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Abstract 
This paper attempts to experimentally evaluate a new two-microphone measurement technique for 

determining the modal amplitude distribution and far-field radiation of the broadband noise from hard 

walled ducts. The new technique is based only on the complex coherence function of the acoustic pressure 

measured by two closely spaced microphones located at the duct wall. Particularly, the cuton ratio, rather 

than an index couple of azimuthal and radial mode orders (m, n), was introduced to represent the 

behaviour of individual propagating modes. The hard-walled circular duct was excited at one end by a 

diffuse sound field, and the other open end is terminated within an anechoic chamber with which to 

measure the radiated sound field. The measured complex coherence was used to infer the mode amplitude 

distribution and far field directivity, based on the underlying Fourier transfer relationship. The results 

verified the good agreement between direct measurements of sound power and directivity.  

1 Introduction 

Various common noise sources radiate sound into finite-length ducts, from which the sound escapes into 

the far field via radiation from an un-baffled open end. Examples are exhaust mufflers, large exhaust 

stacks, and aircraft turbofan engines. The sound field within a duct can be considered as the 

superimposition of propagating modes. In-duct modal analysis allows the amplitude of each modal 

component to be determined from the sound pressure measured at the duct wall. The mode amplitude 

distribution can be used for source diagnostics and for the in-duct liner design. Meanwhile, it is also 

important to understand the far field directivity and sound power radiating from the duct opening, either as 

an index of insertion loss in order to assess silencer performance, or as a means of quantifying and ranking 

the total noise output for predicting community annoyance. 

Broadband noise generally comprises all propagating modes, which would require at least as many 

microphones to deduce the amplitude for each mode index pair (m, n). At the blade passing frequency of a 

typical aeroengines, for example, the number of modes can easily exceed 100, making the simultaneous 

measurements of all modes unrealistic. One current method to determine the amplitude of each mode (m, 

n) requires a large circumferential array that typically requires a large number of microphones in each ring 

[1-4]. A second method requires long axial arrays within the duct to determine modal amplitude 

distribution versus propagation angle [5]. Both methods use a large number of microphones, and they are 

not very efficient, financially or practically, as the microphones required to take such measurements are 

expensive and each requires calibration. Therefore, the new measurement technique [6] validated in this 

paper is only based on the complex coherence function of two measurement points at the duct wall, and is 

has the potential to replace current techniques at a reduced cost and increased productivity. Moreover, in 

the case exhaust stack and turbofan engines, for example, locating microphones in the far field is difficult. 
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In the case of turbofan engines very large anechoic facilities are needed. In new two-microphone method, 

far field noise measurements can be inferred from measurements of the coherence function from two 

closely space microphones located at the duct wall. In this paper, the experimental prediction of the far 

field noise directivity by using two-microphone method were also evaluated. 

2 Theory of two-microphone method 

2.1 Mode amplitude distribution 

The detail of the theory basis of the two microphone method can be found in Ref. [6]. In this paper we 

only briefly introduce the important deviation to the final formulas which was used in the measurement 

and data analysis. A uniform mean flow were included in the derivation in the Ref. [6], but in this paper 

the effects of flow are ignored for consistency with the measurements presented in Section 3.  

Above its cutoff frequency, a single mode propagating along the duct of pressure amplitude mnA  at a 

single (angular) frequency can be written as  

     mnkxi t

mn mn mnp y,x e A e
     y                 (1) 

Here, the superscript ± denotes the modes propagating in the positive and negative x directions, 

respectively. A point on the duct cross section is represented by y = (r, θ), and x denotes the axial distance 

along the duct relative to some arbitrary origin.  mn y  denotes the modal shape function with the 

normalisation property,    
21 1mn

A
A dA  y y , where A is the duct cross sectional area, and k = /c is 

the free space wavenumber and c is the sound speed. Of central importance in Eq. (1) is the non-

dimensional quantity mn , which is referred to as the modal cuton ratio 

  
2

1mn mn k                                                            (2) 

where mn are a set of eigenvalues that are characteristic of the duct cross section such that the 

corresponding mode shape functions mn , defined by    2 2 0mn mn y    , also satisfy the duct-wall 

boundary conditions and the normalization condition    
21 1mn

A
A y dA y   [6]. The cuton ratio 

0  corresponds to the modal cutoff frequency cmnmn   , and while 1   corresponds to

mn/   , and the modes well above cuton.  

