the evaluated dominant frequency lines. This aspect is further
discussed in section 3.3.

3.2 Frequency-dependent reduced order basis

For the super-local reduced order basis, a new reduced order basis Vi ∈ Rn×m is constructed for all nω
pulsations ωi in the frequency domain evaluation range:

ω ∈ [ω1, . . . , ωnω ] . (4)

The reduced order basis for each frequency needs to be representative for the full parameter domain Ωp of
interest. This is achieved by evaluating the full order response for a representative set of training samples
ptr on this parameter domain. For each of these ntr training samples ptr

k , training FRFs Htr,k
i are computed

for each pulsation ωi:
Htr,k

i = H(ptr
k , ωi). (5)

The FRFs for the different parameter sets are concatenated per pulsation ωi in the training set Htr
i :

Htr
i =

[
H(ptr

1 , ωi), . . . , H(ptr
ntr
, ωi)

]
. (6)

The ROB for a certain frequency line Vi is then obtained through a proper orthogonal decomposition (POD)
of the training set Htr

i . In practice, this POD is obtained by performing a thin singular value decomposition,
only retaining the m singular vectors belonging to the largest singular values:

Vi = svd(Htr
i ,m) (7)
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This reduction space is computed for every relevant pulsation ωi from their respective training results. In
a practical implementation, these singular value decompositions for all relevant frequency lines can be per-
formed in parallel in order to limit the offline computational time.

Note moreover thatm is not necessarily the same for all frequency lines. When using an error driven criterion
to determine the ROM size for example, the proposed methodology allows to have a different model size for
every frequency line. However, in the remainder of this work, this property is not explicitly exploited.

With these reduced order bases, the approximate FRFs H̄ from equation (3) at pulsation ωi is evaluated as:

H̄(p, ωi) = Vi

(
−VT

i M(p, ωi)Viω
2
i + jVT

i C(p, ωi)Viωi + VT
i K(p, ωi)Vi

)−1
VT

i b, (8)

such that only low order m×m systems needs to be solved for each frequency line. In short hand form, this
is written as:

H̄(p, ωi) = Vi

(
−M̄(p, ωi)ω

2
i + jC̄(p, ωi)ωi + K̄(p, ωi)

)−1
VT

i b, (9)

with

M̄(p, ωi) = VT
i M(p, ωi)Vi, (10)

C̄(p, ωi) = VT
i C(p, ωi)Vi, (11)

K̄(p, ωi) = VT
i K(p, ωi)Vi. (12)

However, this projection based reduction scheme still involves a large number of evaluations as often a large
number of pulsations ωi need to be evaluated. In order to reduce this computational load further, a frequency
sampling hyper-reduction is introduced in the next section.

3.3 Frequency sampling and interpolation for hyper-reduction

This section describes the hyper-reduction which allows to reduce the number of frequency lines which need
to be evaluated.

In contrast to other works on hyper-reduction, the aim is not to reduce the evaluation cost of the reduced
model system matrices, e.g. through an affine decomposition [2]. The aim in this work is to set up a
procedure which can be conveniently exploited in interaction with commercial finite-element software from
which the model system matrices are extracted. For the considered mechanical systems, it is often very
difficult, if not impossible, to employ rather intrusive affine reduction schemes. Therefore, the assumption is
made that the FOM system matrices can be extracted for different frequencies, as is typically foreseen in the
interfaces of commercial software.

The proposed hyper-reduction schemes starts from the training sets Htr used for the reduced order basis
setup. The aim of the procedure is to identify a minimal number of sampled pulsationsωωωs ∈ Rns which allow
to accurately evaluate the response at other pulsations ωi through interpolation of the evaluated frequency
responses.

The proposed approach searches for a hyper-reduced approximation of the FRFs as:

H(p, ωi) ≈ Hhr(p, ωi) =
∑

ωj∈ωωωs

W∗
ij

(
−M̄(p, ωj)ω

2
j + jC̄(p, ωj)ωj + K̄(p, ωj)

)−1
VT

j b, (13)

where ωωωs represents a set of ns pulsation samples with ns < nω and W∗
ij ∈ Cn×m is the interpolation

matrix which determines the contribution from the response at pulsation ωj to the response at pulsation ωi.
However, in order to reliably identify the full optimal interpolation matrices W∗

ij , a large amount of training
data is required. In order to resolve this issue, an approximation is performed where all contributions from a
certain frequency are interpolated together as:

H(p, ωi) ≈ Hhr(p, ωi) =
∑

ωj∈ωωωs

wjiVj

(
−M̄(p, ωj)ω

2
j + jC̄(p, ωj)ωj + K̄(p, ωj)

)−1
VT

j b, (14)
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where wji ∈ C is a scalar and the super-local basis Vj are reused to perform the interpolation between the
different reduced DOFs.

