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Abstract 
Energy need have increased in time, hence there is an obvious trend in seeking non-traditional energy 

sources, such as ambient mechanical vibrations. This paper focuses on the energy harvesting efficiency of 

piezoelectric-based cantilever beam type vibration energy harvesters. The aim is to increase efficiency by 

homogenizing the axial stress along the beam. For this purpose, a counter mass is attached to the beam via 

a simple lever mechanism. This way, an inertial force is applied on the beam, having a direction opposite of 

the inertia force of the tip mass, thereby obtaining a loading close to pure moment. A detailed analytical 

model for this structure is constructed. The analytical model is used to assess the effect of two design 

parameters on efficiency. It is shown that efficiency increases by means of the proposed method. The future 

work includes finite element analysis and experimental verification. 

 

1 Introduction 

The interest in generating energy from vibrations has increased over the past years. Typical current and 

prospective applications of vibration energy harvesters (VEH) comprise wireless sensor networks, body 

sensor networks, implanted biomedical devices and portable electronics [1,2]. Three main transduction 

methods have been the focus of vibration energy harvesting research: electromagnetic [3], electrostatic [4] 

and piezoelectric [5]. The focus of this paper is a popular and promising harvester type: piezoelectric-based 

cantilever beam VEH.  

 

There is a great effort on increasing the efficiency of piezoelectric-based cantilever beam VEHs. During 

vibration, voltage is generated on the piezoelectric layer at the surface of the beam, and this voltage is 

proportional to average axial stress on the beam surface [6]. In a typical cantilever beam with uniform width, 

the axial stress is maximum at the base of the cantilever beam and is close to zero at the beam tip [7]. This 

situation poses a serious limitation on the energy harvesting efficiency, due to the non-uniform stress 

distribution along the cantilever beam surface. 

 

To improve the stress distribution in piezoelectric based beam VEHs, various solutions were offered. As an 

example, Kong et al produced micro-sized cantilever beams with piezoelectric thin films, at which the 

polarization of the piezoelectric layer is tilted from the out-of-plane direction [8]. Although this method 

increases the overall efficiency, it cannot be applied to batch fabricated piezoelectric patches. Introducing 

cavities into the beam cross-section also resulted in improved stress profile, but posed difficulty in 

fabrication [9,10].  
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Using a varying beam width profile to improve stress distribution was first proposed by Roundy et al [7]. It 

was suggested to use a tapered beam, i.e. a beam with linearly decreasing width profile from the base to the 

tip.  However, no theoretical or experimental study was presented. Recently, it was shown via theory [14,15], 

finite element analysis [16]  and experiments [15] that tapered beams exhibit higher efficiency compared to 

beams with uniform width.  

 

Recently, Ma et al proposed an outer mechanism with compliant hinges to improve the cantilever beam 

stress distribution [11]. By affecting the dynamic load at the beam tip with the proposed mechanism, it was 

possible to obtain a more homogenous stress distribution on the beam surface. In another research, the 

response of a pre-stressed piezoelectric beam to vertical impact loads have been analyzed [12]. In a recent 

study, the stress distribution is homogenized by using a mechanical amplifier [13]. Both of these researches 

resulted in improved stress distribution, but the proposed devices are suitable to harvest energy only from 

impact type excitations.  

 

In this study a force, in opposite direction of inertial force due to tip mass motion, is applied to the beam 

during oscillation. Thus, it is aimed to obtain approximately a pure moment as the net load acting on the 

beam. Because of this, a counter mass is used with a simple lever mechanism, connected to the beam with 

a hinge. The inertial force affecting the counter mass is applied to the beam by changing direction, with the 

help of the lever mechanism. In this paper, a comprehensive analytical model of the proposed approach is 

explained and the preliminary results are presented. 

 

2 Working Principle 

The main goal of the proposed method is to obtain a more uniform stress distribution on the cantilever beam 

during harmonic excitation. To achieve this goal, a counter mass is connected to the beam with a lever 

mechanism. The counter mass is located at the left end of the lever beam, and the other end of the lever 

beam is pin connected to a rigid link, which is pin-connected to the beam. The lever is also connected to the 

support with an L-shaped frame. A simple schematic of the mechanism is shown in Figure1(a).  

