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Abstract 
 

This paper extends the work presented at the previous ISMA conference which introduced a completely 

novel approach for the understanding of nonlinear system behaviour. The idea was simply that all 

nonlinear systems can be represented as a combination of linear systems between which information is 

exchanged. The full range of nonlinear behaviour was able to be exactly represented via a combination of 

linear transient and steady-state expressions. The current work demonstrates that the technique may be 

used to predict all periodic responses of a harmonically excited nonlinear system without any recourse to 

simulation of the system. The initial system of interest was the bilinear system but an extension of the 

work to continuous nonlinear systems was also discussed. 

1 Motivation 

The environmental and economic pressures of the last couple of decades have resulted in an 

unprecedented effort on the part of structural design engineers to design structures that are more 

lightweight than, yet are at least as strong as, their structural ancestors. Three major factors have enabled 

this transformation: (1) the relatively recent advent of structurally-advantageous materials, including 

carbon- and glass-fibre reinforced polymers, syntactic foams and viscoelastic materials, (2) the revolution 

in manufacturing techniques, including a host of Additive Manufacturing methods and (3) the 

computational capability to efficiently apply optimisation techniques for real, complex structures. This is 

typified by the nature-inspired design of aerospace components currently being developed by Airbus [1].   

Whilst this drive for strong, lightweight structures is clearly desirable, in many cases this may also result 

in greater complexity in the structural response. The source of such complexity is nonlinearity. Whereas 

an assumption of linearity would often be reasonable in traditional, relatively-stiff structures, 

manufactured using linear-elastic materials, this will generally not be the case for the new generation of 

optimized structures. Increased structural flexibility in such structures will lead to the growing likelihood 

of geometric nonlinearities whilst these new structurally-advantageous materials tend to behave in a 

manner far-removed from the linear elastic behaviour associated with metals.   

In order to have a full understanding of how this new generation of structures will behave dynamically, it 

will be necessary to have, not only a thorough understanding of the wide range of possible nonlinear 

behaviour that may arise, but also the ability to predict such behaviour in a computationally efficient 

manner. Whilst research has been conducted into nonlinear system behaviour for centuries, the current 

situation appears to be, as Worden and Tomlinson wrote in their monograph ‘Nonlinearity in Structural 

Dynamics’ [2] that “there is no unique approach to dealing with the problem of nonlinearity either 

analytically or experimentally and thus we must be prepared to experiment with several approaches”. The 

primary aim of this monograph was to introduce and explain a number of these approaches that would 

belong in a ‘toolbox’ for the analysis of nonlinear structural systems and included Harmonic Balance [3], 

Hilbert Transform [4], NARMAX modelling [5], the Masri-Caughey Restoring Force Surface method [6], 
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Direct Parameter Estimation [7] and the Volterra Series approximation [8]. Approaches not considered in 

the monograph included perturbation methods [9], multiple scales [10] and nonlinear normal modes [11]. 

The research conducted using the aforementioned approaches over the last five or so decades have 

undoubtedly led to much greater understanding of the behaviour of nonlinear systems and has resulted in 

countless applications. That said, it is fair to say that all approaches are not without their limitations. These 

limitations are often associated with the need for approximation or, where infinite series are being 

employed, are associated with the related issues of series convergence and truncation. Another limitation 

with the bulk of these approaches is that they are only capable of representing what is often termed “weak 

nonlinearity”. 

The current work follows on from work presented at the previous ISMA conference [12] where the author 

presented a completely novel approach to understanding how nonlinear behaviour arises. The technique, 

which will be discussed in the upcoming sections, does not rely on approximations and is not limited to 

particular nonlinear behaviour regimes but rather is capable of explaining the full spectrum of nonlinear 

behaviour. The previous work demonstrated that this new approach was capable of replicating 

superharmonic, subharmonic and even chaotic behaviour from a harmonically-excited, single-degree-of-

freedom (SDOF) bilinear stiffness system. 

The first aim of this current work is to demonstrate that it is possible to predict all possible periodic 

solutions from a bilinear system for a given harmonic input. It will be shown that this is possible without 

recourse to even a single simulation – the traditional approach would be that a number of simulations with 

different initial conditions would be required to achieve the same result. 

One potential criticism of the previous work could be that it focussed on a system that may easily be 

considered as the amalgamation of two linear systems and therefore the findings of the paper may only be 

applicable to such systems. The second aim of this paper is to address these concerns by showing the 

progress that the author has made in applying this approach to arguably the nonlinear system of greatest 

interest, namely the Duffing oscillator [13].  The motivation of this entire body of work is the desire to 

develop a framework that is capable of explaining and predicting the full richness of responses that are 

observed in systems such as the Duffing oscillator.  