The significance of the cuton ratio, or its related quantity cutoff ratio  
1

21 k / 


  , to duct acoustics 

was highlighted in the seminal work of Rice [7]. It is an important quantity in duct acoustics for various 

reasons: (1) Different modes with the same cuton ratio have similar transmission and radiation 

characteristics [7]. (2) Cuton ratio is uniquely related to the angle with which the mode propagates along 

the duct and therefore the angle radiated most strongly to the far field (the angle of the main lobe). (3) The 

mode amplitude distribution for many physical source distributions are a smoothly varying function of . 

Joseph [6] has recently shown that providing the relative mode amplitude distribution is independent of 

frequency, and can therefore be written in the form  

     
2

2E mn mnA S a
T

     
  

                                                    (3) 

where S(ω) is a source strength with units of squared pressure per unit frequency, the non-dimensional 

mode amplitude distribution  2

mna  versus mn  can be deduced from only the complex coherence 
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function  12
ˆ  between two acoustic pressure measurements made at the duct wall separated by a 

distance ∆x . In the high frequency limit (ka = ωa/c > 10 has been found to be sufficient, where a is the 

duct radius), we may treat  2

mna   as a continuous variable so that the discrete summation over  2

mna   

may be replaced by an integration over α. Finally, it has been shown that  2a   and  12
ˆ   are related 

via the Fourier Transform relationship, 
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                                                        (4) 

where �̂� = 𝜔𝑥/𝑐 and  12
ˆ   is given by, 
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where  12S ̂  is the acoustic pressure cross spectrum between the two measurement positions and  11S ̂  

and  22S ̂ are the acoustic pressure Power Spectral Densities measured at the two microphones. Note 

that in Eq. (4) positive and negative a values refer to positive and negative-going modes, respectively, i.e., 

     2 2 0mn mna a ,     and      2 2 0mn mna a ,      .  

 

2.2 Far field directivity 

Knowledge of the mode amplitude distribution versus  is sufficient to determine the variation of far field 

PSD, 𝑆𝑓𝑓 (𝜔, 𝜃) versus polar radiation angle  measured relative to the duct axis. Given that,  = cos  in 

Ref. [6] we show that  

 

 
   

2

i cos

12

11 0

1
cos e d 0 2

8π

ff   ˆ
S , a

ˆ ˆ         
S R

 
 

    




 
    

 
                        (6) 

The integral expression on the right hand side of Eq. (6) is an integral over �̂� and is therefore frequency-

independent. A consequence of making the separability assumption of Eq. (3), therefore, is that the 

normalised directivity function, similar to the mode amplitude function, is independent of frequency. The 

validity of this prediction will be examined experimentally in Section 3.   

2.3  Sound power radiation 

The mode amplitude distribution versus  is sufficient to determine exactly the sound power transmitted 

along the duct on both positive and negative direction. Joseph [6] has shown that the sound power  W 

may be computed directly from the complex coherence function from the expression,   
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In the absence of flow and reflections,  Ω ̂
 is given by 
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2.4 Assumptions and limitations 

The validity of Eq. (4) relating the mode amplitude distribution to the coherence function relies on the 

following assumptions about the multi-modal sound field in the duct:  

• The modes in the sound field are mutually uncorrelated. 

• The separability assumption of Eq. (3) is met. Rice [7] and more recently Joseph [6] have shown 

that this is a valid assumption for a broad class of physically important mode amplitude 

distribution functions such as spatial distributions of monopoles, dipoles and the case where each 

mode has identical energy. 

• The excitation frequency is sufficiently high to ensure that there are a sufficient number of modes 

so that its distribution versus a may be approximated as a continuous function. This is believed to 

be correct for 10ka  .  