During oscillation, the inertia forces exerted by the tip mass and the counter mass will have the same 

direction (see Figure1(b)). Due to the lever mechanism, the counter mass inertia force on the beam will have 

a direction opposite to the inertia force of the tip mass. This way, these two forces acting on the cantilever 

beam will have a moment effect, which in turn will result in a more uniform stress distribution on the beam.  

 

 

 

 

 

 

 

 

 

 

To assess the effect of geometrical parameters on the stress uniformity and demonstrate the improvement 

on stress uniformity with the proposed mechanism, a mathematical model is constructed, which is presented 

next. 

 

Figure 1: Schematic of the proposed structure when there is no oscillation 

(a), when there is oscillation (b).  
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3 Mathematical modeling 

An extensive model of the proposed design is given in this section. The model includes the lever mechanism 

model, modal analysis of the beam and finally the harmonic response analysis based on modal expansion 

method. 

Some assumptions are used to facilitate the modeling process; which are listed below: 

• The piezoelectric beam is modeled using the Euler-Bernoulli beam theory, so the length to thickness 

ratio of the beam is assumed to be large. In addition, it is assumed that the beam consists of a single 

homogenous material. The effect of piezoelectric layer on beam response is neglected. 

• The links that form the mechanism are assumed to be rigid and massless. All the joints that form 

the mechanism are assumed to be frictionless hinges. The tip mass and the counter mass are assumed 

to be point masses. 

• The beam is rectangular, therefore it is assumed that the stress on the beam does not vary in the z 

(i.e. width) direction. 

• The damping on the beam is assumed to be viscous and to depend on the beam deflection rate with 

respect to the beam base. The damping effects on the lever mechanism are neglected. 

• The rigid link which connects the lever to the beam is assumed to remain vertical during oscillation. 

As a result of this assumption, the force transmitted to the beam by this link will be in the transverse 

direction. 

• The beam possesses small deformations, and the angle of rotation of the lever is assumed to be 

small. 

• The stress induced on the beam in the static case is neglected. 

3.1 Modeling of the lever mechanism 

The static analysis is skipped based on the assumption that the stresses induced on the beam when there is 

no vibration is negligible. Figure 2(a) shows the lever and the beam on the same schematic at an arbitrary 

time during oscillation. The angle of rotation of the lever is given as 𝛽(𝑡), measured positive counter 

clockwise. The lengths of the left and right portion of the lever are L1 and L2, respectively. The counter mass 

is denoted as mc. 

 

Figure 2: The design parameters of the lever and the beam (a); the free-body diagram (b) and the kinetic 

diagram (c) of the lever. 
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A vertical link connects the right end of the lever to the beam, at the location 𝑥 = 휀𝐿. The deflection of the 

beam as a function of spatial coordinate and time is 𝑦(𝑥, 𝑡), and thus the deflection at  𝑥 = 휀𝐿 will be 

𝑦(휀𝐿, 𝑡). From geometry, and by using small angle assumption for the lever angle, the relation between the 

lever angle and the beam deflection is given as 

 𝛽(𝑡) = 𝑦(휀𝐿, 𝑡) 𝐿2⁄  (1) 

The free-body diagram and the kinetic diagram of the lever are given in figures 2(b) and 2(c). The 

acceleration due to support motion is given as 𝑎base. If the base excitation is harmonic, i.e. 𝑦𝑏(𝑡) = 𝑌0 cos 𝜔𝑡, 

then 

 𝑎𝑏𝑎𝑠𝑒(𝑡) = −𝑌0𝜔2 cos 𝜔𝑡 (2) 

where Y0 and ω are amplitude and the frequency of harmonic base excitation, respectively. The equation of 

motion by summing moments about the lever support gives 

 (𝑅𝑦𝐿2 − 𝑚𝑐𝑔𝐿1) cos 𝛽(𝑡) = 𝑚𝑐(−𝑌0𝜔2 cos 𝜔𝑡)𝐿1 cos 𝛽 −𝑚𝑎β̈(𝑡)𝐿1
2  (3) 

Using the small angle approximation cos 𝛽(𝑡) ≈ 1 and using equation (1) for equation (3) will give the 

following expression for 𝑅𝑦(𝑡): 

 
𝑅𝑦(𝑡) =

𝐿1

𝐿2
𝑚𝑐 (𝑔 − 𝑌0𝜔2 cos 𝜔𝑡 − �̈�(휀𝐿, 𝑡)

𝐿1

𝐿2
) (4) 

Equation (4) is a summation of three terms. The first term is the static term due to gravity, and its effect on 

the beam is neglected. The second term is the desired harmonic force due to the oscillation of the counter 

mass. The third term is the inertia force due to the accelerated rotation of the counter mass. The application 

of 𝑅𝑦(𝑡) on the beam and derivation of the beam deflection function is provided in the next sections. 