The layout of the paper is as follows: Section 2 summarises the work of the previous paper by discussing 

the idea of switching between different linear systems to show that it is capable of replicating the full 

range of nonlinear behaviour exhibited by a bilinear system. Section 3 extends this work by showing that 

it is possible to predict what periodic responses are possible from a bilinear system, without resorting to 

numerical simulations. Section 4 introduces a pathway that may allow this method to be extended to 

continuous nonlinear systems such as the Duffing oscillator. Section 5 rounds off with some discussion.  

2 Switching between linear systems 

The overall concept offered in this paper and the previous paper [12] is an incredibly simple one: namely, 

that the response of a nonlinear system will be the same as the response obtained by switching between a 

series of linear systems. The benefits of such an approach will be that linear techniques will be employed 

throughout and all response components will be either linear transient response components or linear 

steady-state response components. The primary nonlinear vehicle for this work will be the simplest 

nonlinear system which can be considered as a combination of linear systems: namely, a bilinear system. 

This section will recap the findings of the previous paper before demonstrating how this work may be 

extended to predict all possible periodic solutions from a bilinear system for a given harmonic input. 

In the current section, the concept of switching will be introduced and shown how it can be applied to a 

bilinear system. First, however, to set the scene and introduce the notation, the response of a linear single-

degree-of-freedom (SDOF) oscillator to sinusoidal forcing will be considered. 
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2.1 Response of a linear SDOF system to sinusoidal forcing 

Figure 1 shows a linear single degree-of-freedom mass-spring-damper system. 

 

Figure 1: Single degree-of-freedom linear system 

The equation of motion of the above system is given by: 

 ( ) ( ) ( ) ( )my t cy t ky t x t    (1) 

The work will be concerned with the response of systems to a sinusoidal input. Let the input be given by: 

  ( ) cosx t X t   (2) 

The total output response is written as the sum of steady-state and transient parts, i.e. 

 ( ) ( ) ( )ss try t y t y t   (3) 

The steady-state part of the response will be: 

     ( ) cosssy t X H t H      (4) 

where  H  , the frequency response function (FRF) of the linear system, is given by: 

   2

1
H

k m i c
 

   
 (5) 

The transient part of the response will be: 

      ( ) exp cos sintr n d dy t t A t B t        (6) 

where and,    n d    are the damping ratio, undamped natural frequency and damped natural frequency 

respectively and A and B are calculated to satisfy the initial conditions. If the initial displacement and 

velocity are denoted  0y  and  0y  respectively, the values of A and B will be: 
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 (7) 

A simple numerical example will now be introduced and will be revisited throughout the paper. The linear 

system described in equation (1) will be investigated using the following parameters: mass, m 1 kg, 

damping,  c  20 N/(m/s) and stiffness, 
4

1 10k    N/m. The system will therefore have an undamped 
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natural frequency n  100 rad/s and a damping ratio   0.1. This will give a damped natural frequency 

d  99.5 rad/s. The chosen input parameters were X  10 N and   50 rad/s and the initial conditions 

were set to zero i.e.    0 0y y  0. 

The above parameters were inserted into equations (1) to (7) to give the steady-state and transient response 

components of the system. These two components were then summed to give the total system response. 

Figure 2 shows the two individual components of the response along with the total response of the linear 

system. The total response was validated against a system response generated using Simulink. 

Figure 2: Displacement time history for X  10 N and   50 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response (sum of steady-state 

and transient responses). 

2.2 Response of a bilinear SDOF system to sinusoidal forcing 

In the previous paper [12], the concept of switching between linear systems was developed slowly. First, 

the idea of changing the value of a system parameter (stiffness in this case) at some point in time was 

presented – this simply resulted in the generation of a new transient response component at the point of 

switching before the system settled down to its new linear steady-state behaviour. This concept was then 

extended to consider the idea of switching the parameter back and forth between two values with the 

switching being conducted at periodic time intervals. When the switching time intervals were sufficiently 

large, the transient component produced at switching had sufficient time to decay before the next transient 

component was generated at the next switch point. As the time interval between switches become shorter 

however, the transient components did not have sufficient to decay and the system did not have sufficient 

time to settle down to its linear steady-state behaviour. When this switching frequency was the same as the 

input forcing frequency, the resulting system response settled down into a pattern of periodic behaviour 

that looked like a typical nonlinear response yet this response was simply constructed from linear steady-

state components and linear transient components. 