3 Experiments 

This section describes the experimental arrangement used to validate the measurement theory outlined in 

Section 2. In order to validate this new measurement technique, two different sets of measurements were 

taken of broadband sound propagating through a duct. The first of these measurements was taken by two 

in-duct electret microphones, from which the complex coherence could be calculated. The second set of 

measurements taken was the direct measurement of the sound in the far-field radiated from the end of the 

duct, measured using a microphone array. By comparing the results obtained from the application of the 

theory to the in-duct microphones with the direct far-field measurements the validity of the method can be 

gauged.  

A schematic of the experimental set up is shown in Figure 1, with the duct spanning reverberant (left) and 

anechoic (right) room, and the arrow represents the direction of the propagating sound field. A circular 

duct manufactured from hard plastic duct of 0.2m internal radius and 4.34m in length was located through 

the wall separating a reverberation chamber (on the right) and an anechoic chamber (on the left). Four 

loudspeakers positioned in the corners of the reverberation chamber were driven by independent 

broadband random signals to generate a broadband reverberant sound field in the reverberation chamber. 

The sound field in the source room approximates to a diffuse sound field. The random sound field 

impinging on the open of the duct was then transmitted through the duct, which was then partially 

transmitted to the other side and then radiated into the anechoic chamber from the open end.  Two electret 

microphones on the duct wall separated by a distance ∆x and xD from the source end was used to measure 

the complex coherence function. The location of the microphone pair 𝑥𝐷  was varied between xD = 0.5m to 

xD = 3.0m (xD = 0m corresponds to the position at the source room end of the duct. The separation distance 

between the microphones was varied between 𝑥 = 0.01m and 0.1m in increments of 0.01m. Eleven 

Bruel and Kjaer microphones distributed over an arc in the anechoic chamber at a distance of R = 3m from 

the duct centre were used to measure the directivity and sound power from the duct. The directly measured 

directivity and sound power were then compared against that predicted from the in-duct measurement. 
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Figure 1: Basic layout (not to scale) of the experimental set-up 

3.1  Measurement procedure 

Acoustic pressure data was acquired at a sampling frequency of 50 kHz for a duration of 10s. For a sound 

field with fully uncorrelated mode amplitudes, Eq. (5) predicts that the coherence function, and hence 

inferred mode amplitude distribution function, are independent of the microphone separation distance and 

position within the duct. To assess the validly of this assumption the In-duct acoustic pressure 

measurements were made using pairs of microphones at varying distances along the duct and different 

separation distances.  

Measurements were taken in order to ensure that the experiment had been conducted in accordance with 

the assumptions and limits outlined in Section 2.4. Assumption 1 was not directly tested as this was not 

possible, however the electronic setup ensured that sound sources were uncorrelated. Further to this, a set 

of measurements were taken in the source room to ensure that the sound field was diffuse. These 

measurements were taken for a variety of different microphone and speaker positions and spectrums 

checked for any frequency spikes. Secondly, the assumption that the sound field was uniform and the 

same everywhere within the duct was tested. In order to test that the sound field was uniform, in-duct 

measurements were taken at 90 degree intervals around the duct wall. The separability assumption is not 

one that can be physically tested as it is a statistical assumption which has previously shown to be true [7].  

3.2 Data processing for far-field measurement 

The generic equation for calculating the sound power spectrum across an angular region from 0° to 90° 

can be calculated by 

 
 2

2

0

2 sin
ff   iS ,

W     R  d
c

 
  





                                                     (9) 

To implement Eq. Fout! Verwijzingsbron niet gevonden., continuous data would be required across all 

angles in order to apply the integral correctly. The experiment was not carried out with a continuous array 

of microphones in the far-field, an array of 11 microphones was used. These were equally spaced from 0° 

to 100° at a radius of 2.5m from the end of the duct. In order to complete the calculation, the power 

spectral densities of each of the 11 signals were averaged in neighbouring pairs to give new power spectral 

densities in 10° intervals between 5° to 95°.  
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As the variable being integrated over was discrete rather than continuous, the integral was replaced with a 

summation. The result of this is Eq. (1), which was applied to calculate the directly measured far-field 

power PSD. 