 

3.2 Modeling of the cantilever beam 

The transverse vibration of a cantilever beam with harmonic base excitation is an extensively analyzed 

problem in mechanical vibrations. However, application of the force 𝑅𝑦(𝑡), given by equation (4), on the 

beam requires attention. The first term of 𝑅𝑦(𝑡) is neglected, so only the second and third term should be 

applied to the beam. However, third term,  −𝑚𝑐�̈�(휀𝐿, 𝑡)(𝐿1 𝐿2⁄ )2 includes an unknown function �̈�(휀𝐿, 𝑡). 

Applying a force with this unknown term complicates the solution for the beam deflection function, 𝑦(𝑥, 𝑡). 

Since �̈�(휀𝐿, 𝑡) equals the acceleration of the beam at the location 𝑥 = 휀𝐿, it is possible to represent the third 

term as a virtual point mass, located at  𝑥 = 휀𝐿. As seen in figure 3, this virtual mass is shown with mv. To 

accurately model the third term in 𝑅𝑦(𝑡), the following equation should be set 

 𝑚𝑣 = 𝑚𝑐(𝐿1 𝐿2⁄ )2 (5) 

Excluding the first and third term from 𝑅𝑦(𝑡), the force that is applied to the cantilever beam, denoted as 

f(t), can be expressed as 

 
𝑓(𝑡) = −

𝐿1

𝐿2
𝑚𝑐𝑌0𝜔2 𝑐𝑜𝑠 𝜔𝑡 (6) 

The solution for deflection function for the problem shown in figure 3 involves two steps. In the first step, 

the external force is omitted and a modal analysis is performed for the undamped beam. After solving for 

the natural frequencies and the mode shapes, harmonic response is solved for the forced and damped beam, 

using mode superposition method.  
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Figure 3: The flexible beam with virtual intermediate mass mv, with base excitation. 

 

3.3 Modal analysis 

 

To perform the modal analysis of the cantilever beam with a tip mass and an intermediate mass, the beam 

length is divided into two regions with deflection functions defined as 𝑦1(𝑥, 𝑡) and 𝑦2(𝑥, 𝑡). These regions 

are shown in figure 3. Using the Euler-Bernoulli theory, the dynamic equation for the pure transverse 

oscillation of the unforced and undamped beam can be written as 

 
𝐸𝐼𝑦𝑖

𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�𝑖(𝑥, 𝑡) = 0 (7) 

for i = 1, 2. In this equation, E, I, ρ and A are the Young’s modulus, area moment of inertia for transverse 

bending, density and section area, respectively. The boundary conditions for the left and right end can be 

expressed as 

 𝑦1(0, 𝑡) = 0 (8) 

 𝑦1
′(0, 𝑡) = 0 (9) 

 𝐸𝐼𝑦′′(𝐿, 𝑡) = 0   

(10) 

 𝐸𝐼𝑦′′′(𝐿, 𝑡) = 𝑚𝑡�̈�(𝐿, 𝑡) (11) 

For the location 𝑥 = 휀𝐿, the contiunity equations are given below 

 𝑦1(휀𝐿, 𝑡) = 𝑦2(휀𝐿, 𝑡) (12) 

 𝑦1
′(휀𝐿, 𝑡) = 𝑦2

′(휀𝐿, 𝑡) (13) 

 𝑦1′′(휀𝐿, 𝑡) = 𝑦2
′′(휀𝐿, 𝑡)   (14) 

 𝐸𝐼𝑦1
′′′(휀𝐿, 𝑡) − 𝑚𝑣𝑦1̈(휀𝐿, 𝑡) − 𝐸𝐼𝑦2′′′(휀𝐿, 𝑡) = 0 (15) 

The last continuity equation includes the change in internal shear due to the inertia force of the intermediate 

mass. 