The final stage of the previous paper was to move to the more realistic scenario of a system which 

switched parameters when it reached a certain displacement value rather than at a pre-determined time. 

The same approach was employed but with the slightly more involved calculation of ascertaining when a 

switch had occurred.  

The bilinear system that was investigated had the following parameters: mass, m 1 kg, damping,  c  20 

N/(m/s) and linear stiffness that switched between 
4

1 10k    N/m and 
4

2 10  N/m. The switching 

displacement chosen was 
switch

y  0m meaning that the bilinear system was homogeneous. When the 

displacement was negative, the lower stiffness value was applied and, when the displacement was 

positive, the higher stiffness value was applied.  

Two different forcing frequencies were investigated and it was shown that the approach of simply 

considering the response as a sum of two linear steady-state and two linear transient components was 

capable of reproducing superharmonic behaviour and subharmonic behaviour. 

The first example considered the same sinusoidal forcing amplitude and frequency as used in the previous 

section (i.e. X 10 N and   50 rad/s). Figure 3 shows the steady-state, transient and total displacement 
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responses. It may be seen that the total system response settles down to periodic nonlinear steady-state 

behaviour – this response was constructed only by summing the two linear steady-state components and 

the two linear transient components but was validated by comparing against simulation results. Figure 4 

shows the phase plane plot which has a single red Poincaré section point indicating that the response 

repeats with every excitation period. The middle plot shows the frequency domain content of the 

displacement signal for the nonlinear steady-state response. Peaks may be observed at the forcing 

frequency of 50 rad/s and its superharmonics. The final plot in Figure 4 shows the plot of the bilinear 

spring restoring force against the displacement. 

 

Figure 3: Displacement time history for X  10 N and   50 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response. The linear spring 

stiffness had a value of 
4

1 10  N/m when the displacement was negative and a value of 
4

2 10  N/m when 

the displacement was positive. 

 

 

Figure 4: Further results for X  10 N and   50 rad/s. Left plot shows the phase plane plot of the 

nonlinear steady-state response, the middle plot shows the frequency domain content of the nonlinear 

steady-state response and the right plot shows the bilinear spring restoring force behaviour.  

 

The second example was the same as the first in all respects other than the sinusoidal forcing frequency 

was now   240 rad/s. Figure 5 shows the steady-state, transient and total displacement responses. A 

scaled force excitation time history is superimposed on these plots (red dotted line) and it can be seen that, 

whilst the system settles down to periodic steady-state behaviour, the response only repeats after two 

forcing cycles. This is known as a period 2 response. Period 2 behaviour is usually considered as being 

indicative of stronger nonlinear behaviour than the presence of superharmonics alone yet, it was shown 

that this behaviour could also be constructed using the same four linear response components as before 

(two steady-state and two transient components). The first plot in Figure 6 shows the phase plane plot 

which also shows two red Poincaré section points indicating the period 2 response. The middle plot shows 

the frequency domain content of the displacement signal for the nonlinear steady-state response. Peaks 

may be observed at the forcing frequency of 240 rad/s and also at 120 rad/s (1/2 subharmonic) and 360 

rad/s (3/2 subharmonic) along with a DC peak at zero. The final plot in Figure 6 shows the plot of the 

bilinear spring restoring force against the displacement. 
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Figure 5: Displacement time history for X  10 N and   240 rad/s. Left plot shows steady-state 

response, middle plot shows transient response and right plot shows total response. The linear spring 

stiffness had a value of 
4

1 10  N/m when the displacement was negative and a value of 
4

2 10  N/m when 

the displacement was positive. Scaled input excitation shown as red dotted line. 

 

 

Figure 6: Further results for X  10 N and   240 rad/s. Left plot shows the phase plane plot of the 

nonlinear steady-state response, the middle plot shows the frequency domain content of the nonlinear 

steady-state response and the right plot shows the bilinear spring restoring force behaviour.  

 

In the paper, it was stated that the bilinear system was not capable of generating chaotic behaviour. During 

the conference presentation, it was shown that the approach was capable of representing the chaotic 

response of a different bilinear system. It was found that increasing the larger stiffness value from 
4

2 10  

to
4

25 10  N/m and using a forcing amplitude and frequency of X  1 N and   436 rad/s respectively, 

resulted in a chaotic response. All other parameter values were as before. Figure 7 shows the resulting 

displacement time history and phase plane plot. Once again, this response was generated using only the 

linear steady-state and linear transient components of the two constituent linear systems and was validated 

by simulation. Whilst the superharmonic and subharmonic behaviour depicted in Figure 3 to Figure 6 

resulted in switching times that quickly settled down into periodic behaviour, for the chaotic response, the 

times at which the system switched from one linear system to the other never settles into a periodic 

pattern. 