  
 11
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i i
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S ,
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c

 
  



    (1) 

To obtain the directly measured far-field directivity as a function of both angle and frequency, the PSDs 

averaged between each position (as outlined above) were plotted directly onto polar plots (one plot per 

frequency and mirrored about 0°) with no further calculation required. As the averaging meant that no 

PSD was calculated for the central 10° of the plot, the results were shifted to avoid having a large gap in 

the centre of the polar plot. 

3.3 Data processing for in-duct measurement  

The modal amplitude distribution within the duct was evaluated by Eq. Fout! Verwijzingsbron niet 

gevonden.. As the independent variable in this equation is not one that could be physically measured, the 

calculation was done by looping the equation through a pre-defined vector of the cuton ratio ranging 

from −1 ≤ 𝛼 ≤ 1. Eq Fout! Verwijzingsbron niet gevonden. outlines how far-field directivity can be 

calculated from the complex coherence at the duct wall. Directly evaluating the left hand side of Eq. Fout! 

Verwijzingsbron niet gevonden.; the ratio of the pressure PSD of the far-field radiation to the pressure 

PSD at the duct wall, leads to a results which is independent on frequency. One can multiply both sides of 

Eq. Fout! Verwijzingsbron niet gevonden. by the pressure PSD to obtain the directivity  ff  S ,   

which was dependent on frequency.  

4 Results and analysis 

4.1 Complex coherence function 

The underlying assumption of the two-microphone method is that the frequency dependence mode 

amplitude can be separated as a purely frequency-dependence source terms and a non-dimensional mode 

amplitude distribution, as shown in Eq. (3). A consequence of making this assumption is that the complex 

coherence function is only a function of the non-dimensional frequency ˆ x c   , as indicated in Eq. (4) 

and explained more fully in ref [6]. We now test this assumption on the measured in-duct pressure data by 

computing the magnitude and phase of the complex coherence function up to a maximum frequency of 

25kHz at the three microphone separation distances of ∆x = 0.03, 0.07 and 0.10m located arbitrarily at xD 

=1.5m along the duct. The magnitude and phase are plotted against ̂  in Figure 2. Note that ka/ ̂  = a/∆x. 

Good collapse of the measured magnitude and phase are observed over the frequency range ̂  < 14 where 

the spectra overlap. The jump in the phase spectrum for ∆x = 0.07m in the frequency range ̂ > 7 arise due 

to 2 phase unwrapping issues. The main assumption made in the measurement technique therefore 

appears to be reasonably valid in this test. 

A notable feature of Figure 2 is the slow rate of decay of the coherence function with increasing frequency 

for ̂  up to about 6. Above this frequency the coherence function remains roughly flat with an average 

value of about 0.7 over the frequency range shown and beyond. The reason for this behaviour is mostly 

likely due to the presence of strong axial standing waves in the pipe rig even though the phase spectrum is 

indicative of waves propagating away from the source. Note that the coherence measurements presented in 

Figures 2 were repeated at different positions xD along the duct and found to have comparatively little 

effect on the results, and are therefore not shown here.  
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(a) Magnitudes of coherences      

 

     

 (b) Phases of conherences 

Figure 2: Measured complex coherences 

 

4.2 Mode amplitude distribution 

The measured coherence functions at the three microphone separation distance x = 0.03, 0.07 and 0.10m 

were used to predict the mode amplitude distribution versus cuton ratio  propagating in the duct. The 

non-dimensional normalised mean square amplitude distribution  2a  deduced from Eq. (4) is plotted in 

Figure 3 versus  for the three cases.  

 

 

Figure 3: Predicted modal amplitude distribution 
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The upper non-dimensional frequency limit ̂ max is related to the maximum frequency fmax of the 

frequency spectrum (equal to half the sampling frequency) through ̂ max = 2fmaxx/c. The separation 

distance x should therefore be sufficiently large to ensure that the coherence function due to the acoustic 

field has decayed to sufficiently low levels so that it is fully captured by the spectrum. Figure 3 shows a 

clear dominance of modes propagating in the direction away from the source represented by α ≥ 0. Modes 

propagating towards the source due to multiple reflections between the open ends of the duct, represented 

by α ≤ 0, are observed to be about 10dB below that of the ‘incident’ modes. For modes propagating away 

from the source α ≥ 0 the predicted mode amplitude distribution is reasonably consistent, with variations 

being less than about 3dB for a values greater than 0.2. For a values less than 0.2, associated with modes 

close to cutoff. The estimates deviate considerably more than 3dB. These modes radiate more strongly in 

the sideline directions. 