 

For both regions, modal expansion is applied and the deflection function is written as the infinite summation 

of temporal and spatial terms: 

 
𝑦𝑖(𝑥, 𝑡) = ∑ ∅𝑖𝑟(𝑥)𝑇𝑖𝑟(𝑡)

∞

𝑟=1

 (16) 
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Here, ∅𝑖𝑟(𝑥) and 𝑇𝑖𝑟(𝑡) are the mode shape function and the temporal term for mode r of region i, 

respectively. Using equation (16) in equation (7), the dynamic equation becomes 

 
𝑐2∅𝑖

𝐼𝑉(𝑥)𝑇𝑖(𝑡) + ∅𝑖(𝑥)�̈�𝑖(𝑡) = 0 (17) 

where 𝑐2 = 𝐸𝐼 𝜌𝐴⁄ . Arranging equation (17) gives 

 

𝑐2
∅𝑖

𝐼𝑉(𝑥)

∅𝑖(𝑥)
= −

�̈�𝑖(𝑡)

𝑇𝑖(𝑡)
= 𝜔𝑖

2 (18) 

which yields two differential equations 

 
∅𝑖

𝐼𝑉(𝑥) − 𝛽𝑖
4∅𝑖(𝑥) = 0 (19) 

 
�̈�𝑖(𝑡) + 𝜔𝑖

2𝑇𝑖(𝑡) = 0 (20) 

with 𝛽𝑖 = √𝜔𝑖 𝑐⁄ . 

 

The general solution for the mode shape functions is expressed as 

 ∅1𝑖(𝑥) =  𝑐1𝑖𝑠𝑖𝑛(𝛽1𝑖𝑥) + 𝑐2𝑖𝑐𝑜𝑠(𝛽1𝑖𝑥) + 𝑐3𝑖𝑠𝑖𝑛ℎ(𝛽1𝑖𝑥) + 𝑐4𝑖𝑐𝑜𝑠ℎ(𝛽1𝑖𝑥) (21) 

 ∅2𝑖(𝑥) = 𝑐5𝑖𝑠𝑖𝑛(𝛽2𝑖𝑥) + 𝑐6𝑖𝑐𝑜𝑠(𝛽2𝑖𝑥) + 𝑐7𝑖𝑠𝑖𝑛ℎ(𝛽2𝑖𝑥) + 𝑐8𝑖𝑐𝑜𝑠ℎ(𝛽2𝑖𝑥) (22) 

where the terms c1i to c8i are the coefficients for mode i. Applying the boundary conditions (8-11) and the 

continuity equations (12-15) results in  

 𝛽1𝑖 = 𝛽2𝑖 = 𝛽𝑖  (23) 

 𝜔1𝑖 = 𝜔2𝑖 = 𝜔𝑖 (24) 

Hence, the mode shape functions (equations (21-22)) can be rewritten as 

 ∅1𝑖(𝑥) =  𝑐1𝑖𝑠𝑖𝑛(𝛽𝑖𝑥) + 𝑐2𝑖𝑐𝑜𝑠(𝛽𝑖𝑥) + 𝑐3𝑖𝑠𝑖𝑛ℎ(𝛽𝑖𝑥) + 𝑐4𝑖𝑐𝑜𝑠ℎ(𝛽𝑖𝑥) (25) 

 ∅2𝑖(𝑥) = 𝑐5𝑖𝑠𝑖𝑛(𝛽𝑖𝑥) + 𝑐6𝑖𝑐𝑜𝑠(𝛽𝑖𝑥) + 𝑐7𝑖𝑠𝑖𝑛ℎ(𝛽𝑖𝑥) + 𝑐8𝑖𝑐𝑜𝑠ℎ(𝛽𝑖𝑥) (26) 

 

Equations (25-26) lead to the eigenvalue problem, where the eigenvalues are the 𝛽𝑖s and the eigenvectors 

are the related mode shape functions. Finding the eigenvalues and eigenvectors by using the boundary 

conditions and continuity equations completes the modal analysis part. 