                  

Figure 7: Displacement time history for X  1 N and   436 rad/s. Left plot total displacement response 

and right plot shows the phase plane plot. The linear spring stiffness had a value of 
4

1 10  N/m when the 

displacement was negative and a value of 
4

25 10  N/m when the displacement was positive.  
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3 Identifying Periodic Responses in a Bilinear System 

This section and the next seeks to extend the work presented in the previous ISMA paper. The driver for 

this work is the desire to be able to take a nonlinear system, with known parameters and a specified 

harmonic input frequency and amplitude, and be able to state the full range of steady-state nonlinear 

behaviour that may be exhibited by the system, all without conducting any simulations via numerical 

integration. The current section will provide definitive proof that this is possible for a bilinear system 

whilst the following section will be more speculative in offering a potential pathway describing how this 

work may also be applicable to systems with continuous, rather than discretised, nonlinearities, such as the 

Duffing Oscillator. 

3.1 Matching Bilinear System Responses at the Switch Point 

As discussed in the previous section, the choice of using a bilinear system for demonstrating this novel 

approach was due to it being the simplest nonlinear system that could be considered as a combination of 

linear systems. The response of the bilinear system to a harmonic excitation will be given by a slight 

variation of the linear equations introduced at the start of the previous section. It will be useful to label the 

two linear systems. Linear System 1 will arbitrarily be denoted as the linear system with the lower 

stiffness (active when the system displacement is less than the switch displacement) whilst Linear System 

2 will be the higher stiffness system (active when the system displacement is greater than the switch 

displacement). The lower stiffness will be denoted 1k  and the higher stiffness as 2k .  

When Linear System 1 is active, the total displacement and total velocity responses of the system will be 

given by the sum of the Linear System 1 steady-state and transient displacement and velocity components 

respectively, i.e. 

 

(1) (1)

(1) (1)

( ) ( ) ( )

( ) ( ) ( )

ss tr

ss tr

y t y t y t

y t y t y t

 

 
 (8) 

The Linear System 1 steady-state components of the displacement and velocity responses will be: 

 

    

   

(1)

1 1

(1)

1 1

( ) cos

( ) cos
2

ss

ss

y t X H t H

y t X H t H


    

 
       

 

 (9) 

where  1H  , the frequency response function (FRF) of Linear System 1, is given by: 

  1 2

1

1
H

k m i c
 

   
 (10) 

There are a number of ways that the Linear System 1 transient components of the displacement and 

velocity responses could be considered but the following form will be used: 

 
     

         

(1)

1 1 1 1 1 1

(1)

1 1 1 1 1 1 1 1 1 1 1 1 1 1

( ) exp cos sin

( ) exp cos sin

tr n d d

tr n d n d d n d

y t t A t B t

y t t B A t A B t

   

         

       

          

 (11) 

where 1 1 1and,    n d    are the damping ratio, undamped natural frequency and damped natural frequency 

of Linear System 1 respectively. t  refers to the time interval from the time point at which the system 

displacement crossed the switch displacement value into the Linear System 1 domain. The transient 

parameters 1A  and 1B  are calculated in order to ensure that the total displacement and velocity values 

match the system displacement and velocity values at the point of switching.  
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When Linear System 2 is active, there will be a corresponding set of equations to equations (8) to (11) but 

with all the 1 subscripts and superscripts changed to 2. 

As stated earlier, the aim of this part of the work is to identify all possible periodic nonlinear responses 

that can arise for a particular bilinear system for a given harmonic input. The key to identifying these 

periodic responses lies in the identification of the switch points that result in the Linear System 1 

displacement matching the Linear System 2 displacement and the Linear System 1 velocity matching the 

Linear System 2 velocity at the point of switching. These switch points cannot be identified in isolation 

but rather as pairs of switch points. 1switcht  will be designated as the switch point for the system switching 

from Linear System 1 to Linear System 2 (i.e. with the system displacement increasing due to its positive 

velocity) whilst 2switcht  will be designated as the switch point for the system switching from Linear System 

2 to Linear System 1 (i.e. with the system displacement decreasing due to its negative velocity). 

The process for identifying these pairs of switch points is as follows: 

1. Create grid of 1switcht  and 2switcht  pairs where each switch is between the start and end of the 

forcing cycle – this was done using a resolution of 1000 time points per forcing cycle resulting in 

a grid of 1000 x 1000 pairs of switch points. 