4.3 Far-field directivity 

As the far-field directivity is a function of both radiation angle and frequency, only a small selection of the 

results are able to be presented in this paper. Plots have been chosen to represent certain features of the 

results, although discussion about a larger portion of the data set will be included in this section. For 

further ease of discussion, results will be split into low, middle and high frequency ranges. It can be seen 

that there is a definite match in overall shape and amplitude at nearly all frequencies between the two data 

sets, although there are patterns that can be become more pronounced with increasing frequency.  

Figure 4 shows the comparison of the directivities which were directly measured and calculated from the 

complex coherences, for the separation distances of ∆x = 0.03, 0.07 and 0.10m, at three frequencies (at low 

frequency - 2875Hz, middle frequency - 6625Hz and high frequency - 12125Hz). The larger the 

microphone separation distance, the more ‘lobed’ the directivity pattern becomes. Lobing is a high 

frequency characteristic of radiation from ducts and the larger non-dimensional frequency range one 

obtains when measuring with a larger microphone separation distance gives rise to the lobes in the 

directivity calculation. For the ∆x = 0.03 and 0.10m, the overall calculated shape is reasonable, but the 

amplitude is an underestimate at nearly all angles, especially with approximately 5dB difference in the 

central radiation angles. For the ∆x= 0.07m, the agreement across all radiation angles is excellent with a 

near perfect match at low, middle and high frequencies. But in overall, the directivity evaluated by the 

complex coherence is reasonable accurate. 

 

 

                                         

(a) ∆x = 0.03m 
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(b) ∆x = 0.07m 

 

               

(c) ∆x = 0.10m 

Figure 4: Directivity comparison at different frequencies  

4.4 Far-field sound power PSD 

Figure 5 show that the spectra obtained from the direct measurement of the far-field sound at ∆x = 0.07m. 

It is clear that the application of Eq. (10) has been successful in calculating the far-field sound power PSD 

from the complex coherence and PSD at the duct wall. The calculated spectra (blue) not only follows the 

overall shape of the measured spectra (red), but is accurate to the extent of matching the prominent peaks 

and dips in the measured spectra. 

 

Figure 5. Comparison of the calculated (∆x = 0.07m) and measured far-field sound power PSD  
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Where the measured spectra exhibits a peak, the calculated curve does but also the peak tends to be 

exaggerated in amplitude. This can be explained by the inclusion of the S11 term in Eq. (7). The theory 

behind this measurement technique states that the far-field spectra is the same as the in-duct spectra 

multiplied by the area of radiation, impedance of the propagation medium and the integral of the complex 

coherence. This means that the spectrum shapes will be the same with the amplitude of determined by the 

other factors in Eq. (7). 

5 Conclusions  

This paper has used experiments to verify the two-microphone method in mode decomposition and far-

filed directivity of in-duct sound field. Using the complex-coherence to calculate the modal amplitude 

distribution inside the duct was successful. Although there were limited means of predicting the 

distribution, the results agreed with what was expected and the variation in the microphone separation 

distance had little effect on the observed behaviour. Perhaps the most successful application of the 

measurement technique was the agreement between the measured and calculated far-field spectra. The 

theory relies on the in-duct and far-field spectra having the same shape and this has been shown to be true. 

Overall, the comparisons between the calculated and measured far-field characteristics of the sound 

radiated from the duct have proved the new measurement technique to be valid for the case of zero Mach 

number. As the potential applications of this new measurement technique are so vast and have specific 

potential in the aeronautical industry and turbo-fan jet engine design, and we would recommend that the 

experiment is repeated with flow (of various Mach numbers) present in the duct. Overall, the accurate 

mode detection and far-filed directivity prediction on the broadband noise in ducts by using the new 

technique provides a critical guidance for acoustics liner designer in modern turbo-fan jet engines. 
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