3.4 Harmonic Response Analysis 

The modal analysis results will be used to determine the response to harmonic base excitation. As seen in 

Fig.3, the beam is subjected to harmonic base excitation, and as a result of the lever mechanism, a force f(t) 

is applied at 𝑥 =  휀𝐿. Since the third term of the force 𝑅𝑦(𝑡) derived in equation (4) is already modeled as 

a virtual mass (equation (5)) and the static effects (i.e. the gravity term in equation (4)) are neglected; the 

force f(t) will only include the inertia due to harmonic base excitation on the counter mass: 

 
𝑓(𝑡) = −

𝐿1

𝐿2
𝑚𝑐𝑌0𝜔2 𝑐𝑜𝑠 𝜔𝑡 (27) 

The dynamic equation for the whole beam can be expressed as 

 𝐸𝐼𝑦𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�𝑡(𝑥, 𝑡) + 𝛾�̇�(𝑥, 𝑡) = 𝐹(𝑥, 𝑡) (28) 

 

where 
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 𝑦𝑡(𝑡) = 𝑦(𝑡) + 𝑌0𝑐𝑜𝑠(𝜔𝑡) (29) 

 𝐹(𝑥, 𝑡) = 𝑓(𝑡)𝛿(𝑥 − 휀𝐿) (30) 

Arranging equation (28) we reach 

 𝐸𝐼𝑦𝐼𝑉(𝑥, 𝑡) + 𝜌𝐴�̈�(𝑥, 𝑡) + 𝛾�̇�(𝑥, 𝑡) = 𝑓(𝑡)𝛿(𝑥 − 휀𝐿) + �̅�𝑐𝑜𝑠(𝜔𝑡) (31) 

where 

 
𝑌 = 𝜌𝐴𝑌0𝜔2 (32) 

Applying modal expansion theorem to the deflection function, we reach 

 

𝐸𝐼 ∑ ∅𝑟
𝐼𝑉(𝑥)𝑇𝑟(𝑡)

∞

𝑟=1

+ 𝜌𝐴 ∑ ∅𝑟(𝑥)�̈�𝑟(𝑡)

∞

𝑟=1

+ 𝛾 ∑ ∅𝑟(𝑥)�̇�𝑟(𝑡)

∞

𝑟=1

= �̅� 𝑐𝑜𝑠 𝜔𝑡 + 𝑓(𝑡) 𝛿(𝑥 − 휀𝐿) 

(33) 

The mode shape function ∅𝑟(𝑥), defined for the whole beam, can be expressed as a combination of mode 

shape functions defined for each region (equations (25-26)), using the Heaviside step function: 

 
∅𝑟(𝑥) = ∅1𝑟(𝑥)(𝑢(𝑥) − 𝑢(𝑥 − 휀𝐿))+∅2𝑟(𝑥)𝑢(𝑥 − 휀𝐿) (34) 

To solve equation (33), each term is multiplied by the mode shape ∅𝑠(𝑥) and integrated over the beam 

length. The function arguments shown in parentheses are omitted for clarity. 

 

𝐸𝐼 ∑ 𝑇𝑟 ∫ ∅𝑟
𝐼𝑉∅𝑠𝑑𝑥

𝐿

0

∞

𝑟=1

+ 𝜌𝐴 ∑ �̈�𝑟 ∫ ∅𝑟∅𝑠𝑑𝑥
𝐿

0

∞

𝑟=1

+ 𝛾 ∑ �̇�𝑟 ∫ ∅𝑟∅𝑠𝑑𝑥
𝐿

0

∞

𝑟=1

= ∫ 𝑌
𝐿

0

∅𝑠 𝑐𝑜𝑠(𝜔𝑡)𝑑𝑥 +𝑓(𝑡) ∫ ∅𝑠𝛿(𝑥 − 휀𝐿)𝑑𝑥
𝐿

0

 

(35) 

Since the mode shapes are orthogonal, the integrals on the right-hand side of equation (35) will be non-zero 

only when 𝑟 = 𝑠. Therefore, equation (35) simplifies as 

 
[𝐸𝐼𝑇𝑠(𝑡)𝛽𝑠

4 + 𝛾𝑇�̇�(𝑡) + 𝜌𝐴�̈�𝑠(𝑡)]𝛹 = 𝑌𝑐𝑜𝑠(𝜔𝑡) 𝛤 + 𝑓(𝑡)∅𝑠(휀𝐿) (36) 

where 

 

𝛹 = ∫ ∅𝑠
2(𝑥)𝑑𝑥

𝐿

0

 (37) 

 

𝛤 = ∫ ∅𝑠(𝑥)𝑑𝑥
𝐿

0

 (38) 