2. For each switch point, calculate the steady-state displacement and steady-state velocity for Linear 

System 1 and Linear System 2 using expressions of the form given in equation (9). 

3. For each 1switcht , calculate the required value of 2A , the first of the Linear System 2 transient 

parameters – this is calculated through the knowledge of the switch displacement, switchy , the 

steady-state displacement for Linear System 2 at 1switcht , 
(2)

1( )ss switchy t , and from the knowledge 

that   (2) (2)

1 1( ) ( )ss switch tr switch switchy t y t y  . This leads to the required value of 2A . 

4. Repeat above process to calculate required value of 1A , the first of the Linear System 1 transient 

parameters for each 2switcht . 

5. For each pair of switch points, using equations of the form of the first equation in equation (11), 

calculate the required values of 1B  and 2B  to ensure that the Linear System 1 displacement will 

match the Linear System 2 displacement at both switch points. 

6. For each pair of switch points, use the values of 1 2 1, ,  A A B  and 2B  in equations of the form of 

the second equation in equation (11) to calculate the transient velocity at each of the switch points 

for both Linear System 1 and Linear System 2. These are added to the steady-state velocities to 

give the total velocities for each Linear System for each switch point. 

7. Identify pairs of switch points that result in sufficiently close match between Linear System 1 

velocity and Linear System 2 velocity – repeat for switch point from Linear System 1 to Linear 

System 2 and vice versa. Identify which of these result in valid responses. 

8. Combine information from step 7 to identify the pairs of switch points which result in complete 

periodic behaviour. 

The above process may sound involved but it is relatively straightforward to implement in the MATLAB 

environment and runs very efficiently. It will be best illustrated by considering a a couple of numerical 

examples. 

3.2 Illustrative Examples of Periodic Response Identification for Bilinear 
Systems 

The process described in the previous subsection will now be illustrated via two numerical examples. The 

first example will be that introduced in the previous ISMA paper [12] and revisited in Section 2 of this 

paper. To recap, the bilinear system that was investigated had the following parameters: mass, m 1 kg, 

damping,  c  20 N/(m/s) and linear stiffness that switched between 
4

1 1 10k    N/m and 
4

2 2 10k   
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N/m at a  switching displacement of 
switch

y  0m. Linear System 1 is the system with the lower stiffness 

value and was active when the displacement was positive. The sinusoidal forcing amplitude and frequency 

were X 10 N and   50 rad/s respectively.  

As explained previously, a resolution of 1000 time points per forcing cycle was used – this resulted in a 

grid of 1000 x 1000 pairs of switch points. Steps 1 to 7 of the above process were conducted and this 

resulted in the plots shown in Figure 8. The white regions on these plots depict combinations of switch 

points that result in the Linear System 1 and Linear System 2 velocities being close (an arbitrary threshold 

of within 10% of the maximum steady-state velocity was used). The leftmost plot depicts combinations 

that result in the velocities at 1switcht (System 1 to System 2) being close and the rightmost plot depicts 

combinations that result in the velocities at 2switcht (System 2 to System 1) being close. 

                      

Figure 8: Plots showing pairs of switch points that result in the Linear System 1 velocity and Linear 

System 2 velocity being very similar (within 10% of the maximum steady-state velocity) – these are 

depicted as white regions. Left plot refers to 1switcht  comparison and right plot shows 2switcht  comparison. 

The plots shown in Figure 8 only compare similarity of velocities and therefore include combinations that 

result in invalid responses – it is a simple matter to remove the combinations that result in negative 

velocities at 1switcht  or positive velocities at 2switcht . This results in the reduced plot of valid combinations 

shown in Figure 9. 

                      

Figure 9: Same as Figure 8 but only includes valid switch combinations (positive velocities for 1switcht  and 

negative velocities for 2switcht ). 

The two plots of Figure 9 can now be examined to see if there are switch combinations that result in 

matching velocities for both 1switcht  and 2switcht . It transpires that there are just two pixels that give 

matching velocities (below the threshold) for both switches. This occurred for System 1 to System 2 

Switch at point 769 and System 2 to System 1 Switch at points 281 and 282. The area immediately around 

this area of interest was further explored with a zoomed-in version (resolution of 100000 points per 

forcing cycle) of the previous analysis. This identified the best overall match to be point 76818 for the 

System 1 to System 2 Switch and point 28009 for the System 2 to System 1 Switch. This was identified as 

the only periodic response which could occur for these forcing conditions. The overall Linear System 1 

part of the response and overall Linear System 2 part of the response for this identified switch 

combination was plotted and is shown in Figure 10. It may be seen to be the same as that shown in Figure 
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4 – the difference is that, using the current process, no initial conditions were expressed and the response 

was shown to be the only possible periodic response for these forcing conditions.  