The challenge in setting up the hyper-reduction is to determine the frequency samples such that a minimal
number of samples is required to obtain a certain accuracy ε for the frequency response over the desired
frequency range and training parameters:

∣∣∣H(p, ωi)−Hhr(p, ωi)
∣∣∣
F
≤ ε ∀ ωi ∈ ωωω, p ∈ ptr. (15)

The selection of the frequency samples can then be written as an L0 optimization problem (which minimizes
the number of selected frequencies):

min
ωωωs∈ωωω

|ωωωs|0

s.t.
∣∣∣H(p, ωi)−Hhr(p, ωi)

∣∣∣
F
≤ ε, ∀ ωi ∈ ωωω, p ∈ ptr. (16)

However, in practice it is typically infeasible to solve theseL0 optimization problems exactly as this generally
require a combinatorial solution search. Therefore, this work proposes a sub-optimal greedy procedure to
compute a good set of frequency samples and corresponding interpolation matrices which enables a practical
computational scheme. This greedy procedure is summarized in algorithm 1.

3.4 Practical implementation

For the practical implementation of the approach, an offline and an online phase are present. During the
offline phase the reduced order model is set up and during the online phase this reduced order model is used
to rapidly evaluate the design response.

The reduced order model is set up based on a number of training runs on the FOM during the offline phase.
These training parameter sets ptr can be chosen in a number of ways, and for simplicity’s sake this work
selects an equidistant grid on the parameter space. In the practical implementation, first the frequency sam-
pling and interpolation is set up. This allows to forgo the singular value decomposition of each frequency
line and only for the sampled frequencies. The sampling and interpolation is conducted according to the
algorithm outlined in algorithm 1. The outputs of this greedy sampling are the sampled pulsations ωs and
the corresponding interpolation matrix W where:

W =



w11 . . . w1nω

...
. . .

...
wns1 . . . wnsnω


 (17)

During the online phase, the model is revisited for new parameter sets p for which the system response is
of interest. This can for example be the case in a numerical design optimization where a certain frequency
response is desired. The different steps of the online evaluation are outlined in algorithm 2. This scheme aims
to enable an accelerated evaluation of the model during the online phase in contrast to the FOM approach.
The gains are expected on the one hand from the smaller system solves due to the projection and on the other
hand from the smaller number of system solves due to the hyper-reduction.

4 Numerical validation

This section discusses a proof-of-concept for the proposed approach with a specific aim on evaluating the
potential accuracy for a low order ROM.
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Algorithm 1 Greedy sampling for frequency line selection and interpolation weights.
1: In: Htr, ε

2: Restructure inputs: R =




Htr,1
1 . . . Htr,1

nω

...
. . .

...
Htr,ntr

1 . . . Htr,ntr
nω




3: Initialize outputs: ωωωs = [ ], W = [ ], Rωωωs
= [ ]

4: Rerror = R
5: while max (|Rerror|) > ε do
6: j = argmax

i∈[1,nω ]⊂N

∥∥∥Rerror|:,i
∥∥∥
2

7: ωωωs =
[
ωωωs, ωj

]
; Rωωωs

=
[
Rωωωs

, R|:,j
]

8: W =
(
Rωωωs)+

R
9: Rerror = R−Rωωωs

W
10: end while
11: Out: ωωωs,W

Algorithm 2 SL-MOR online computation.
1: For the desired parameter set p: evaluate FOM system matrices M,C,K at pulsation samples ωωωs

2: Project FOM system matrices on SL-ROB according to equations (10)-(12)
3: Use the hyper-reduced frequency response to extract the full frequency domain response according to

equation (14).