Substituting equation (27) in equation (36) results in 

 
𝜔𝑠

2𝑇𝑠(𝑡) +
𝛾

𝜌𝐴
𝑇�̇�(𝑡) + �̈�𝑠(𝑡) =

𝑐𝑜𝑠(𝜔𝑡)

𝛹
[𝑌𝛤 −

𝐿1

𝐿2
∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2] (39) 

The steady-state temporal solution to the above differential equation is [19] 

 

𝑇𝑠(𝑡) =
𝑌𝛤 −

𝐿1
𝐿2

∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2

𝛹√(𝜔𝑠
2 − 𝜔2)2 + (2휁𝑠𝜔𝑠𝜔)2

𝑐𝑜𝑠 (𝜔𝑡 − 𝑡𝑎𝑛−1
2휁𝑠𝜔𝑠𝜔

𝜔𝑠
2 − 𝜔2) 

(40) 

where 

 휁𝑠 = 𝛾 (2𝜌𝐴𝜔𝑠𝜔)⁄  (41) 
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Finally, the temporal function 𝑇𝑠(𝑡) and the mode shape function 𝜙𝑠(𝑥) are multiplied and infinite 

summation is performed, to obtain the deflection function. 

 

𝑦(𝑥, 𝑡) = ∑ ∅𝑠(𝑥)𝑇𝑠(𝑡)

∞

𝑠=1

= ∑ 𝑌𝑠(𝑥) 𝑐𝑜𝑠 (𝜔𝑡 − 𝑡𝑎𝑛−1
2휁𝑠𝜔𝑠𝜔

𝜔𝑠
2 − 𝜔2)

∞

𝑠=1

 (42) 

where 

 

𝑌𝑠(𝑥) = ∅𝑠(𝑥)
𝑌𝛤 −

𝐿1
𝐿2

∅𝑠(휀𝐿)𝑚𝑐𝑌0𝜔2

𝛹√(𝜔𝑠
2 − 𝜔2)2 + (2휁𝑠𝜔𝑠𝜔)2

 
(43) 

The expression of ∅𝑠(𝑥) in equation (43) is already given in equation (34). If it is assumed that the phase 

(tan−1 2𝜁𝑠𝜔𝑠𝜔

𝜔𝑠
2−𝜔2) is negligible, then the deflection function can be simplified as follows 

 𝑦(𝑥, 𝑡) = 𝑌(𝑥) 𝑐𝑜𝑠(𝜔𝑡) (44) 

where 

 

𝑌(𝑥) = ∑ 𝑌𝑠(𝑥)

∞

𝑠=1

 (45) 

Deriving the deflection function 𝑦(𝑥, 𝑡) completes the mathematical modelling. 

4 Results and Discussion 

There are various geometrical parameters and material properties that are expected to affect the stress 

uniformity on the beam. Assuming that the piezoelectric patch spans the top surface of the beam within the 

range (0, 휀𝐿), the uniformity parameter, denoted by η, is calculated as follows 

 
휂 =

∫ 𝑌(𝑥)′′𝑑𝑥
𝜀𝐿

0

max(𝑌(𝑥)′′)
 (46) 

 

The second derivative of deflection with respect to x is proportional to stress, according to the Euler-

Bernoulli beam theory. The numerator of equation (46) represents the area-averaged surface axial stress of 

the beam. Dividing this value to the maximum value of stress, the uniformity is found.  

 

In this study, the effect of two non-dimensional parameters on fundamental frequency and uniformity are 

analyzed and preliminary results are presented. These parameters are the non-dimensional counter mass, 

defined as the counter mass to tip mass ratio (𝑚𝑐 𝑚𝑡⁄ ), and the leverage ratio 𝐿1 𝐿2⁄ . The non-dimensional 

counter mass is varied from 0 to 2, with increments of 0.5, and the leverage ratio is varied from 0 to 1, with 

increments of 0.25. The other geometrical parameters and material properties are provided in table 1. The 

modal summation is performed by using the first five modes and the damping ratio is taken as 0.01 for all 

modes.  
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Parameter Value Unit 

Beam length 100 mm 

Beam width 10 mm 

Beam thickness 2 mm 

𝜺 0.8 - 

Tip mass 0.01 kg 

Young’s modulus 69 GPa 

Density 2700 kg m3⁄  

𝜻𝒔 0.01 - 

Table 1: Parameters used in the simulation 

 

The effect of non-dimensional counter mass and leverage ratio on the fundamental natural frequency is 

analyzed first. The analysis is performed by plotting the tip deflection as a function of frequency, as seen in 

figure 4. The frequency response when there is no lever mechanism is also included in the plots for 

comparison. Each frequency response is divided to its maximum for normalization. As seen from the plots, 

increasing the counter mass, as well as the leverage ratio results in a decrease in the fundamental natural 

frequency. The results are expected, since increasing these parameters results in a higher effective inertia.  