 

Figure 10: Phase plane of the only nonlinear steady-state response identified without recourse to 

simulation for the homogeneous bilinear system discussed in Section 2. 

The second numerical example considers a bilinear system whose switch point is not at 0 and so the 

system is not homogeneous. The bilinear system had the following parameters: mass, m 1 kg, damping,  

c  20 N/(m/s) and linear stiffness that switched between 
4

1 1 10k    N/m and 
4

2 1010k   N/m at a  

switching displacement of 
3

1.5 10
switch

y


  m. As before, Linear System 1 is the system with the lower 

stiffness value. The sinusoidal forcing amplitude and frequency were X  10 N and   128 rad/s 

respectively.  

The same process as was outlined above was followed but the full range of figures produced will not be 

included here. It transpired that, for this system with this forcing input, two possible steady-state solutions 

were identified. These are shown in Figure 11 where it may be seen that the inner steady-state response is 

elliptical due to the steady-state response being linear. It may be observed that the maximum displacement 

response remains just below the switch displacement. The outer steady-state response is definitely not 

elliptical in nature and the portions of the response when Linear System 1 was active and when Linear 

System 2 was active may clearly be discerned. What is clearly being portrayed by Figure 11 is the jump 

phenomenon whereby two different steady-state responses are possible depending upon the system’s 

initial conditions. The important point for the current work is that these two responses have been identified 

as the only two possible responses for this forcing input and they have been identified without any need 

for numerical simulations. The one thing that is missing is that the process identifies all possible periodic 

responses but does not furnish any information about the initial conditions that may result in a particular 

response. If this information were important, it would be a straightforward matter to conduct an initial 

condition sweep via numerical simulation. 

 

 

Figure 11: Phase plane of the two steady-state responses identified without recourse to simulation for the 

bilinear system with m=1kg, c=20N/(m/s), 
4

1 1 10k   N/m and 
4

2 10 10k   N/m. The switch 

displacement was 
3

1.5 10
switch

y


  m and the forcing input amplitude and frequency were X  10 N and 

  128 rad/s respectively. 
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4 A Potential Pathway for Identifying Periodic Responses in 
Continuous Nonlinear Systems 

Whilst the previous section presented an approach for identifying periodic steady-state responses for 

bilinear systems, the real aim of this overall body of work is to develop an approach that is capable of 

doing similar with continuous nonlinear systems. The initial system of interest is the most-investigated of 

all nonlinear systems, namely the Duffing oscillator.  The current section seeks to demonstrate that this 

concept of considering nonlinear system responses in terms of linear steady-state and transient 

components is not only limited to nonlinear systems with discrete nonlinearities such as the bilinear 

system. It is hoped that this section will show that this approach may also have the potential to consider 

systems with continuous nonlinearities. The work being included is very much a work in progress but it is 

hoped that there will be sufficient material to convince the reader that the ambition for this new approach 

extends well beyond one particular type of nonlinear system. 

Figure 12 shows a schematic of the single degree-of-freedom Duffing oscillator – the only difference from 

the linear system shown in Figure 1 is the addition of a cubic spring stiffness element, 3k , to the linear 

spring stiffness element, 1k . 

The equation of motion of the above system is given by: 

 
3

1 3( ) ( ) ( ) ( ) ( )my t cy t k y t k y t x t     (12) 

As before, the work will be concerned with the response of systems to a harmonic input. Let the input be 

given by: 

  ( ) cosx t X t   (13) 

 

Figure 12: Single degree-of-freedom classical Duffing oscillator system. 

The simple concept that has been exploited in the previously-described bilinear system investigations will 

once again be used for the Duffing oscillator. At any point in time, the total output response will be equal 

to the sum of a linear steady-state component and a linear transient component. The big difference 

between applying this approach to the bilinear system and the Duffing system relates to the amount of 

time that the system spends in an active Linear System. With the bilinear system, there were only two 

Linear Systems and one Linear System remained active until the response crossed the switch displacement 

at which point the second Linear System became active. The case is very different for a continuous system 

like the Duffing oscillator whereby the concepts of a single switch displacement and a finite number of 

Linear Systems are no longer valid. The concept can still be applied but, rather than a particular Linear 