4.1 Analysis description

For the initial validation of the proposed model order reduction scheme, a 1D mass-spring-damper system
is considered as shown in figure 1. For this example, the masses, stiffnesses and dampers are all uniform –
except the parametrized values – over the length of the mass-spring-damper chain and are 1 kg, 105 N/m and
10−2 N

m/s , respectively.

Figure 1: Mass-spring-damper system

The reduced, parametric frequency domain analysis is computed for the case where:

• the parameter set contains the mass of the first and last mass;

• the training parameter sets ptr
k are sampled in a full factorial manner and each parameter is sampled 7

times in an equidistant manner between the bounds of 5 and 10 kg;

• the nominal parameter for the analysis p is 8.3 kg for the first mass and 7 kg for the last mass;

• the frequency range of interest goes from 1 rad
s to 30 rad

s , with an equidistant sampling of 10−1 rad
s ;

• the force input is equally distributed over all masses;

• the output is the displacement at the first mass.
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4.2 Results

The reduced order model is set up based on training data, which contains the FRFs computed by the inversion
of the FOM, as described by equation (2), for each parameter set of the training. Figure 2 compares the FRF
for the nominal parameter set p. The three lines on the graph represent:

• the FRF computed via equation (2) employing the Full Order Model (FOM) for parameter set p;

• the FRF for parameter set p employing the newly proposed super-local ROB and hyper-reduction;

• the FRF from training H(ptr
k , ω) for which k = argmin

k∈[1,ntr]⊂N

∥∥p− ptr
k

∥∥
2
.

The ROM uses super-local reduced order bases of order m = 5, and hence leads to very low order models.
The hyper-reduction sampling has an error tolerance of ε = 10−4, leading to 83 selected frequency lines
which are also shown in figure 2 as vertical dashed lines.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
10−6

10−5

10−4

10−3

10−2

10−1

ω
[
rad
s

]

H
(1
,:
)

[ m N

]

FOM
ROM
Closest training

Figure 2: Approximation for frequency-response function for mass-spring-damper model

This figure clearly shows the good accuracy obtained with the proposed approach for a very low order model.
Even though a simple response is expected, an improvement is obtained through the proposed approach with
respect to the closest response in the training set, which indicates potential for predictive applications. Even
though it is not shown in the figure, an approach with a constant reduced order basis over the full frequency
domain of interest required an order of one up to two orders of magnitude more than the super-local approach
in order to achieve a similar accuracy as the presented approach.

5 Conclusion

This work proposes a novel model order reduction scheme for accelerated parameterized frequency response
function evaluation. This approach entails two novel aspects. The first aspect is the application of a super-
local reduced order basis. Rather than setting up a single basis which is exploited over the full frequency
range, a separate basis is set up for each frequency line separately. This enables the use of a very low
order model, which is often not possible when using a single reduced order basis. Secondly, a novel hyper-
reduction scheme is introduced which allows to evaluate only a subset of the evaluated frequency lines of
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the full order model for the reduced order model. The response for this subset is then interpolated in order
to reconstruct the full frequency domain response. This novel approach is validated numerically on a proof-
of-concept mass-spring-damper model for which promising results are obtained. Future work focuses on
validation of the proposed approach on large-scale industrial mechanical models and further robustification
of the reduced order model setup.

Acknowledgements

The research of Frank Naets and Ward Rottiers is funded by a grant from the Research Foundation – Flanders
(FWO). This research was also partially supported by Flanders Make, the strategic research center for the
manufacturing industry.

References

[1] B. Besselink, U. Tabak, A. Lutowska, N. van de Wouw, H. Nijmeijer, D. Rixen, M. Hochstenbach, W.
Schilders, A comparison of model reduction techniques from structural dynamics, numerical mathemat-
ics and systems and control, Journal of Sound and Vibration, Vol. 332, (2013), pp. 4403-4422.

[2] P. Benner, S. Gugercin, K. Willcox, A Survey of Model Reduction Methods for Parametric Systems, Max
Planck Institute Magdeburg Preprint, MPIMD/13-14 (2013).

[3] D. Amsallem, M.J. Zahr, C. Farhat, Nonlinear model order reduction based on local reduced-order
bases, International Journal for Numerical Methods in Engineering, Vol. 92, (2012), pp. 891-916

2468 PROCEEDINGS OF ISMA2018 AND USD2018