  

Figure 4: The normalized tip deflection as a function of excitation frequency. 𝑚𝑐 𝑚𝑡⁄  is varied when 

𝐿1 𝐿2⁄ = 0.5 (a); 𝐿1 𝐿2⁄  is varied when 𝑚𝑐 𝑚𝑡⁄ = 1 (b). 

 

To assess the effect of 𝑚𝑐 𝑚𝑡⁄  and 𝐿1 𝐿2⁄  on uniformity, the mean uniformity within the excitation 

frequency range 200-400 rad/s is computed, and tabulated in table 2 for different 𝑚𝑐 𝑚𝑡⁄  and 𝐿1 𝐿2⁄  values. 

The standard deviation of uniformity within the same range is also given.  

 

𝒎𝒄 𝒎𝒕⁄  𝑳𝟏 𝑳𝟐⁄  mean(𝜼) stdev(𝜼) 𝒎𝒄 𝒎𝒕⁄  𝑳𝟏 𝑳𝟐⁄  mean(𝜼) stdev(𝜼) 

0.5 0.25 0.5748 0.0074 1.5 0.25 0.5981 0.0087 

0.5 0.50 0.5420 0.0239 1.5 0.50 0.5732 0.0008 

0.5 0.75 0.5925 0.0089 1.5 0.75 0.5582 0.0027 

0.5 1 0.5737 0.0015 1.5 1 0.5445 0.0050 

1 0.25 0.5467 0.0231 2 0.25 0.5864 0.0021 

1 0.50 0.5819 0.0019 2 0.50 0.5678 0.0018 

1 0.75 0.5673 0.0011 2 0.75 0.5513 0.0040 

1 1 0.5551 0.0029 2 1 0.5367 0.0066 

0 - 0.58 0.0051     

Table 2: Mean and standard deviation of uniformity within 200-400 rad/s excitation frequency range. The 

results when there is no lever mechanism are shown in bold. 
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The last row of the table shows that the mean uniformity when there is no lever mechanism (𝑚𝑐 𝑚𝑡⁄ = 0) 

equals 0.58. Mean uniformity values greater than this value are highlighted with gray color. The results 

clearly show that it is possible to obtain higher stress uniformity on the beam with the proposed lever 

mechanism. It is also advantageous to have low variation of uniformity within the given frequency range. 

The combination 𝑚𝑐 𝑚𝑡⁄ = 2, 𝐿1 𝐿2⁄ = 0.25 has a mean uniformity of 0.5864 and a low standard deviation 

of 0.0021. Both of these values are improved, compared to the case without lever mechanism. It can be 

inferred that the once the design parameters are correctly tuned, the proposed mechanism exhibits higher 

efficiency in a wide frequency range, compared to a conventional piezoelectric beam energy harvester.  

 

The results given in table 2 reveals that the effect of non-dimensional counter mass and leverage ratio on 

performance is complex, and requires further investigation. These parameters influence the virtual mass mv 

and the external harmonic force f(t), which in turn affect the natural frequencies, mode shapes as well as 

harmonic response. This preliminary study demonstrates the possible benefits of the lever mechanism.  

 

5 Conclusion 

In this paper, the analytical model of a cantilever beam type vibration energy harvester with a lever 

mechanism and a counter mass has been proposed. The objective is to increase energy conversion efficiency 

by obtaining a more uniform stress distribution within the piezoelectric cantilever beam. A comprehensive 

analytical model is constructed using the Euler-Bernoulli beam theory. The effect of counter mass and 

leverage ratio on stress uniformity within the excitation frequency range 200-400 rad/s are analyzed. It is 

shown that by tailoring the non-dimensional counter mass and leverage ratio values, stress uniformity can 

be improved, compared to a conventional cantilever beam energy harvester. As for future work, a thorough 

optimization on stress uniformity will be performed and the analytical model will be verified with finite 

element analysis and experimental study. 
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