System being active for a finite amount of time, a particular Linear System will only be active for an 

infinitesimal amount of time and then the Linear System will have changed. The same displacement 

expression used in Section 2 may be applied with the use of an asterisk to denote that the response and 

response components are instantaneous:  
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* * *( ) ( ) ( )ss try t y t y t   (14) 

A similar expression depicts the decomposition of the instantaneous velocity into an instantaneous linear 

steady-state velocity component and an instantaneous linear transient velocity component: 

 
* * *( ) ( ) ( )ss try t y t y t   (15) 

It is the author’s opinion that knowledge of the instantaneous steady-state displacement and velocity 

components for all possible values of the overall system displacement may lead to a breakthrough 

regarding what behaviour is possible for a given nonlinear system with a given force input. The nature of 

these instantaneous steady-state components will now be discussed.  

The approach will be best illustrated with a numerical example. A Duffing oscillator with the following 

parameters shall be considered: mass, m 1 kg, damping,  c  20 N/(m/s), linear stiffness, 
4

1 10k    

N/m and cubic stiffness, 
9

3 105k   N/m3.  

The key to calculating the instantaneous steady-state displacement and velocity components is the 

calculation of the instantaneous linear stiffness and its associated instantaneous offset displacement term. 

Figure 13 shows the Spring Force vs. Displacement plot for the nonlinear spring stiffness with the linear 

and cubic stiffness parameters given above. Depicted on the plot is some arbitrary value of displacement 
*y . Also shown as the solid red line is the gradient of the black curve at displacement 

*y – this gradient 

will be equal to the instantaneous linear stiffness, 
*k . The point at which this gradient crosses the 

displacement axis will be the instantaneous offset displacement term, 
*

offsety . 

 

Figure 13: Displacement vs. Spring Force plot depicting equivalent stiffness 
*k  and offset displacement 

*

offsety  for a given system displacement 
*y . 

The instantaneous linear stiffness, 
*k , is simply the derivative of the spring force with respect to 

displacement at displacement 
*y :  

 
* *2

1 33k k k y   (16) 

whilst the instantaneous offset displacement 
*

offsety is given by: 

 

*3
* * 1 3

*offset

k k y
y y

k


   (17) 

These expressions may then be used in the calculation of equations for the instantaneous steady-state 

displacement and velocity components for the given system displacement 
*y . The instantaneous steady-

state displacement will be: 

     * * * *( ) cosss offsety t y X H t H       (18) 
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and the instantaneous steady-state velocity will be: 

    * * *( ) cos
2

ssy t X H t H
 

       
 

 (19) 

 *H   is the instantaneous frequency response function (FRF) of the equivalent linear system for the 

given system displacement 
*y  and is given by: 

  *

* 2

1
H

k m i c
 

   
 (20) 

This instantaneous steady-state behaviour will now be illustrated for the Duffing system with the 

previously-stated parameters and a forcing amplitude and frequency of X  10 N and   50 rad/s 

respectively. The plots shown below in Figure 14 shows the instantaneous steady-state behaviour from 

equations (18) and (19) for a number of different values of actual system displacement 
*y . The plot on the 

left is simply the steady-state phase plane of the underlying linear system – the reason for this is due to the 

instantaneous linear stiffness for a displacement value of 0 being equal to the linear stiffness 1k . Also 

shown on the figure are a series of coloured time points that show the displacement and velocity response 

for forcing cycle with the red point indicating the response at the start of the forcing cycle. The plot on the 

right shows a series of steady-state phase planes for overall system displacement values from 0 to 
31 10

m in steps of 
42.5 10 m. It may be seen that the ellipses diminish in size and shift to the right – this is 

due to the decrease in the magnitude of  *H   (due to the increase in 
*k ) and the increase in the  

instantaneous offset displacement 
*

offsety as the system displacement increases. 

                     

Figure 14: Plots showing phase plane of instantaneous steady-state displacement vs. velocity for Duffing 

oscillator system with forcing amplitude and frequency of X  10 N and   50 rad/s respectively. Left 

plot shows instantaneous steady-state phase plane for when system displacement passes through 0. Right 

plot shows instantaneous steady-state phase plane for when system displacement is 0 to 
31 10 m in steps 

of  
42.5 10 m. 

The reader may well be asking the importance of the above plots – it is the author’s opinion that these 

instantaneous steady-state plots may well hold the key to understanding the full range of responses that are 

possible for a given nonlinear system and a given forcing input – this would clearly be a significant step 

forward for the field of nonlinear dynamics.    

If one has a response from a nonlinear system with known parameters and a known forcing input, it is a 

straightforward matter to decompose this total response into what the author would term an amalgamated 

linear steady-state response and an amalgamated linear transient response. For a continuous nonlinearity, 

the total response and the two amalgamated linear responses will be continuous and smooth. If this 

amalgamated linear steady-state response were plotted against the series of instantaneous steady-state 

phase planes of the type shown in Figure 14, it would be found that the amalgamated linear steady-state 

response would be bound by a strict set of rules regarding its trajectory – it would have to cross the 

appropriate instantaneous steady-state phase plane at the appropriate time point and the trajectory would 

only be able to travel in a direction of positive time flow. The way that the next phase of this work will 
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progress will be to take actual nonlinear responses, decompose them and plot the amalgamated linear 

steady-state responses against the instantaneous linear steady-state phase planes – it is believed that this 

approach will provide much illumination regarding what types of amalgamated linear steady-state 

responses are permissible. It would then be a straightforward matter to state which nonlinear responses 

were permissible for a given nonlinear system and input.  

The real goal of this work is to be in a position whereby it would be possible to state all possible responses 

that could arise from a nonlinear system with a continuous nonlinearity for a given input, purely through 

the extremely computationally-efficient plotting a series of instantaneous linear steady-state phase planes. 

The author will close the main part of this paper by briefly introducing some interesting and, in the 

author’s opinion, beautiful plots that have arisen from this work. As the reader can imagine, plots of the 

type shown in Figure 14 can quickly become quite cluttered and difficult to interpret as the number of 

instantaneous phase planes increases. This can be alleviated somewhat by the realisation that a third 

dimension can be introduced in the form of the actual system displacement – this would mean that each of 

the ellipses shown in the right plot of Figure 14 would exist in a different plane in the z-axis direction. 

This is shown in the leftmost plot of Figure 15. The middle plot extends this first plot by depicting 

instantaneous steady-state phase planes from system displacement values from 
32 10  m  to 

32 10 m 

in steps of 
41 10 m. Common time points are connected together as coloured lines. The rightmost plot 

shows the manifold that arises when the forcing amplitude and frequency were set to X  10 N and  

120 rad/s respectively. The twin bulges arise due to the forcing frequency being greater than the natural 

frequency of the underlying linear system (100 rad/s) – the bulges will occur at system displacements that 

have an instantaneous stiffness that result in a natural frequency of 120 rad/s.  

It is anticipated that the plotting of amalgamated linear steady-state responses (derived by decomposing a 

nonlinear response) against these manifolds will reveal much about what their trajectories are allowed to 

do, within the rules. This will then reveal what nonlinear responses are possible. 

    

 

Figure 15: Series of manifolds showing instantaneous linear steady-state displacement vs. instantaneous 

linear steady-state velocity vs. actual system displacement for a Duffing oscillator system. Left plot shows 

3D version of the Figure 14 right plot. The middle plot shows this extended for a greater actual 

displacement range and the right plot shows the manifold that arises when the forcing frequency is greater 

than the natural frequency of the underlying linear system.  

5 Discussion 

The paper that the author presented at the previous ISMA conference introduced a completely novel 

approach to considering nonlinear behaviour. The current paper has extended that idea to show how it may 

be useful. It was shown that it was possible to predict all periodic nonlinear responses of which a bilinear 

system was capable, for a given harmonic input, without recourse to numerical simulations. Whilst real-

life uses of the bilinear system model are limited, it is the perfectly initial vehicle for demonstrating the 

power of this approach. 
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It will be a relatively straightforward matter to extend the approach to other piecewise linear systems – 

this could include systems whereby nonlinear damping (e.g. combinations of friction and viscous 

damping) is represented via a number of linear systems.  

Whilst the approach was not computationally intensive, it is believed that there is significant scope to 

further streamline the process.  

In this work, only periodic responses were identified – no investigation was conducted to try to understand 

what happens with this approach when a chaotic response is a possibility- it would clearly be very 

desirable to be able to predict when this was the case. 

The really exciting work, in the author’s view, was left to the last section, whereby early results were 

presented regarding investigations into applying this novel approach to continuous nonlinear systems.  

As scientists, we often operate on instinct and, whilst I have been convinced that this was an area worth 

exploring since the first day I had the idea, this conviction has only become stronger since seeking to try to 

get the ever-surprising Duffing oscillator to reveal its secrets using my approach. The wonderful 

manifolds that have arisen from this much-studied system lead me to believe that I am on the right track 

and, if I’m wrong, at least I will have these lovely sculptures upon which to dwell. 
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